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ABSTRACT. We give a new construction of overconvergent modular forms of arbitrary weights,
defining them in terms of functions on certain affinoid subsets of Scholze’s infinite-level modular
curve. These affinoid subsets, and a certain canonical coordinate on them, play a role in our
construction which is strongly analogous with the role of the upper half-plane and its coordinate
‘2’ in the classical analytic theory of modular forms. As one application of these ideas, we define
and study an overconvergent Eichler-Shimura map in the context of compact Shimura curves over
Q, proving stronger analogues of results of Andreatta-Iovita-Stevens.
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1. INTRODUCTION

Let N > 5 be an integer, and let Y1 (N)(C) be the usual analytic modular curve. A holomorphic
modular form f of weight k£ and level N admits two rather distinct interpretations, which one might
call the algebraic and analytic points of view:

Algebraic: f is a global section w(f) of the line bundle w®* = w%’;Yl(N) on Y1(N)(C) (extending
to X1(N)(C)). Equivalently, f is a rule which assigns to each test object - an isomorphism class of
triples (S, E,n) consisting of a complex analytic space S, a (generalized) elliptic curve 7 : E — S
with level IV structure, and 1 an Og-generator of wg /g := (LieE/S)* - an element f(5, E,7) € O(S)
such that f commutes with base change in S and satisfies f(S, E,an) = a *f(S, E,n) for any
a € O(S)*. These two interpretations are easily seen to be equivalent (for simplicity we ignoring
cusps): for any test object, there is a canonical map s : S — Y1(N) realizing E/S as the pullback

of the universal curve over Y;(N), and one has s*w(f) = f(S, E, n)n®*.

Analytic: f is a holomorphic function on the upper half-plane h of moderate growth, satisfying

the transformation rule f(gjis) = (cz+ d)*f(2) for all vy € T'1(N).

How do we pass between these points of view? The key is that h may be identified with the

universal cover Yi(N) of Y1(V), in the category of complex analytic spaces, and the pullback of

the line bundle w to Y1(NN) is canonically trivialized. Precisely, Y7 (V) consists of pairs (E,[3)
where E/C is an elliptic curve and 8 = {1, 2} € H,(E(C),Z) is an oriented basis’. This space

admits a left action of T'1(N) by {51,082} — {aB1 + bB2,¢f1 + dB2}. Let p : }7(7\7) — Y1(N)
be the natural projection. Defining the period 2(E,3) € C by fﬂln = 2(E,p) fﬁz 1, where

n#0¢e H(E(C),Q}, /C) is any nonzero holomorphic one-form on E, the map

Yi(N) = b
(B,8) — =2(E,B)

is a I'; (IV)-equivariant isomorphism of Riemann surfaces. The pullback p*w is then trivialized by
the differential 7,y characterized by fﬁ2 Nean = 1. Defining f(2) by p*w(f) = f(2)nZk  a calculation

shows that 7can(72) = (cz + d) ™ can(2), from which the transformation law of f(z) follows.

In the p-adic setting a priori one only has the algebraic definition valid for integral weights.
Given the importance of non-integral weights, it seems natural to hope for a direct algebraic
definition of modular forms with non-integral weights. More precisely, given a continuous character
Kt Z, — L* for some L/Q, finite, one would like to define a “p-adic modular form of weight s
and level N” as a rule which assigns to each test object an isomorphism class of triples (R, E,n)
consisting of a p-adically separated and complete ring R, a (generalized) elliptic curve E/SpecR
with level N structure, and n a generator of wg/g - an element g(R, E,7) € R ®z, L such that

g commutes with base change in R and satisfies g(R, E,rn) = k(r)"'g(R, E,n) for any r € R*.

1One also requires that B2 generate the T'y(N)-structure under H,(E(C),Z/NZ) = E(C)[N]
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The problem with this naive definition is that the expression x(r) does not make sense in general.
In fact, the only characters for which this is unambiguously defined and functorial in R are the
power characters &k : r — r* k € Z. However, Andreatta-lovita-Stevens and Pilloni ([AIS1, Pil])
discovered (independently) a remarkable fix to this problem, whereby for a given character x one
only allows “certain elliptic curves” and, more importantly, “certain differentials” in the definition
of test objects. The admissible elliptic curves are those whose Hasse invariant has suitably small
valuation. The admissible n’s are defined using torsion p-adic Hodge theory and the theory of
the canonical subgroup; they are not permuted by all of R*, but only by a subgroup of elements
p-adically close enough to Z so that x(r) is defined.

Our first goal in this paper is to develop a p-adic analogue of the analytic picture above. Of

course, the most pressing question here is: what are the correct analogues of Yi(N), h C ]P’(lC and
z?7 The following theorem gives a partial answer.

Theorem 1.1. Given N and pt N as above, let
Koo~ 1im X5 ) )

be the infinite-level perfectoid (compactified) modular curve of tame level N ([Schd]), with its natural
right action of GLa(Qp). There is a natural family of Ko(p)-stable open affinoid perfectoid subsets
Xoow € Xoo parametrized by rationals w € Qo, with Xy € Xoow for w < w’, and there is a

canonical global section 3 € O(Xoow) (compatible under changing w) such that v*3 = Z;’Ig for all

v € Ko(p). For any k as above and any w >, 0, the space
Mn,w(N) = {f € O(Xoo,w) ®Qp L | ’{(bﬁ + d) : ’7*]0 = f V’V € KO(p)}

is well-defined, and the module M,I(N) = limy—y00 My w(N) is canonically isomorphic with the
modules of overconvergent modular forms of weight k and tame level N defined by Andreatta-
Tovita-Stevens and Pilloni.

—_~—

Thus, in our approach, the X ., plays the role of Y;(NN) and the fundamental period 3 plays
the role of z from the complex theory. Key to this theorem is that w is trivialized over any X .
(by one of the “fake” Hasse invariants constructed in [Sch4]), which is similar to the fact that w
is trivialized over h. One reason why the latter is true is because the complex period map is not
surjective onto IP’}C. By contrast, the p-adic period morphism 7gt : Xs — P! constructed in [Sch4]
is surjective, but becomes non-surjective when restricted to any X, . This is the reason that our
description works for overconvergent modular forms but not for classical modular forms.

The second goal of the paper is to apply our “explicit” point of view to redefine and analyze the
overconvergent Eichler-Shimura map of [AIS2], which compares overconvergent modular symbols
to overconvergent modular forms. Our perspective gives a short and transparent definition of these
maps, and (we believe) clarifies the ideas involved. We also make use of certain new filtrations on
overconvergent distribution modules to obtain a more “global” point of view on the Eichler-Shimura
maps: after first defining them in the setting of Coleman families, we glue them into a morphism
of coherent sheaves over the whole eigencurve.

We now describe these results in more detail.

1.1. Perfectoid modular curves and w-ordinarity. Let Y, denote the modular curve over Q,
with Y, (S) parametrizing elliptic curves E/S with a point P € E(S)[N] of exact order N together
with an isomorphism

oy (Z/p"Z)2 5 E(9)[p").
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Let X,, denote the usual compactification of Y,,, and let ), C X, be the associated adic spaces over
Spa(Qyp,Zy,). These form compatible inverse systems (X3,)n>1, (Vn)n>1 with compatible actions
of GL2(Qp). Fundamental to all our considerations is Scholze’s construction of the infinite level
modular curves V., ~ gnn Vn, Xoo ~ @n X, and the GLQ(Qp)—equivariant Hodge-Tate period

map 7yt ¢ Xoo — P! (a morphism of adic spaces over Q).

Let us say a few more words about myr. Let C/Q, be a complete algebraically closed field
extension with ring of integers O¢, and let A be an abelian variety over C of dimension g, with

dual AY. Set wy = HO(A,Q}MC) =~ Homc (Lie A, C), a C-vector space of rank g. Then we have
a natural linear map HT 4 : T)A ®z, C' — wav, the Hodge-Tate map of A, which fits into a short

exact sequence
HTY, (1
00— LieA)(1) 25 Hom(1,4Y,0(1)) = TyA®z, ¢ "4 wav — 0
where —(1) denotes a Tate twist. If E/C is an elliptic curve and « : Z2 = T,E is a trivialization,
then (E, ) defines a point in Voo (C, O¢) and myr sends (E, ) to the line (a ® 1)~ (Lie E) C C2.

Our first key definition is a new gauge for the ordinarity of an abelian variety, defined in terms
of the Hodge-Tate map HT 4. Let Fa = HTA(T,A ®z, Oc¢). This is an O¢-lattice inside wyv.

Definition 1.2. Let w € Qsg.
(1) An abelian variety A/C is w-ordinary if there is a basis by,...,bayy of T,A such that
HT A(b;) € p“Fy for all1 <i<g.
(2) For A/C w-ordinary and 0 < n < w + 1, the pseudocanonical subgroup H, of level n
1s defined to be the kernel of the natural map

A[p")(C) = Fa ®0. Oc/p™ ™" O¢
induced by HT 4.

(3) For A/C w-ordinary, a trivialization o : Zgg = T,A is strict if a(er),...,a(ey)modp €
A[p|(C) form a basis for the pseudocanonical subgroup of level one.

Let w and v be the homogeneous coordinate with respect to the standard basis e; = () and
ez = (9) of Q2. We define z = —v/u, a coordinate function on P*. For w € Qs¢ we let Py, C P! be
the locus

Pllu = {Z | infaepr|Z - a‘ < |p|w}.

