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Effect of Various Dither Forms on Quantization
Errors of Ideal A/D Converters

MAHMOUD FAWZY WAGDY, SENIOR MEMBER, IEEE

Abstract—The quantization error of a quantizer (ideal A/D con-
verter (ADC)) is investigated. First, correlation between quantization
error and quantizer input is considered. The input signal is taken as a
sinusoid due to its importance in instrumentation systems. The cases
of no dither, uniform dither, and discrete (digital) dither are consid-
ered. Effects of the dither probability density function (PDF) are dis-
cussed. The relationship between uniform dithered and discrete dith-
ered quantizer inputs is derived.

Second, spectra of the average quantization error, corresponding to
an arbitrary input signal, are investigated. Different dither forms
(Gaussian, uniform, and discrete) are compared and the effects of the
dither PDF are discussed.

The paper provides a quantitative basis for comparing dither forms,
and hence, selecting the one most appropriate for a particular appli-
cation.

I. INTTRODUCTION

ITHERING has been used in the past thirty years to
reduce the effects of quantization noise on speech and
visual signals. Roberts [1] showed that using dither sig-
nals with coarsely quantized TV pictures masks undesir-
able contours. Jayant and Rabiner [2] used the known idea
of add-subtract dither in speech signals. Vanderkooy and
Lipshitz {3] used dither to resolve audio signals smaller
than the quantizing step. In their last paper, Vanderkooy
and Lipshitz [4] continued their analysis on audio signals.
They distinguished between various forms of dither and
quantified their effects on differential and large signal
nonlinearity, noise modulation, and total noise level.
Dithering has been effective recently in improving the
resolution of certain systems. Holland [5] described a
method for improving the resolution and linearity of con-
ventional A/D converters by whitening quantization noise
then reducing it by digital filtering. Carley [6] employed
dithering techniques in a specific topology for an over-
sampling differential pulse code modulation (DPCM)-type
A/D converter (ADC) to improve the linearity of ADC
transfer function. White and Pickup [7] used dither to de-
crease the effects of quantization and differential nonlin-
earity on systematic errors of digital cross correlators.
From the above survey it is evident that more research
should be done on dithering. Investigation of signal-noise
correlation for different dither forms and PDF’s is in or-
der. Another potential research object is to investigate the
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effect of different dither forms and PDF’s on the ampli-
tude spectrum of quantization error. Quantified results in
these two areas will help choose the most appropriate
dither form and PDF for a particular application.

II. CORRELATION BETWEEN QUANTIZATION ERROR AND
QUANTIZER INPUT

The correlation, R, between the quantizer input, y, and
quantization error, e, is given by [2]
R=E(y"e) (1)

where E is the expectation. For a bipolar ADC, the cor-
relation for the kth quantization slot would be given by

(k+1/2)a
R(K) = |

(k= y)y  £i(y)dy
(k—1/2)A

where A is the quantization step, and f, (y) is the PDF of

y. By normalizing (2) with respect to y, which is equiva-

lent to letting A = 1, then

k+1/2

(2)

R =|  w-yopoe. )

Three cases are now considered.

k—1/2

A. With No Dither
The PDF of the undithered sinusoid, y = A sin wt, is

given by

50 =~ ‘ (4)

A7 — 2

where A is the amplitude of the sinusoid. By plugging (4)
into (3), then:

k+1/2 (k _ y)y
R(k) = S —dy. 5
W=\ e (5)
It can be shown that:
1
R(K) = == [#(x) = 8(x))]
= kA% 2 A_2 P 7T _ 2
¢(x,‘) = k A - X; + 2 sSin Xi 2 A X
1 1
x|=k—§, X2=k+§.
(6)
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B. With Uniform Dither
A dither signal whose PDF is given by

1
2¢’

0, otherwise

—c=<d=<c

fa(d) = (7)

is added to the input signal whose PDF is given by (4).
f;(y) is derived by convolving (4) and (7). Two cases are
considered.