For v € Ko(p) one sees that v*z = £2£5 and that PP, is a Ko(p)-stable affinoid, where Ko(p) is the

usual Iwahori subgroup of GL3(Z,). Define X oy = ﬂﬁ%(P}u) and Voo w = Xoow N Voo These loci
are Ko(p)-stable. Finally, define the fundamental period 3 = mjpz € O}m (Xoo,w)-

Theorem 1.3. A point (E,a) € Yoo (C, O¢) is contained in Xs  if and only if E is w-ordinary
and a s strict. Furthermore, X 18 the preimage of a canonical affinoid X, C X, (), and Xoow
is affinoid perfectoid. The (C,O¢)-points of Y = Xy N Vi,(p) are the pairs (E, H) where E is
w-ordinary and H is the pseudocanonical subgroup of level one, and (Xy)w s a cofinal set of strict
neighbourhoods of the ordinary multiplicative locus in X, (p)-

Taking these infinite-level objects as our basic ingredients, we are able to give a short and explicit
construction (Definition 2.17) of sheaves of overconvergent modular forms w,t,w on X, whose global
sections yield the module M, ,,(N) of Theorem 1.1. This construction also works in families of

weights. As a guide to our constructions so far, we offer the following table of analogies:
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| C | g
Y =Y1(INV)(C), a complex analytic space Yw C Vi, (p), an adic space
E/C an elliptic curve E/C a w-ordinary elliptic curve
(E,B), B=A{B1,B2} € Hi(E(C),Z) an oriented basis (E,q), a: 725 T,E a strict trivialization
(E,pB) € Y, the universal cover of Y’ z=(E,a) € Yoo,w(C) C Xoo,w(C)
Li(N)OY 5 b CPje T : Xoo,w — Pry CPjg O Ko(p)
Y = b and b are contractible Xoo,w is affinoid perfectoid
z, the coordinate on b 3 € OT(Xoo,w), the fundamental period
z = z(E, B) characterized by 3(z) € C characterized by
Jo,n=2J5n HTg(a(e1)) = 3(z)HT s (a(e2))
fﬂz MNcan = 1 5 = HTE(CM(QQ))
Nean (72) = ZirgNean(2) Vs = (b3 + d)s
(cz+d)* € O(h) K(bs 4 d) € O(Xoow) ®qg, L (w > w))
Mi(N) ={f € O0) | f(g2) = (cz+d)*f(2)} Miw(N) = {f € O(Xoow) ®q, L | k(b5 +d)V"f = f}
M = limy 00 My

Table 1.1: Analogies.

As we have already mentioned, sheaves of overconvergent modular forms have been constructed
previously by [AIS1] and [Pil], and their constructions (which appear slightly different on the
surface) are known to give equivalent notions of overconvergent modular forms. We prove (Theorem
2.30) that our definition is also equivalent to these previous constructions.

1.2. Modular curves vs. Shimura curves. While we have written this introduction so far in
the setting of modular curves, we have chosen to work with compact Shimura curves associated with
an indefinite quaternion division algebra B/Q split at (our fixed) p in body of the paper. There are
two reasons for this. The first reason is that the local p-adic geometry of these Shimura curves is
entirely analogous to the local p-adic geometry of modular curves, but the global geometry is simpler
without the presence of boundary divisors, compactifications, and their attendant complications.
We believe that working in a boundaryless setting helps to clarify the point of view adopted in this
paper.

Having said this, many of our ideas extend to the case of modular curves. In particular, all
the definitions and results in §2 have exact analogues for classical modular curves, and Theorems
1.1 and 1.3 are true as stated. The techniques we use for Shimura curves work over the open

modular curve, and one may extend over the boundary using “soft” techniques (one does not need
the advanced results of [Sch4, §2]).

The second reason is that our point of view on the overconvergent Eichler-Shimura map does not
immediately generalize to modular curves. While we believe that the underlying philosophy should
adapt, there are certain technical aspects of the construction (in particular Proposition 4.4) which
seem difficult to adapt. As far as we can tell, this is a purely technical issue with the pro-étale site
as defined in [Sch3]. In work in progress ([DT]), Diao and Tan are developing a logarithmic version
of the pro-étale site, and we believe that our constructions would work well in this setting.

1.3. The overconvergent Eichler-Shimura map. From now on we work with Shimura curves
attached to an indefinite quaternion division algebra B/Q,, split at p and use the same notation
that we previously used for modular curves.

After Coleman’s construction of Coleman families and the globalization of these to the Coleman-
Mazur eigencurve ([Clm, CM]), different constructions of families of finite slope eigenforms and
eigencurves for GLy /g were given by Stevens ([Ste], completed by Bellaiche [Bel]) and Emerton
([Eme]). These constructions give the same eigencurve. Roughly speaking, each approach first
constructs a p-adic Banach/Fréchet space (or many such spaces) of ”overconvergent” objects
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interpolating modular forms/cohomology classes, and then creates a geometric object out of this
(these) space(s). All spaces have actions of certain Hecke algebras and the fact that these give
the same eigencurves amounts to saying that they contain the same finite slope systems of Hecke
eigenvalues. However, not much is known about the direct relation between these spaces. One
can rephrase the problem in the following way: each construction of the eigencurve remembers the
spaces it came from in the form of a coherent sheaf on it, and one may ask if there are relations
between these sheaves.

In [AIS2], Andreatta, Iovita and Stevens study the relationship between overconvergent modular
forms and overconvergent modular symbols. While Coleman’s overconvergent modular forms p-
adically interpolate modular forms, Stevens’s overconvergent modular symbols interpolate classical
modular symbols, i.e. classes in the singular cohomology groups H'(Y;(N),Sym*~2#!), where
H! is the first relative singular cohomogy of the universal elliptic curve. Classical Eichler-Shimura
theory, which one may view as an elaboration of Hodge Theory for these particular varieties and
coefficient systems, gives a Hecke-equivariant isomorphism

HY(Y1(N),Sym" 2 H1) @ C= M), @ Sy,

where M}, is the space of weight k£ and level N modular forms and S}, is its subspace of cusp forms.
Faltings ([Fal]) constructed a p-adic Hodge-theoretic analogue of this isomorphism, replacing singu-
lar cohomology with étale cohomology. This construction was then adapted to the overconvergent
context in [AIS2].

Let us describe these ideas and our work in more detail. We refer to the main body of
the paper for exact definitions. Recall ([AS, Hanl]) the overconvergent distribution modules D,
where r is a character of Z, as above. It may be interpreted as a local system on X ) (C).
The singular cohomology H'(X Ko(p)(C), Dj) is the space of overconvergent modular symbols.
Following [Han2], we construct a filtration on the integral distribution module Dy;° for which the
corresponding topology is profinite. From this one gets a sheaf on the pro-étale site of X, whose
cohomology is isomorphic to H'(X g, ) (C), D), but also carries a Galois action. To compare this
to overconvergent modular forms of weight x, one introduces a “fattened” version OD;; of Dy, which
has the explicit description

V= (DH®OXK0(p)(Vm))K0(P)
for V' € Xg(p),pro¢t quasi-compact and quasi-separated (qcgs), where Voo 1=V x Xico(p) X and
@XKO () 18 the completed structure sheaf on Xg () prost- After restricting to A&, it turns out to be

easy to give a morphism to the completed version L/J,];w: for V. € Xy prost dcqgs there is a Ko(p)-
equivariant morphism

D,.20x, (Vo) = Ox, (Voo) ®q, L
given on elementary tensors by
p® fe p(r(l+57))f.

The formula is heavily inspired by a formula of Stevens for the comparison map between overcon-
vergent distributions and polynomial distributions (whose cohomology computes classical modular
symbols) which does not seem to be used a lot in the literature (see the paragraph before Definition
3.2). One then passes to Ko(p)-invariants to obtain the desired morphism of sheaves. This is our
analogue of the maps denoted by 6, (w) in [AIS2]. It induces a map on cohomology groups over C,
which gives the desired map of spaces using that Héroét(é\.’w@p, @lw) = HO(Xw,(cp, wl,w ®0y,, Qﬁfw)
The strategy is the same as in [AIS2], except that they work with the so-called Faltings site instead
of the pro-étale site. It is the presence of infinite level Shimura curves in the pro-étale sites of
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finite level Shimura curves that accounts for the clean explicit formulas we obtain: they provide
the correct “local coordinates” for the problem at hand.

We analyze these maps by carrying out the above constructions in families of weights (as in
[AIS2]). To define Galois actions one needs to work with families parametrized by certain affine
formal schemes instead of the more commonly used affinoid rigid spaces. Whereas the filtrations
defined in [AIS2] only work when the formal scheme is an open unit disc near the center of weight
space, our filtrations are defined over arbitrary Spf R where R is finite over Z,[[X1, .., X4]] for some
d. This enables us to glue the morphisms for different families of weights into a morphism of sheaves
over the whole eigencurve.

Denote by C the eigencurve and let Cc, be its base change to C,. It carries coherent sheaves V,
resp. M, coming from overconvergent modular symbols resp. forms. We denote by V¢, resp.
/\/lTp, their base changes to C,, which may also be viewed as sheaves of (’)c@)QP(Cp—modules on C.
In the latter point of view, one may think of C, as a (rather primitive) period ring. After gluing,
the overconvergent Eichler-Shimura map is a morphism £S : V¢, — M}:p(—l) of sheaves.

Theorem 1.4 (Theorem 5.11, Theorem 5.14). Let C5™ be the smooth locus of C.

(1) V and MT are locally free over CS™, and the kernel K and image T of ES are locally
projective sheaves of Ocsm @Qp(cp-modules (or equivalently locally free sheaves on C(Scr;l) The

support of M(]ch(—l)/Z on Cc, is Zariski closed of dimension 0.
(2) Let ecsm be the character of Gq, defined by the composition

Gg, — Z5 X% 05, — (0%um®g,Cp)*

where € is the p-adic cyclotomic character of Gg, and Xy is the universal character of Z; .