1) ¢ < A: When the dither amplitude is smaller than
the sinusoid amplitude, the correlation for the kth quan-
tization slot is derived. Using mathematical tables [8] for
integration it can be shown that

R(K) = 5= [6(x) = 6(n) = 6(x0) + 8(x)].
1

k| =4 —-c—-3 (8.a)
2
where:
A3 3 ain—1 2 k 2 . -1
o(x;) = <3C> xpsin” x o+ A -4+ 1) xisinT
— A(k + ¢)x;sin”' x; — A2<£ + 1 sin™! x;
' ' 4c 2 '
A 1
- = x?«/i——x,?+A2 £+— xN1 — x}
9¢ 4c 2
247
—A<k+c+—) l—x?
9¢
1
k+§+c k?%—c
X2 = A s X34 = 1 (8.b)
Also:

R(K) = 3= [6(x) = 6()],

1 1
A—c+=-<|kl<d-c—-= (9
c+3 [k| =4 -c 5 (9.2)
where:
A3
o(x;) = — <——> x}cos™'x; + A <—k— - 1) x2cos™!x;
3¢ 2c

+ A(k — ¢)x;cos™' x; — A? k_1 cos ! x;
4¢c 2

4c 2

A3
- <§>x,-2v1 - x; ~A2<£ —l>x,» 1 —x}
242
—A<k—C+—9—C‘>V1 —x,-2
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k¥F-—c

B[ =

(9.b)

X1,2 P

The variation of R (k) with k for different values of ¢ is
shown in Fig. 1. In this example, 4 is taken as 40.5A,
i.e., a normalized value of 40.5. Due to the symmetry of
the quantizer characteristics (bipolar ADC), it is sufficient
to show R (k) for only positive k values. It is obvious that
as c increases, the quantization error is less correlated to
the quantizer input, an advantage of larger amplitude
dither.

2) ¢ > A: When the dither amplitude is greater than
the sinusoid amplitude, derivations utilizing mathemati-
cal tables [8] lead to

RK)=0, |kl=c-A- (10)
R(K) = % [6(x)) — $(x)],
c-a+isk=cra—3 (D)

where ¢ (x;), x;, and x,, are given by (9.b).

The variation of R (k) with positive k for the example
cases (A = 8.5A and ¢ = 164, 32A) is shown in Fig. 2.
It is obvious that as ¢ increases | R(k) | decreases, an ad-
vantage, again, of larger amplitude dither.

C. With Discrete (Digital) Dither

Discrete (digital) dither is typically applied via a D/A
converter [4]. It is sometimes desirable to add discrete
dither to the signal at the ADC input. The PDF of discrete
dither is in the form of two or more equispaced impulses
with equal weights. Two cases are considered.

1) A PDF With Two Impulses: With two impulses, let
the PDF of dither be given by

d=c, —cwithc < A4

1
fid)=1{% (12)
0,

otherwise.

After derivations, using mathematical tables [8] for in-
tegration, it can be shown that

R(K) = % [q&(k + %) - ¢<k - %)] (13)

For |k| = A — ¢ — 1/2 we have:
o(y) = ¥(c) + ¥(-c),

vor= (L% NG

2 2

2 p—
+ <ck - A? - cz) sin”! (y y c> (14.a)
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Fig. 1. R(k) versus k for different amplitudes of uniform dither (¢ < A4).
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Fig. 2. R(k) versus k for two different amplitudes of uniform dither (¢ >
A).

and ford —c + 1/2 < |k| = A+ c — 1/2, we have

o(y) = ¥(c) (14.)
where ¥ (c) is given by (14.a).

The change of R(k) with positive k is shown in Fig. 3
forthe cases: 1) c = 1/2, A =16;2)c =1, 4 = 15.5;
and3)c =2,4 = 15.5.

2) A PDF With Three Impulses: In this case the PDF
of dither is given by

d= +¢,0, —cwithc < 4
(15)

1
fuld) =43
0, otherwise.

When ¢ is an integer, it can be shown that

R(K) = 5 [¢<k + %) - ¢<k s %ﬂ (16)

18 ——————C=0.5,A=5

-R | _____ C=l,A=15.5
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Fig. 3. R(k) versus k for different amplitudes of discrete dither (PDF with
2 impulses).
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Fig. 4. R(k) versus k for two different amplitudes of discrete dither (PDF
with 3 impulses).

where ¢ (y) is given by
[¥(=c) +¥(0) + ¥(c),

1
|k'SA—C—5
¥(0) + ¥(c),
o(y) = 1 1 (17)
A—C+55|k‘SA—§
¥(c),
Atis(kl=sd+e-?
L S =AaTeTs

and ¥ (c) is given by (14.a).
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The change of R(k) with positive & is shown in Fig. 4
for the example case: A = 15.5 with ¢ = 1 and 2. It is
interesting to notice that correlation corresponding to three
impulses is less than that corresponding to two impulses.
This implies that increasing dither impulses, while the
same dither amplitude c, results in less correlation. This
issue will be discussed more fundamentally in Section III.