Then the semilinear action of Gg, on the module IC(EES%H) is trivial.
(3) The exact sequence

0—-+K—Vg, =20

18 locally split. Zariski generically, the splitting may be taken to be equivariant with respect
to both the Hecke- and Gg,-actions, and such a splitting is unique.

These are stronger analogues of results in [AIS2], where the authors prove the analogous results
for modular curves in some small (unspecified) open neighbourhood of the set of non-critical classical
points.

We believe that our perspective on overconvergent modular forms and the overconvergent Eichler-
Shimura map should generalize to higher-dimensional Shimura varieties. In particular, it should be
reasonably straightforward to adapt the methods of this paper to (the compact versions of) Hilbert
modular varieties.

1.4. Notation, conventions and an outline of the paper. Throughout this text, we let p
denote a fixed prime.

For the purposes of this paper, a small Zj,-algebra is a ring R which is reduced, p-torsion-free,
and finite as a Zp[[X1, ..., X4]]-algebra for some (unspecified) d > 0. Any such R carries a canonical
adic profinite topology, and is also complete for its p-adic topology. For convenience we will fix a
choice of ideal a = apr defining the profinite topology (a “canonical” example of such a choice is the
Jacobson radical). All constructions made using this choice will be easily verified to not depend
upon it.
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We will need various completed tensor product constructions, some of which are non-standard.
We will need to take a form of completed tensor product between small Z,-algebras and various
Banach spaces or other Zj,-modules. These will always be denoted by an undecorated completed
tensor product ®. We explain our conventions for the unadorned & in Convention 2.2 and
Definitions 6.3 and 6.6 below. Any adorned @4 is a standard one, with respect to the natural
topology coming from A.

We will use Huber’s adic spaces as our language for non-archimedean analytic geometry in this
paper. In particular, a “rigid analytic variety” will refer to the associated adic space, and all open
subsets and open covers are open subsets resp. open covers of the adic space (i.e. we drop the
adjective “admissible” used in rigid analytic geometry). The pro-étale site of [Sch3] is key to our
constructions; we will freely use notation and terminology from that paper. For perfectoid spaces
we use the language of [KL] for simplicity (e.g. we speak of perfectoid spaces over QQ,), but any

perfectoid space appearing is a perfectoid space is the sense of [Schl] (i.e. it lives over a perfectoid
field).

Let us finish the introduction by briefly outlining the contents of the paper. In §2 we give our new
definitions of sheaves of overconvergent modular forms in families and prove their basic properties,
including a comparison with the definitions of [AIS1, Pil]. In §3 we recall the basic definitions from
the theory of overconvergent modular symbols and define the filtrations mentioned above. We make
some technical adjustments when defining slope decompositions. In particular, we do not need the
concept of a weak orthonormal basis used in [AIS2]; all slope decompositions can be defined using
standard orthonormal bases and formal operations. In §4 we define our overconvergent Eichler-
Shimura maps, and §5 glues them over the eigencurve and proves the properties stated above.

The paper concludes with an appendix, collecting various technical results and definitions that
are needed in the main text; some of these results may be of independent interest. In §6.1 we define
our non-standard completed tensor products and prove some basic properties. While we only need
this ® for small Zyp-algebras R, it turns out that the ring structure only serves to obfuscate the
situation. Accordingly, we define ® for a class of Zy-module that we call profinite flat. Throughout

the text we will need to consider sheaves of rings like Ox®R and O x®R on X where X is a rigid
space and R is a small Z,-algebra. We prove some technical facts about these sheaves of rings and
their modules in §6.2-6.3. Finally §6.4 discusses quotients of rigid spaces by finite group actions,
proving a standard existence result that we were not able to locate in the literature.
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2. OVERCONVERGENT MODULAR FORMS

2.1. Weights and characters. In section we recall some basic notions about weights. We may
define weight space as the functor from affinoid (Z,, Zy)-algebras (A, A™) to abelian groups given
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by

(A, AT) = Homys(Z,y, A).
This functor is representable by (Zp[[Z)]], Zy[[Z, ]]). The proof is well known. The key fact that
makes the arguments work in this generality is that A°/A°° is a reduced ring of characteristic p,
where A°° is the set of topologically nilpotent elements in A. We define 20 = Spf(Z,[[Z,]]) and
let W = Spf(Z,[[Z}]])"*® be the associated rigid analytic weight space, with its universal character

XWw Z; — O(W)X
We embed Z into W by sending k to the character x(z) = 2F72.

Definition 2.1. (1) A small weight is a pair U = (Ry, xu) where Ry is a small Zy,-algebra and
Xu i Ly — R}; is a continuous character such that xy(1 + p) — 1 is topologically nilpotent
in Ry with respect to the p-adic topology.

(2) An affinoid weight is a pair U = (Su, xu) where Sy is a reduced Tate algebra over Q,
topologically of finite type and xy : Z, — Sy, is a continuous character.
(3) A weight is a pair U = (Ay, xu) which is either a small weight or an affinoid weight.

We shall sometimes abbreviate Ay by A when U is clear from context. In either case, we can
make Au[%] into a uniform Q,-Banach algebra by letting A7, be the unit ball and equipping it with
the corresponding spectral norm. We will denote this norm by | - |;s. Note then that there exists a

1
smallest integer s > 0 such that |xy(1+p) — 1|y <p »°@=D. We denote this s by syy. When U is
small, the existence uses that xy/(1+ p) — 1 is p-adically topologically nilpotent. We will also make

the following convention:

Convention 2.2. Let U be a weight and let V' be a Banach space over Q,. We define V®Ay as
follows:

(1) IfU is small, then V®Ry is a mixed completed tensor product in the sense of the appendiz.
(2) IfU is affinoid, then V®Sy = V®Qp5u-

Remark 2.3. Many (though not all) of the results in this paper involving a choice of some weight U
make equally good sense whether U is small or affinoid. In our proofs of these results, we typically
give either a proof which works uniformly in both cases, or a proof in the case where U is small,
which is usually more technically demanding.

When U = (Ry, xu) is a small weight the universal property of weight space gives us a canonical
morphism
Spf(Ru) — 2,

which induces a morphism .

Spf(Ry )™ — W.
When U = (Sy, xu) is an affinoid weight we get an induced morphism

Spa(Sy, S;y) — W.
We make the following definition:

Definition 2.4. (1) A small weight U = (Ry, xu) s said to be open if Ry is normal and the
induced morphism Spf(Ry)"® — W is an open immersion.
(2) An affinoid weight U = (Sy, xu) is said to be open if the induced morphism Spa(Sy, S;;) —
W is an open immersion.
(3) A weight U = (Au, xu) is said to be open if it is either a small open weight or an affinoid
open weight.



10 PRZEMYSLAW CHOJECKI, DAVID HANSEN AND CHRISTIAN JOHANSSON

Note that if ¢/ is a small weight such that /™9 — W is an open immersion, then the normalization
of U is a small open weight.

Let B be any uniform Q,-Banach algebra. Let us say that a function f : Z, — B is s-analytic
for some nonnegative integer s if, for any fixed a € Z,, there is some ¢, € B(T) such that
vralx) = f(p°x+a) for all x € Zy. In other words, f can be expanded in a convergent power series
on any ball of radius p~®. This is naturally a Banach space which we denote by C*7**(Z,, B).
Theorem 2.5 (Amice). The polynomials €5(x) = [p~*j]! ( j ) form an orthonormal basis of

C*=*(Zy, B) for any uniform Q,-Banach algebra B. Furthermore, we have ej(Zp +p°B°) C B°.
Proof. This is well known, see e.g. [Col, Theorem 1.7.8] and its proof. O

We can now prove that characters extend over a bigger domain.

Proposition 2.6. Let U = (Ay, xu) be a weight and let B be any uniform Qp,-Banach algebra.
Then for any s € Q=g such that s > sy, xu extends canonically to a character

XU - BS>< — (A&@ZPBO)X C (AL{@B)X,

where BY := 75 - (1+p*'B°) C (B°)* and p**'B° is shorthand for {b € B° | |b] < p~5~'} (where
| — | is the spectral norm on B).

Proof. Without loss of generality we may assume that s is an integer (e.g by replacing s with
|s]). We may decompose any b € B uniquely as b = w(b) (b), with w(b) € pp—1 and (b) €
1+ pZ, + p* T B°. We will show that for any s > sy and b € B, the individual terms of the series

> A log(b)
FO) = xuw®) w(l+p) —1) ( log(1+p) )
§=0

J

log(b)

w_» XU(w(b)) . X(l _|_p) log 1+p

lie in A7, ®z, B° and tend to zero p-adically, so this series converges to an element of AZ@ZPBO
and a fortiori to an element of Ay;®@B. We claim this series defines a canonical extension of yz.