III. RELATIONSHIP BETWEEN UNIFORM DITHERED AND
DiscrReETE DITHERED QUANTIZER INPUT

Let the PDF of discrete dither be as shown in Fig. 5(a).
Let this PDF be convolved with the PDF of a sinusoid,
thus

H(¥) = £:(x) * fa(d). (18)

Let us choose, for example, the convolution range: y +
¢>—Aandy —¢c < —A4,ie., —-(A+c)<y< —(A
— c¢). A graphical representation of the convolution pro-
cess is shown in Fig. 5(b), thus

5H(y) = s:m N 1+ . {Eﬂé[x - (y+ iAC)]}
T (19)

where 61 - ] is the Delta-Dirac function. From (19) it fol-
lows that:

] yte 1
= Z '
MO it

(20)
Let z = y + iAc, then (20) can be rewritten as:
1 T Ac
= 2 .(21
£B) (2n + 1)7 - Acz=-4 JA* - 7° (21)
ButAz=[y+i-:Ac]—[y+ (i—1)Ac] = Ac. Also,
as n = o, Ac — 0, consequently (2n + 1) Ac — 2c.

Thus the summation of (21) boils down to an integration
as follows:

Sy-H: dZ
_—l_ . =1 y + c = —1 _A ]
- o Lo (25 - e (22)

This result is exactly the same as that when uniform dither,
given by (7), is employed. It indicates that uniform dither
is equivalent to discrete dither, when the latter has a PDF
with an equi-probable infinite number of impulses. This
is in agreement with some of the results of Section II,
namely the fact that 3-impulse dithering gives less cor-
relation than 2-impulse dithering. Ultimately, uniform
dithering gives less correlation than discrete dithering.

(22)
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Fig. 5. Discrete dither. (a) PDF-with many impulses. (b) Convolving dither
with the input sinusoid.
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Fig. 6. The quantization error function of an ideal A/D converter.

IV. AMPLITUDE SPECTRA OF QUANTIZATION ERRORS
FOR DIFFERENT DITHER FORMS
The quantization error function for an ideal ADC is
shown in Fig. 6, with x being the quantizer input voltage.
The quantization error function is readily expanded as a
Fourier series in x [7]:

0= 2 (BE) - 1 @)

When a dither voltage d is added to the signal voltage x
at the quantizer input, then the average observed error at
the ADC output is

oo

10 = |+ a) p@yad

where p(d) is the PDF of dither. Equation (24) can be
recognized as a convolution integral and transformed to
the frequency domain as

o(f) = e(f) - P(f) (25)
where O(f), Q(f), and P(f), are the Fourier trans-
forms of g(x), q(x), and p(d ), respectively.

Although previous simulations [3] showed that dither-
ing reduces harmonic distortion, there was no mathemat-

(24)
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Fig. 7. Spectrum of the average quantization error without dither.
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ical basis. To fill this gap, we studied the spectra of the
average quantization errors for different dither forms. Let
us first consider (23). It can be shown that the positive
frequency side of the dither-free amplitude spectrum is
given by

0@)] = = Zo(@ - nw)  (26)

where wy = 27 /A. Fig. 7 shows |Q(w)|/A versus n,
the harmonic index, without dither. Three dither forms
are now considered.

A. Gaussian Dither
The PDF of Gaussian dither is given by:

1
o422
oVN2T

p(d) = (27)

where ¢ is the dither rms value. The Fourier transform of
(27) is given by
P(f) = e 7, (28)

By substituting (26) and (28) in (25), the amplitude spec-
trum of the average observed quantization error is given
by

_ o 222
Q(w) = ngl %eXp {_Zon;n ] - 8(w — noy). (29)

Fig. 8 shows a(w)/A versus n for the cases: 1) ¢ =
A/2,and b) 6 = A. It is evident that the first component
exists, whereas the contribution from the higher spectral
components is negligible.

B. Uniform Dither

The PDF of uniform dither is given by (7), and the Fou-
rier transform is given by

__sin (wc)
P(w) = vt (30)
From (25), (26), and (30), it can be shown that
— < A [sin (27nc/A) |
|Q(w)| B ngl n 2wnc/A 8(w = noy).
(31)

=
£

Sy
w

I N - I I .}

Z 0.5

-

(a)

°

-

(b)
Fig. 8. Spectrum of the average quantization error for Gaussian dither. (a)
¢/A =05 (b)o/A=1.

It is obvious that there are ¢ values that nullify the spec-
trum of the averaged quantization error, e.g., ¢ = 4/2,
A, 24, - - - . These c values correspond to integral values
of nc /A or 2nc / A. Other ¢ values do not nullify the spec-
trum. However, this result is sensitive to the value of ¢
so that it seems dangerous to conclude that uniform dith-
ering has better properties than Gaussian dithering. To
compare the two forms, the noise power has to be the
same, i.e.,

2
S— (32)
3
As a numerical example the fundamental components (n
= 1) for both dither forms are compared. For o = 0.2887
(corresponding to ¢ = 0.5), (29) gives Q(w,) = 0.193,
which is also obtained from (31) when ¢ = 0.642, i.e., a
deviation of 0.142A from A /2. On the other hand for ¢
= 0.5774 (corresponding to ¢ = 1), (29) gives 0.001 39,
which is also obtained from (31) when ¢ = 1.001 39, i.e.,
a deviation of 0.001 39A from A. This means that as ¢
increases, uniform dithering produces a spectrum which
is more sensitive to slight uncertainties in c. Therefore,
although uniform dithering can theoretically nullify the
spectrum, Gaussian dithering is more appropriate for most
practical cases due to fewer sensitivity problems and its
steep attenuation of higher spectral components.

C. Discrete Dither

When the PDF of dither is composed of two impulses
as given by (12), the Fourier transform is given by

1. .
P(w) = 3 [e7“ + e79] = coswe.  (33)
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Fig. 9. Spectrum of the average quantization error for discrete dither. (a)
PDF with two impulses. (b) PDF with three impulses.

From (25), (26), and (33) it follows that:
— oA 27nc
-4 }
lQ(w)l R cos A

Fig. 9(a) shows | Q(w)|/A versus n for c/A = 1/2, 1,
2, 4. It is obvious that for these ¢ values, |Q(w)|/A
changes as 1/n. To nullify the amplitude spectrum, we
should have

(34)

" 8(w — nwo).

c m
—=——,m=

A 4n (35)

1,3,5, -
which cannot be fulfilled. Thus the spectrum would be
null for some values of n, and finite for other values.

When the PDF of dither is composed of three impulses
as given by (15), the Fourier transform is given by

P(w) = % 5(w) + % cos wc. (36)

Again, it can be shown that

— o A
IQ(w)|=”§l; A

1 2 c
3 + 3 C08 <27rn —>l * 6(w — nay).

(37)

When ¢/A = 1,2, 4, + -+, the amplitude spectrum is
also shown in Fig. 9(a), whereas for ¢/A = 1/2, the
spectrum does not monotonically decay which is shown
in Fig. 9(b). This last observation was also verified by

855

using a S-impulse discrete dither. It can be shown that

Al+gcos 2 <
5%53 7rnA

22 s (,,,, EM - 8(w — nwp).  (38)

|0(w)] = 2

5 A

Whenc/A =2,4, - - -, the amplitude spectrum is shown
in Fig. 8(a), whereas for ¢/A = 1/2 and 1, it does not
decay monotonically.

V. CONCLUSIONS

The effect of uniform and discrete dither on the corre-
lation between quantization error and the dithered sinu-
soidal input signal has been investigated theoretically. In-
creasing dither amplitude results in less correlation for
uniform dither. When the amplitude of discrete dither is
kept constant, less correlation is obtained as the number
of PDF impulses is increased. Uniform dither is thus bet-
ter than discrete dither in decorrelating quantization error
and input signal, since in the limiting case when the num-
ber of impulses is infinite the effect of discrete dither tends
toward that of a uniform dither.

The effect of Gaussian, uniform, and discrete dither on
the amplitude spectra of the average observed quantiza-
tion error for an arbitrary quantizer input signal has been
investigated theoretically. Gaussian dither results in a very
small first harmonic which even decreases with increasing
dither variance, whereas higher order harmonics are neg-
ligible. The effect of uniform dither can be theoretically
made better than that of Gaussian dither by the proper
selection of dither amplitude to nullify the noise spec-
trum. However, it is recommended that Gaussian dither
is a better solution for practical cases, corresponding to a
uniform dither amplitude ¢ = MA /2, where M = 2. Dis-
crete dither is not as good as uniform dither since it cannot
theoretically nullify all harmonic components.
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