Using the well known formula for the p-adic valuation of factorials we see that v,([p~*j|!) < W;l)'
In particular, writing

DY Gl =1 (1) =ty 3o D E )
j=0 '

1
our assumption on s implies that |xy/(1+p) — 1|, <p »*@= 1, so we see that this series converges

to an element of AY,®z, B° for any € B such that ej(z) € B° for all j. By Theorem 2.5 it then

suffices to verify that if b € B then z = l(lfégf_gp € Zp + p°B°. But we know that the function

n(b) = kl)(;gf +>p defines a homomorphism from 1+ pZ, + p*T™1B° to Z, + p*B®, so we are done. The
character property follows by calculating directly from the deﬁnltlons. Finally, to show that this
character extends xz, note that for b € p,—1 x (1 + p)?=0, f(b) becomes a finite sum which equals

Xu(b) by the binomial theorem, so f |pr = xy by continuity. O
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2.2. Geometry at infinite level. We write C' for an algebraically closed field containing Q,,
complete with respect to a valuation v : C' — R U {400} with v(p) =1 (so v is nontrivial), and we
write O¢ for the valuation subring. Fix an embedding C, C C. We fix a compatible set of p"-th
roots of unity in C, and use this choice throughout to ignore Tate twists (over any C). We let B
denote an indefinite non-split quaternion algebra over Q, with discriminant d which we assume is
prime to p. We fix a maximal order Op of B as well as an isomorphism Op ®z Z, = My(Z,), and
write G for the algebraic group over Z whose functor of points is

R— (OB X7 R)X,

where R is any ring. We fix once and for all a neat compact open subgroup K? C G (Zp ) such that
K? =[], K, for compact open subgroups Ky C GLa(Z,) and (for simplicity) det(K?) = (ZP)*.

Recall (e.g. from [Buzl, §1]) that a false elliptic curve over a Z[]-scheme S is a pair (4/5,1)
where A is an abelian surface over S and i : Op < Endg(A) is an injective ring homomorphism.
We refer to [Buzl] for more information and definitions regarding false elliptic curves, in particular
the definition of level structures. Let Xqr,(z,) be the moduli space of false elliptic curves with K?-
level structure as a scheme over Z,. We denote by Xqr,(z,) the Tate analytification of its generic
fibre, viewed as an adic space over Spa(Qy, Zy,). For any compact open subgroup K, C GLy(Z,) we
use a subscript —f, to denote the same objects with a K-level structure added. We will mostly
use the standard compact open subgroups Ko(p™) or K(p"™), for n > 1. Since we will mostly work
with the Shimura curves with Ky(p)-level structure, we make the following convention:

Convention 2.7. We define X := Xg(p), X = Xpo(p), €t cetera. A Shimura curve with no level
specified has Ky(p)-level at p.

The following striking theorem of Scholze is key to all constructions in this paper.
Theorem 2.8 (Scholze). There exist a perfectoid space Xo over Spa(Qp,Z,) such that
XOO ~ ]&1 XK(p") .
n

It carries an action of GL2(Qy) and there exists a GLa(Q))-equivariant morphism
THT Xoo — ]Pl

of adic spaces over Spa(Qp,Zp). Let P! = V4 UV, denote the standard affinoid cover. Then
Vi = mgr(V1) and Vo = m1.(Va) are both affinoid perfectoid, and there exists an N and affinoid
opens S1, 52 C X~y such that V; is the preimage of S;. Moreover we have w = 1 O(1) on X,
where w is obtained by pulling back the usual w (defined below) from any finite level X (ny.

A few remarks are in order. For the definition of ~ we refer to [SW, Definition 2.4.1]. This
theorem is essentially a special case of [Sch4, Theorem IV.1.1] except for the difference in base field
and the target of 7; there one obtains a perfectoid space over some algebraically closed complete
C/Qp and T takes values in a larger (partial) flag variety. The version here is easily deduced in
the same way; we now sketch the argument. The tower (X K(pn))n embeds into the tower of Siegel
threefolds (over @), and the same argument as in the proof of [Sch4, Theorem IV.1.1] gives the
existence of X5 and a map myt which takes values in the partial flag variety FI of GSp, with
respect to the Siegel parabolic. Using the My (Zy)-action (see below) one sees that it takes values
in P! C FI (such results will appear in large generality in the forthcoming work of Caraiani and
Scholze [CS]). Finally, one easily sees that the standard affinoid opens of P! come by pullback
from standard affinoid opens of P® via the map P* C FI C P (where FI C P5 is the Pliicker
embedding). This finishes the sketch. Alternatively, one may follow the argument used to prove
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[Sch4, Theorem III.3.18] in the case g = 1 to prove Theorem 2.8 (the situation here is slightly easier
due the compactness of the X (n)).

Let us now discuss some standard constructions and define the sheaf w mentioned in Theorem
2.8. For any false elliptic curve A over some Z,-scheme S the p-divisible group A[p>| carries an
action Op ®z,Zy, = M(Zy). Put G4 = eA[p™], where e € M3(Z,) is an idempotent that we will fix
throughout the text (take e.g. ({9)). This is a p-divisible group over S of height 2 and we have
Alp™>®] = ng functorially; we will fix this isomorphism. For all purposes G4 behaves exactly like
the p-divisible group of an elliptic curve and we may use it to define ordinarity, supersingularity,
level structures et cetera. We will often just write G instead of G 4 if the false elliptic curve A is clear
from the context. The line bundle w is the dual of e(Lie(A™ /X)), where A™ is the universal
false elliptic curve. We will also write G"™ = G yuniv. The same definitions and conventions apply
to the adic versions, and to other level structures.

Next, we specify the right action of GL2(Q,) on (C, O¢)-points on both sides of the Hodge-Tate
period map Xo, — P! First we consider P': g € GLy(Q,) acts from the left on C? (viewed as
column vectors) and a line L C C? is sent by g to gV (L), where g — ¢V is the involution

_fa b v_ 4 _(d b
g—<c d>f—>g = det(g)g —<_C a>-

This defines a right action. A (C, O¢)-point of X consists of a false elliptic curve A/C and an
isomorphism « : ZIQ, — T,G (and the KP-level structure which we ignore). Let g € GL2(Q,) and
fix n € Z such that p"g € My(Z,) but p"~tg ¢ Mz(Z,). For m € Z>q sufficiently large the kernel
of p"g" modulo p™ stabilizes and we denote the corresponding subgroup of G[p™] under o by H.
We define (A, a).g to be (A/H®2, 3), where 3 is defined as the composition

n a Vv :1
72 78 Q2 5 v6 S (g ).

Here H®? is viewed as a subgroup scheme of A[p™] via the functorial isomorphism A[p>] = G2
V,(—) denotes the rational Tate module and (fY). : V,(G/H) — V,G is the map induced from
the dual of the natural isogeny f : G — G/H (note that § is isomorphism onto T,(G/H)).
In particular, if ¢ € GL2(Zy), then (4,a).g = (A,a - g) where (a - g)(e1) = aa(er) + ca(er),
(a-g)(e2) = ba(er) +da(ez). Here and everywhere else in the text e; and eg are the standard basis
vectors (§) and (9) of Z2.

2.3. w-ordinary false elliptic curves. Let H be a finite flat group scheme over O¢ killed by
p". We let wy denote the dual of Lie(H). It is a torsion O¢-module and hence isomorphic to
@D, Oc/a;Oc for some finite set of a; € Oc. The degree deg(H) of H is defined to be ), v(a;).
The Hodge-Tate map HTj is the morphism of fppf abelian sheaves H — wgyv over O¢ defined on
points by
feH=(HY) — f*dt/t) € wyv

where we view f as a morphism f : HY — p,n, dt/t € Wy, is the invariant differential and -V
denotes the Cartier dual. We will often abuse notation and use HT g for the map on O¢-points,
and there one may identify the Oc-points of H with the C-points of its generic fibre.

Now let G be a p-divisible group over O¢. Taking the inverse limit over the Hodge-Tate
maps for the G[p"] we obtain a morphism HTg : T,G — wgv, which we will often linearize
by tensoring the source with Og. Taking this morphism for GV and dualizing it we obtain a
morphism Lie(G) — T,G ®z, Oc. Putting these morphisms together we get a sequence

0 — Lie(G) — T,G ®z, Oc — wgv — 0
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which is in fact a complex with cohomology groups killed by p!/?=1) ([FGL, Théoréme I1.1.1]). We
will let Hdg(G) denote the Hodge height of G, which is defined to be the truncated (by 1) valuation
of the Hasse invariant of G.

Let A/C be a false elliptic curve. Then A has good reduction and we will denote its unique
model over O¢ by A. We have the Hodge-Tate sequence of G4[p*]:

0— Lie(g_A) — Tpg ®Zp Oc — wgv — 0.
Here we have dropped the subscript —4 in the notation of the Tate module for simplicity; this
should not cause any confusion. We will write HT 4 for HTg ;) and Hdg(A) for Hdg(G.a[p™]).

The image and kernel of HT 4 are free Oc-modules of rank 1 that we will denote by F4 and F}‘
respectively. Note that pl/(pfl)ng C Fy C wgy, -

Recall that e; and ey are the standard basis vectors of Zg and let w be a positive rational number.

Definition 2.9. Let A/C be a false elliptic curve with model A/O¢. Let w € Q.
(1) Let a be a trivialization of T,G. We say that o is w-ordinary if HT s(a(e1)) € pVFa.
(2) A is called w-ordinary if there is a w-ordinary trivialization of TpG.

Note that if A is w-ordinary, then it also w’-ordinary for all w’ < w. Note also that A is ordinary
(in the classical sense) if and only if it is co-ordinary (i.e. A-ordinary for all w > 0).

Definition 2.10. Let A/C be a w-ordinary false elliptic curve and assume that n € Z>1 is such
that n < w + 1. Then the kernel of the morphism G[p™|(C) — Fa/p™™™)F, induced by HT 4
is an étale subgroup scheme H, of Ga[p"] isomorphic to Z/p"Z which we call the pseudocanonical
subgroup of level n.

We will use the notation H,, to denote the pseudocanonical subgroup of level n (when it exists)
whenever the false elliptic curve A is clear from the context. When there are multiple false elliptic
curves in action we will use the notation H, 4. Since H,, is naturally equipped with an inclusion
into G4[p"] we may take its schematic closure inside G4[p"]. This is a finite flat group scheme of
rank p™ over O¢ with generic fibre H,, and we will abuse notation and denote it by H,, as well.

When n = 1 we will refer to H; simply as the pseudocanonical subgroup and drop ”of level
17. Note that if « : 17,6 — Z122 is a w-ordinary trivialization with n — 1 < w < n then
(e~ mod p")|y /70 trivializes the pseudocanonical subgroup. We record a simple lemma:

Lemma 2.11. Let A/C be a false elliptic curve and let o be a w-ordinary trivialization of T,G.
Assume that w > n € Z>1 and let m < n be a positive integer. Then A/H®?, is (w —m)-ordinary,
and for any m’ € Z withm <m' <n, H_, AJHE? = Hyyoa/Hp A

pm
defined by this equality. Let f denote the natural isogeny G — G/H,,,. From the definitions we get
a commutative diagram

Proof. Let g € GL2(Q,) denote the matrix (é ). Then (A,a).g = (A/HSEL?A,B) where ( is

HT 4

72 ——T,G Fy
lgv J{f* l(fv)*
B a2

ZIQJ — T(G/Hm) — A/HS?

and direct computation gives that p™ HT , o2 (B(e1)) = (f¥V)*HT a(a(e1)). Since HT 4(af(ey)) €
pYF4 we see that HTA/HSEQ(B(el)) € pw*mFA/Hregz which proves the first assertion. For the
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second assertion, observe that by definition H _, JHE? and H,,y a/Hm a are generated by

B(e1) mod p™ ™ and f(a(e1)) modp™ respectively, and that these are equal. O

Remark 2.12. The commutativity of the diagram in the proof above is also what essentially proves
the GL2(Q)p)-equivariance of the Hodge-Tate period map mur, and the first assertion may be viewed
more transparently as a direct consequence of this equivariance for the element g. Note also that
the second assertion of the Lemma mirrors properties of the usual canonical subgroups of higher
level.

Next we recall some calculations from Oort-Tate theory, cf. §3.2 of [Pil] where the same facts are
stated or §3.1 of [AIP] where they are used. For the first half of the last statement, see Proposition
3.1.2 of [AIP].

Lemma 2.13. Let H be a finite flat group scheme over O¢ of degree p. Then H is isomorphic
to Spec(O¢c[Y]/(YP — aY)) for some a € O¢ and determined up to isomorphism by v(a), and the
following holds:

(1) wg = (Oc/aO¢).dY and hence deg(H) = v(a).

(2) The image of the (linearized) Hodge-Tate map HTyv : HY(C) ® O¢ — wy is equal to

(cOc/aO¢).dY, where v(c) = (1 —v(a))/(p—1).

Moreover, if A/C is a false elliptic curve such that H C Galp| and deg(H) > 1/2, then H is the
canonical subgroup of G4 and Hdg(A) =1 — deg(H).

We will use these properties freely in this section. Using this we can now show that the
pseudocanonical subgroup coincides with the canonical subgroup for sufficiently large w (as a
qualitative statement this is implicit in [Sch4], cf. Lemma II1.3.8).

Lemma 2.14. Let A/C be a w-ordinary false elliptic curve and assume that p/(2p —2) < w < 1.
Then Hy is the canonical subgroup of G 4.

Proof. Consider the commutative diagram
0 —— H1(C) —= Glpl(C)
HT g, l iHTQA[p]

0 lev ng[p}v

with exact rows. We have wg ,[,v = wgy /png . Note that H; is an Oort-Tate group scheme and
hence isomorphic to Spec(O¢[Y]/(YP — aY)) for some a € O¢ with v(a) = deg(H;) and HY is
isomorphic to Spec(O¢[Y]/(YP — bY)) with ab = p. Fix a generator s € H;(C). By choosing
generators the inclusion wyy — wg, (v may be written as Oc¢ /bOc — Oc¢/pOc where the map
is multiplication by a, and HT v (s) has valuation v(a)/(p — 1). Since A is w-ordinary we have
aHT gy (s) = HT gp)(s) € p“wappv and hence pv(a)/(p — 1) > w, i.e. deg(H1) > (p — 1)w/p. By
our assumption on w we deduce deg(H;) > 1/2 and hence that H; is the canonical subgroup. [

We will now, somewhat overdue, discuss the interpretation of w-ordinarity in terms of the Hodge-
Tate period map. Define a coordinate z on P! by letting z correspond to the line spanned by ( v)
with 2 = —y/z and for w € Qs define U,, C P! to be the locus |z| < [p®|. If w < n, then this
locus is Ko(p™)-stable. It is a rational subset of V;. Now define

Usow = ﬁﬁ}r(Uw).
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This is a Ky(p™)-stable open subspace of Xo. In fact, Us, is affinoid perfectoid since U, is
a rational subset of V; C P! and therefore Usow is a rational subset of V; since 7yt is adic.
The conclusion follows from [Schl, Theorem 6.3(ii)]. Note that, directly from the definition, the
(C, O¢)-points of Us 1y are exactly the pairs (A, a) for which a is w-ordinary.

In this article we will want to vary w in order to capture all weights when defining overconvergent
modular forms. A minor disadvantage of the loci Uy, is that they are stable under different
compact open subgroups as w varies. We will instead define related loci that have the advantage
that they all stable under the action of Ky(p) (independent of w).

Definition 2.15. Let w € Q< and let A be a w-ordinary false elliptic curve over C. Let « be a
trivialisation of T,G. We say that o is strict if (o« mod p)|z/pzao trivializes the pseudocanonical
subgroup.

Note that if « is w-ordinary then it is strict. Given (A, a) with A w-ordinary and « strict, the
orbit of (A,«a) in Ao under Ko(p) consists exactly of the pairs (A, ) for which f is strict. We
define PL C V3 to be the rational subsets whose (C, O¢)-points correspond to

{z € O¢c |3s € pZy : |z—s| < |p“|}.

One checks directly that if v € Ko(p) and |z|,|s| < 1, then [yVz —~Vs| = |z — s|. Thus P, is
stable under Ky(p) and moreover P. = U,,.Ko(p). We then define

Xoow = Tr7(PL)-

By the discussion above these are Ky(p)-stable and a (C, O¢)-point (A, «) of Xo is in Xy, if and
only if A is w-ordinary and « is strict.

Theorem 2.16. Let w € Q.

(1) There is a unique affinoid open rigid subspace X, C X whose (C,O¢)-points are ezxactly
the pairs (A, H) with A a w-ordinary false elliptic curves (with KP-level structure) and H
its pseudocanonical subgroup.

(2) Let q : Xoo — X denote the projection map. Then Xoow = ¢~ (Xy).

(3) The sets (Xy)w form a cofinal set of open neighbourhoods of the closure of the ordinary-
multiplicative locus in X.

Proof. Write, for any level K}, C GL2(Zy), qk, for the projection map X, — &'. We prove (1) and
(2) together. Indeed, we define X, := ¢(Xs ). Since ¢ is pro-étale, X, is open and quasicompact
([Sch3], Lemma 3.10(iv)) and the characterization of the (C, O¢)-points of X, follows directly from
the characterization of the (C, O¢)-points of X .. Note that uniqueness is clear since quasicompact
open subsets of quasiseparated rigid analytic varieties (viewed as adic spaces) are determined by
their classical points (cf. [Schl, Theorem 2.21]).This also finishes the proof (1), except that we
need to show that X, is affinoid.

By the definition of the inverse limit topology we may find m and a quasicompact open subset
W C Xg(pmy such that q;{tpm)(W) = Xoow- We claim that W = gg(ym)(Xoow). Indeed, both
sets are determined by their (C, O¢)-points and qg(,m) is surjective on (C, O¢)-points. Thus it
remains to see that if 7 is the natural map Xy m) — X, then r~1(X,) = W, which we can check
on (C, O¢)-points. This follows from the surjectivity of ¢k, on (C, O¢)-points for arbitrary K, and
the fact that any trivialization that maps down to the pseudocanonical subgroup is automatically
strict (in the sense that one/any lift to a trivialization of the whole Tate module is strict). This
proves (2). Finally we finish the proof of (1) by showing that X, is affinoid. To see this we use
Xoow = g 1(X,). Since Xoo,w is a rational subset of V; we may find some large N and an affinoid
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S C Xy (pny such that Xy = qI_(%pN)(S ) (this follows from Theorem 2.8 and the fact that rational

subsets come from finite level). Then X, is the quotient of S by the finite group Ko(p™)/K (p")
and hence affinoid by Corollary 6.27.

We now prove (3). As a qualitative result it follows by general topology arguments using the
constructible topology, cf. [Sch4] Lemma II1.3.8. Here we deduce a quantitative version using the
Lubin-Katz theory of the canonical subgroup. For a statement of the results we need phrased in
terms of the degree function see Proposition 1.2.8 of [Kas] (for further reference see Remark 1.2.7
of loc.cit and §3 of [Buz2]; note that these references treat modular curves but the result carry over
verbatim). Without loss of generality we restrict our attention to w =1,2,3,.... On X}, H; is the
canonical subgroup and deg(H1) > (p—1)/p. Let h = (¥ ) € GL2(Qp). Then h(Xw) = Xoowt1
for all w. Moreover, if (4, a) € Xg(y00)1(C, O¢) and (A, a).h = (A/H®2, 3), then H is anticanonical
and hence of degree (1 —deg(H1))/p. Hence deg(G[p]/H) = 1— (1 —deg(H1))/p > 1/2 and G[p|/H
is the canonical subgroup. Write §,, for the degree of the canonical subgroup of (h™).A. Then we
get the recurrence relation 6,41 = (p — 1)/p + 0, /p and from 6; > (p — 1)/p we deduce that

_1n71 1
=0

Put €, = 1 — 4,,. We have proved that if A € V,(C,O¢) then Hdg(A) < ¢,. Since €, — 0, the
result follows. O

2.4. The fundamental period and a non-vanishing section. Recall the coordinate z on P!
defined earlier. The action of g = (2Y) € GL(Qp) is

Below, whenever we have a matrix g € GLo we will use a, b, ¢, d as above to denote its entries.
Note that z defines a function in HY(V7, (’)ﬁ,’fl) and by composing with mgt we obtain a function
3 € HOO, O}m) which we will call the fundamental period. We will use the same notation to
denote its restriction to Xeo 4 for any w > 0; by definition 3 € H (X, pZyp —|—p“’(’)j\§oo). Note that
if v=(¢q) € Ko(p) then

N

ST b1 d
as functions on Xu .. Next we wish to trivialize O(1) over S = {z # oo} C P! by defining a
non-vanishing section. Everything we write in this section is standard but we repeat it since we
will need some explicit formulas. The section we are after is algebraic so we will momentarily
work in the realm of algebraic geometry. Explicitly it is given by the following formula: The line
bundle O(1) has a geometric incarnation with total space (GLa x Al)/B where B denotes the lower
triangular Borel in GLy and acts on A! by g.z = d~'z (this equivariant structure may differ from
the canonical one, but it is the one corresponding to the Hodge-Tate sequence on X ). Global
sections correspond to functions f : GLg — Al satisfying f(gh) = d(h)~'f(g) for g € GLa, h € B.
There is a morphism of equivariant vector bundles

(GLy/B) x A — (GLy x AY)/B,

<g, (;’/")) — (g, dz — by).

given by
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Here the left hand side has the GLg-action g.(h,v) = (gh,(¢¥)"'v). Then the global section of
(GLy/B) x A? given by the constant function g — e3 maps to global section of O(1) given by the
function

s : GLy — Al

s(9) = —b(g).
Note that s = 0 if and only g € B so s is invertible on S. Let us now return to the rigid analytic

world and let W C S be an open subset such hY (W) C W for some h € GL2(C). Then by direct
calculation

(sh")(g) = d(g)b(h) — b(g)d(h).

Thus
soh” (g) = d(h)b(g) — b(h)d(g)
s b(g)
This is a function on W. Taking g =g, = ((1) _Zl) we see that
sohY

. (z) = b(h)z + d(h).
We may then pull s back via mgr to get (compatible) non-vanishing sections s € H?( X 1, w) for

all w satisfying

Vs

=by+d

for all v € Ko(p). We remark that s is one of the "fake” Hasse invariants constructed in [Sch4].

2.5. A perfectoid definition of overconvergent modular forms. We will give definitions
of sheaves of overconvergent modular forms with prescribed small or affinoid weight. Recall the
forgetful morphism ¢ : Xoo oy — Xy C X

Definition 2.17. Let U be a weight and let w € Qsg be such that w > 1+ sy. We define a sheaf

w;w on X, by

Wiy (U) = {f € Oxy o (a7 (U)) A | v f = xu(bs +d) ' f V7 € Ko(p)}

where U C Xy, is a qcqs open subset.

We remark that, since b3 +d € Z);(1 + p“’@}mw), the assumption w > 1 + sy ensures that
Xu (b3 + d) is well defined (by Proposition 2.6). Define

Ao(p) ={(25) € M2(Zp) N GLa(Qp) | ¢ € pZy, d € Ly}
This is a submonoid of GL2(Q)) containing Ko(p), and it stabilizes X, for all w. We can form a
sheaf F on Xo oy by F(Uss) = OXOO,W(UOO)@AU for Uss € Xoow qegs (not necessarily of the form
¢ 1(U)), and we may equip it with a Ag(p)-equivariant structure by the rule
vu—: FlUs) = F(v Us);

vouf =xulbs+d)7v*f
for v € Ag(p). Then wzhw = (¢.F)%o) and we obtain an action of the double cosets Ko(p)yKo(p)

for v € Ag(p) on wg{ > given by the following standard formula:

[Ko(p)YEo(p)] : wly (V) = wly o, (U);

[Ko(p)vKo(p)].f = Z Xu(biz + di)vi f
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where U C X, is qcgs, V C X, is the image of U under [Ky(p)yKo(p)] viewed as a correspondence
on Xy, and Ko(p)vKo(p) = [[; 1Ko (p) is a coset decomposition. This gives us the Hecke action at
p for wL - As in the complex case, we may also view this action as an action by correspondences.
We give ‘a few remarks on this for Hecke operators at primes £ # p below; the action at p is similar.
The statements analogous to Proposition 2.18 that are needed follow from Proposition 4.7.

For the Hecke actions at £ # p, let us momentarily introduce the tame level into our notation,
writing wL w.riv for the sheaf on Xy, kr C Xy (p)xr- The construction of Hecke operators is then
immediate from the following proposition.

Proposition 2.18. (1) For any g € G(AZ}) with g : Xy, kv = X, 4150, the associated isomor-
phism of Shimura curves, there is a canonical isomorphism g*w&w,g,leg = wL7w7Kp.
(2) For any inclusion KY C K of tame levels with m : Xy xr = Xy gr the associated finite
étale projection of Shimura curves, there is a canonical isomorphism

T ~ T
T w, K2 = YU w, KP ®O"w,xf W*OXw,Kg

In particular there is a canonical Oy P -linear trace map
w, 1
T

.I.
Ty 0,8 " “lt 0, KP

Proof. (1) follows immediately from the definition of the sheaves together with the fact that g*3 = 3;
the latter follows from [Sch4, Theorem IV.1.1(iv)].

For (2) we consider the pullback diagram

q1

Xoo,w,Kf Xw,Kf

of adic spaces. Given a rational subset U C X, kP, we then have

Oy 'mU) = O(nylq'U)
=~ O(q; 'U)Ro)O(n ')
=~ O(q;'U) @o@) O(nU)

where in the final line we use the fact that O(7~1U) is a finite projective O(U)-Banach module.
Applying —®A;, and making use of Lemma 6.7, we get a canonical isomorphism

O(gy 'm ' U)®Ay = (O(g; ' U)®AY) ®ow) O(n V).
Since 7}_3 = 3, this isomorphism is equivariant for the x;/-twisted action of Ky(p). Passing to Ko(p)-
invariants for the twisted action, the left-hand side then becomes w; (71U = (myw! »)(U),
:szQ Z/l,w,K2

while the right-hand side becomes w; wirU) ®ow) (mOx, ) (U), so (2) follows. O
yWHldy w, Ry

We now define our spaces of overconvergent modular forms.
Definition 2.19. Let U be a weight and let w € Q¢ be such that w > 1+ sy.
(1) We define the space of w-overconvergent modular forms /\/lz{’w of weight U by

Mu,w — HO(wasz/’w ®0Xw Q/l\’w)
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(2) We define the space of overconvergent modular forms /\/lz,,w of weight U by
M, =T M.

The spaces Mz;w are Q,-Banach spaces, and ML is an LB-space. Using the functoriality of Q}v

one may define Hecke operators on MZ, ,, in the same way that we did for WL w

Remark 2.20. The reason we have formulated the definition in this way is because it fits naturally
with our discussion of the overconvergent Fichler-Shimura map in §4-5. It would be more fitting
with our desire to be “explicit” to consider the space

H (X, w150

where U + 2 is the weight (Ry, z — xu(2)2%). Note that this shift by 2 is forced upon us by our

convention to associate k € 7 with the character z — 2872, Since w is trivialized over Xoo,w by

Ii ~ T 2 2
s one sees thal wy o, = Wy, 0y, W

have that w£{+27w = wg{,w R0y, Q}Yw. Thus the two definitions give the same spaces. However, it

is well known that the Kodaira-Spencer isomorphism fails to be equivariant for the natural Hecke
actions on both sides. Indeed it is customary in the theory of modular forms to renormalize the
natural Hecke action on w®F by multiplying Ty by £~ (more precisely one multiplies the action of
any double coset by detfl). The Kodaira-Spencer isomorphism is then Hecke-equivariant. Thus, by

By the Kodaira-Spencer isomorphism Q}Y = w* we then

defining ML w the way we have we can use the natural Hecke actions; there is no need to normalize.

For a discussion of how the normalized Hecke action on w®* corresponds to the natural Hecke
action on w®* 2 ®e, Ok, see [FC, p. 257-258].

2.6. Locally projective of rank one. In this subsection we prove that wL » 18 locally projective

of rank one as a sheaf of Oy, ®Ay-modules.
First we prove a general lemma. Let A be a uniform QQ,-Banach algebra equipped with an action

of a profinite group G by continuous homomorphisms. Let A = AS. We record the following easy
facts:

Proposition 2.21. A is a closed subalgebra of Ao, hence carries an induced structure of a uniform
Q,-Banach algebra, and A° = (A3)C.

We then have:

Lemma 2.22. Keep the above notations and assumptions.

(1) Let M be any profinite flat Zy-module (in particular M could be a small Z,-algebra). We
equip M with the trivial G-action. Then (AOO(EA@M)G = AQM.

(2) Let V' be a Banach space over Qp (in particular V' could be a reduced affinoid Qp-algebra
topologically of finite type). FEquip V with the trivial G-action. Then (Aoo@)@pV)G =
A@@pv.

Proof. To prove (1), we choose a pseudobasis (¢;);er of M and follow the computation in Proposition
6.4 to see that the natural map A°®M — AS ®M is the inclusion

HAoei g H Agoei

el el
with the action of G on the right hand side being coordinate-wise. Thus the natural map A@M —
Ao®M is the inclusion of bounded sequences in A indexed by I into bounded sequences in Ay,
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indexed by I, with the G-action on the latter being coordinate-wise. The desired statement now
follows from the definition of A as AS .
The proof of (2) is similar, using an orthonormal basis instead of a pseudobasis. U

We will also need the following:

Lemma 2.23. Let K, C€ GL2(Zy) be an open compact subgroup and let U C Xk, be an open subset.
Put Uy, = q[_{i(U) C Xo. Then O}K (U) = 0% (Ux), and hence O, (U) = Ox, (Us)%r.
P o0

Proof. Uy, — U is a perfectoid object of Upro¢t which is Galois with group K),, and the Cartan-
Leray spectral sequence then implies that (O}K /p™)(U) = (0% /p™)(Uso)®? for all m. Taking
P (oo}

the inverse limit we get the desired result (note that @}K (U) = (’)}K (U) by [Sch3, Corollary
p P
6.19]). O

Now let U C &, be any rational subset, U,, its preimage in Xg(,») and put Uy = ¢ HU) C Xoo -
Note that U,, — U is finite étale and so (’)men)(Un) is a finite projective Oy (U)-module since
Ox(U) is Noetherian. Suppose that w|y is free, and choose a nowhere vanishing section (i.e.
generator) ny € H°(U,w). Define t;y € Oy (Us) by the equality

s=ty-q¢nu.

Proposition 2.24. We have v*ty = (b3 + d)ty for any v € Ko(p), and ty is a unit. Furthermore,
for any m € Z>1 we may choose some large n = n(m) and elements

i) € 1+p70% (Us),

SU,'IZ E OXK(pn) (Un)xa

such that ty = tgl)stn.
Proof. Since neither s nor ¢*ny vanish, ¢y is a unit, and

(b3 + d)tug™nu = (by +d)s = v"s = (v"tv)q" nu

since v*¢*nu = ¢*nu, hence v*ty = (b + d)ty. For the second sentence, first choose M, N € Z>q

such that [p™| < [pNty| < 1 (possible by quasicompactness of Us, and invertibility of ;7). Since

0% (Ux) = (h%m (’);;K< )(Un))/\ (p-adic completion) we may find an n = n(m) and s € (’)}K( )(Un)
0o pm pT

such that pNty — s € pM+m(’)j(oo (Uso). Then we set sy, = p~ Vs and tgL) =ty /sy, and these do

the job. ]

This has several consequences - in particular, since sy, is fixed by K(p") and t(Un ) is p-adically
close to 1, the element Xu(tgl)) € (Ox, (Us)®Ay)* is well-defined (for m large enough) and
satisfies fy*(xz,{(tgL))) = xu(bs + d)Xu(tgL)) for all v € K(p™). Recall that

Wiy (U) = {f € O, (Us) @Ay | ' f = xuulbs +d) "' f ¥y € Ko(p)} -

Thus, given any f € wL’w(U), the element f‘Xu(tgl)) € Ox (Uno)®@Ay lies in (Ox, (Uso) @Ay )P
which is equal to OXK(pn> (Un)®Ay by Lemma 2.22 and Lemma 2.23.
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Furthermore, for any v € G,, := Ko(p)/K(p"), we have

VO xat) = b+ d) 7 f ()
n t
= f‘Xu(t(U)) XU <%)
(b3+d)tU
_ f. (n)y . _Sun_
= oy’ xu (’Y*SU,n)

= o) xulva() ™

where jy,, is the cocycle
jU,n(’Y) G, — Z; . (1 +pmin(w,m)OXK(pn)(Un)o>

V*SU,n
SUn

7y

In summary, we find that the map f — f - Xu(tgjn)) defines an Ox(U)-module isomorphism of
wL’w(U ) onto the subspace of functions fy € (’)XK(pn>(Un)®Au fixed by the twisted action
'Y:OXK(pn)(Un)@AU — OXK(pn)(U’rL)@AM
fo = xuluva() -7 fo

of GG,,. Since G, is a finite group, the usual idempotent

. | > xuliva () ™y

|Gn v€Gn

€n —

in the group algebra (Oxy ,n, (Un)®Ay)[Gr] defines an Oy (U)® Ay-module splitting of the inclusion
wL,w(U ) C (’)XK(pn>(Un)(§>Au. This realizes wL}w(U) as a direct summand of a finite projective
Ox(U)®Ay-module, and therefore w&w(U) is finite projective over Ox(U)®Ay as desired. We
may now prove the main result of this section:

Theorem 2.25. We have "‘)Z{,w = Loc(w&w(?c'w)) and w&w(/'\,’w) is a finite projective Ox(Xy)@Ay-
module of rank 1. Moreover, ijw is €tale locally free.

Proof. To prove that "‘)Z{ w = Loc(wgl (X)) and that it is locally projective of finite rank it suffices,

by Theorem 6.20, to prove that wzl » 18 a coherent Ox®Ay-module (it is then locally projective
by the above). To do this, we work locally using the U above. We wish to show that for V' C U
(without loss of generality assume V' rational) the natural map

(OX(V)<§>A14) ®((9x(U)®Au) WzL,w(U) - WL,w(V)
is an isomorphism. To see this, note that by applying Lemma 6.7 twice the natural map

is an isomorphism (note that Ox (V) ®o, ) Oayn) (Un) = Oxyny(Vn)). This isomorphism
matches up the idempotents on both sides, giving us the desired isomorphism. To prove that the
rank is one note that Ox(U) — OXK(pn)(U’n) is Galois with group G, and by applying Lemma 6.7

twice we may deduce that O (U )@Au — Oxy (™) (Un)®Au is also Galois with group G,,. Moreover,

the twisted action whose invariants give wZ, »(U) is a Galois descent datum, so we see that wL »(U)
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is the descent of a rank 1 free module, hence rank 1 projective as desired. Finally, note that this
also proves that wy,,, becomes trivial over U, which gives the final statement of the theorem. [J

The techniques of this proof also yield the following result.

Lemma 2.26. Let U = (Ay, xu) be a weight, and let i : Ay — Az be a surjection such that
Z = (Az,xz = i0xy) is also a weight and such that ker(i) is generated by a regular element
x € Ay. Then we have a natural exact sequence of sheaves

X
0— wgl,w - WL,w — sz,w — 0
on Xy, and an exact sequence of global sections
0— H(Xy,w),,) = H(Xy,wf, ) — HO (X, wh ) = 0.
Proof. There is certainly a (not necessarily exact) sequence of sheaves

0— w;;’w X w&w — w;’w — 0,

and we check exactness of this sequence on a basis of suitably small open subsets U C X, as in the
proof of Theorem 2.25. By assumption we have a short exact sequence

0—>AME>AM—>AZ—>0
of Ay-modules. Tensoring this sequence over Ay with Auéé(’);(mpn) (Up), we obtain by the flatness
of Au@)OXK(pn) (Up) over Ay (proved in the same way as Lemma 6.13(2)) a short exact sequence

Applying the idempotent e,, as above gives a short exact sequence

0= wly ,(U) 3wl (U) = wh ,(U) =0
as desired.
Taking cohomology, we note that H'(X,, wL7w) = 0 by Theorem 2.25 and Proposition 6.16, and
the lemma follows. O

2.7. Comparison with other definitions of overconvergent modular forms. In this section
we take V = (Sy,xy) to be an open affinoid weight, and we will compare our definition of
overconvergent modular forms of weight V with those in the literature (all known to be equivalent).
More specifically we will compare it to that of [Pil], trivially modified to our compact Shimura
curves.

We now recall the definition of the "Pilloni torsor”. This is the object denoted by F,* in [Pil] but
we will use the notation T (n,v). For any n > 1 and any v < pp_nl, T (n,v) is a rigid space equipped
with a smooth surjective morphism pr : 7 (n,v) — X (v), where X' (v) C X is the locus where the
Hodge height is < v. For any point x € X(v)(C,O¢), the (C,O¢)-points in the fiber pr=!(z)
consists of the differentials n € wg, that reduce to an element in the image of the Hodge-Tate map
(H))®™ — wpy, , where H, is the canonical subgroup of G of level n and (H, )" C H,’ denotes

1
the subset of generators. The set pr~!(x) is a torsor for the group Z; (1 +p"~ = Hdg(x)(’)c), and
we think of 7(n,v) as an open subspace of T, where T is the total space of e(0*Q} ) (here

’ AuIliV/X(v)
0 : X(v) = A"™Y is the zero section; this is a line bundle on X' (v)). We remark that the canonical
action of Z) on T preserves T (n,v) (as should be clear from the description of the fibres above).
This induces an action on functions.

If we fix w = n — p;%llv, then X (v) C X,; this follows for example from [AIP, Proposition

3.2.1]. We will compare our construction of w-overconvergent modular forms over X (v) to the
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notion defined in [Pil]. For the purpose of the comparison, a Pilloni form of weight V over a quasi-
compact open U C X'(v) is defined to be an element f € O, . (pr~1(U))®q, Sy (i.e a function on
pr Y (U) x V C T(n,v) x W. Here we abuse notation and write V also for the image of the natural
map into W induced by V) such that z.f = X;I(z)f for all z € Z,;.

Now fix U C X(v) as used in the previous section, such that we have a nowhere vanishing
nu € w(U). We freely use the notation of the previous section with one exception: we use r instead
of the already used letter n. Thus we have functions tg) € l—i-pm(?j\}oo (Us) and sy, € OXK(pr) (Up)*
such that

— 4
5 =1y surnu-
Let Ty ,(n,v) = T(n,v) xy U,. It is an open subset of Ty, := T Xy U,. It inherits commuting
actions of G, := Ko(p)/K(p") and Z).

Lemma 2.27. Assume that m > n and r > n. Then sy,nu trivializes Ty (n,v).

Proof. We think of si7,ny as a section U, — Ty, and we wish to show that the image lands inside
Tu.r(n,v), for which it is enough to argue on geometric points. Take a (C, O¢)-point Z and lift it
to a (C, O¢)-point x of X. Then we see that

(suam)(@) = ((t))'8) ().
Ifz=(4,a) € ygﬁ(pr) we put © = (A4, ). Then s(A, ) = HT 4(c(e2)) by definition and this maps

~

to a generator of H,' via the canonical map G[p"] = G[p"]Y — H,/, so s(A,a) lies in the fibre of

n?o

Tu,r(n,v) over (A, ). This proves that s(x) lies in the fibre of 7y, (n,v) over z for all . The result
follows since tg) is small. O

The assumption m > n and r > n will be in force throughout the rest of this section so that the
Lemma applies. Recall what we proved in the process of proving Theorem 2.25: w-overconvergent
modular forms f of weight V over U identifies, via the map f +— fo := Xv(tg)) f, with functions
foe OX(pT)(UT)®QpSV such that

v fo = xv (v (1))~ fo
for all v € G,.

Proposition 2.28. (1) The space of Pilloni forms of weight V over U is isomorphic, via
pullback, to the space of functions g on Ty,(n,v) x V such that z.g = xy(z)"'g for all
z € Ly and v*'g =g for ally € G,.

(2) The space of w-overconvergent modular forms of weight V over U is isomorphic to the
space of functions go on Ty,(n,v) x V such that z.g0 = go for all z € Ly and v*go =
xv(Gur(7))"tgo for all v € G,. The isomorphism is the map f +— fo above composed with
pullback from U, x V to Ty, (n,v) x V.

Proof. (1) follows from the fact that pr=!(U) x V is the quotient of Tyy,(n,v) x V by G;. The proof
of (2) is a similar descent. O

To identify the two spaces, it remains to go from one kind of function on 7y, (n,w) x V to the
other. The key lies in trivializing the cocycle xv(ju,-(7)). Note that sy 1y, as a nowhere vanishing
section of Ty, also canonically defines a function on 7Ty, minus the zero section which we will
denote by (sy,nu)Y. The same applies to ny itself and we have (sy,nu)Y = s,};n%. By restriction
we obtain functions on Ty, (n,v).

Lemma 2.29. (sy,nu)” € Z;.(1 —i—p“’OjfUr(TUm(n,v))).



24 PRZEMYSLAW CHOJECKI, DAVID HANSEN AND CHRISTIAN JOHANSSON

Proof. This follows directly from Lemma 2.27. D

This implies that we may apply xv to (sy,nu)", and we may therefore define a O (,)(U )@Qp Sy-
module isomorphism

® : O, (Tur(n,0))8q, Sy = Or,, (Tus(n,v))®g, Sy
which is simply multiplication by xv((svrnu)Y):
o(h) = xv((susmu)*)h.

Theorem 2.30. The image of the space of functions in part (1) of Proposition 2.28 under ® is
the space of functions in part (2) of Proposition 2.28. Moreover, the induced isomorphism between
the space of w-overconvergent modular forms of weight V over U and the space of Pilloni forms
of weight V over U is independent of all choices and hence the isomorphisms for varying U glue
together to an isomorphism of sheaves over X,,.

Proof. For the first part, the key thing to notice is that

. (surmu)”
Jor(r) = v*(surmu )Y
and hence that
1 (o))

xv((svrnu)Y)
The rest is then a straightforward computation. For the second part we remark that the composite
isomorphism from w-overconvergent modular forms to Pilloni forms is given by

£ ot (suamu)Y) L

and then descending the right hand side to pr=!(U) x V. Morally, the right hand side is equal to
xv(sY)7Lf (recall that tg)SUme = s) and hence independent of the choices made. To turn this

into a rigorous argument is straightforward but tedious and notationally cumbersome. We leave
the details to the interested reader. g

Xv (jU,r ('7))

3. OVERCONVERGENT MODULAR SYMBOLS

We will recall some material on overconvergent modular symbols in the form we need. Most
of these constructions are probably well known with the exception of certain filtrations defined in
[Han2].

3.1. Basic definitions and the filtrations. Let A°® be the affinoid ring over Q, defined by
A’ ={f:Zy,— Q| fanalyticoneachp®Z, — coset}.
We let A®° denote the subring of powerbounded elements of A®. Given a weight U, consider the
module
A =A% ®y Ay
where the completion is the p-adic completion. Recall the Amice basis (ej )j>0 of A%° from Theorem
2.5. Using it we may write AJ)° as

—

AJ° = AP e
u jz0 U
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and hence view elements of AZ’O as functions Z, — A7,. For any s > sy and any d € Z, ¢ € pZy,
@ — xu(cx + d) defines an element of AJ}° (by calculations very similar to those in the proof of
Proposition 2.6), and we then consider A;;° endowed with the right Ag(p)-action

(F u)@) = e+ a)f (57

one checks without too much trouble that f .1 v € A;;°. We set Dy;° = Hom Aa(AZ’{’O,AZ,) and

D}, = DZ’O[%], with the dual left action. It is the continuous Au[%}—dual of the AM[%]—Banach
module Aj, := Ai;o[%]. Note that

D;,° = Homg, (A*°, A)).
The Amice basis gives an orthonormal Au[%]—basis of A7, and induces an isomorphism
D;, = [[ 4
Jj=20
given by
pe (p(e5)) >0
Proposition 3.1. Let U = (Ry, xu) be a small weight and let s > 1+ sy.
(1) D;)° admits a decreasing Ao(p)-stable filtration by sub-Ry-modules
D;° =Fil’D;;° S Fil'D;;° > --- D FI'D;;° O - --
such that each quotient DZ’O/FilkDZ’O is a finite abelian group of exponent p*, the group
K(p***) acts trivially on D;;° /FilFD;;°, and D;;° = Jim, D;° /Fil*D;;°.
(2) D;,°, with the topology induced by the submodules (FilkDi{’O)kZO, is a profinite flat Z,-

module.

Proof. We will only recall how the filtrations are constructed and refer to [Han2, §2.2] for the
details (note that (2) is a consequence of (1)). The module Fil*D;;° is defined to be the kernel of

the natural map
) _17 k _17
D — Dy ¢ /Dy,
where we recall that a4 is our fixed choice of ideal of definition for the profinite topology on Ry;. O

Let k£ > 2 be an integer and let A be a ring. We let £ (A) denote the module of polynomials
A[X]98<F=2 with left Mo(A)-action
c+ aX)

2 ) (X) = X)k—2

64 p)X) = @+ 032 (00

and set in particular ., = £(Q,) and £ = £ (Z,). By direct calculation, the map
Pk - DZ’O — g}s

i [ X)) =

-2

= <k;2>puwxj

=0

<

is Ag(p)-equivariant.

Definition 3.2. The integration map in weight k, denoted iy, is the Ao(p)-equivariant map iy :
DZ’O — £ defined by iy, = py o op,.
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3.2. Slope decompositions. We will recall material from [AS] and [Hanl] in order to define slope
decompositions on the spaces of overconvergent modular symbols that we are interested in. We
will mildly abuse notation by writing X (C) for the complex Shimura curve of level K := KPKy(p)
(viewed as a Riemann surface). Any Ko(p)-module M defines a local system on X (C) which we
will also denote by M. If M in addition is a Ag(p)-module then we get induced Hecke actions as
well. The spaces of overconvergent modular symbols that we are interested in are

H'(X(C),Dj)

for open weights U. We will give these spaces slope decompositions using the methods of [Hanl].
Almost everything goes through verbatim and we will content ourselves with a brief discussion.
Throughout this section, h will denote a non-negative rational number. For definitions and gener-
alities on slope decompositions we refer to [AS, §4] and [Hanl, §2.3].

Let us start by recalling the general setup from [Hanl, §2.1]. We have the functorial adelic
(co)chain complexes C24(K, —) and C24(K, —) whose (co)homology functorially computes homology
and cohomology of local systems attached to Ag(p)-modules, respectively. Fix once and for all a
choice of triangulation of X (C). This choice gives us functorial complexes Co(K, —) and C*(K, —),
called Borel-Serre complezes, which are chain homotopic to C24(K, —) and C2,;(K, —) respectively.
We fix such a chain homotopy once and for all. The key features of the Borel-Serre complexes are
that there are non-negative integers r(i) such that r(i) = 0 for ¢ < 0 and for ¢ sufficiently large,
and such that for any R[A(p)]-module M (where R is any commutative ring),

Ci(K, M) = M™®

functorially as R-modules (and similarly for C*(K, —), with the same integers r(i)). Therefore the
total complex €, C;(K, M) inherits properties of M, such as being Banach if R is a Q,-Banach
algebra (and also orthonormalizability). In this case, we have a canonical and functorial topological
duality isomorphism

C*(K,Homp ¢s(M, P)) = Homp s(Co (K, M), P)
where M and P are Banach R-modules.

We now follow [Hanl, §3.1] using the orthonormalizable Au[%]—module Aj,, where U = (Ay, xu)
is an open weight. Our Up-operator is given by the double coset Ky(p) (g(l)) Koy(p) and the
formalism gives us lifts to our Borel-Serre complexes that we denote by U. We note that U €
End, 1(Ce(K, Aj)) is compact and we denote its Fredholm determinant by Fy/(X) € Au[%] [[X]].

P
The proof of [Hanl, Proposition 3.1.1] goes through for small weights to show that this definition is
independent of s. Thus the existence of a slope < h-decomposition of C (K, A7) is equivalent to the
existence of a slope < h-factorization of Fy,(X). If V is another open weight with V"8 C /"8, then
the relation Aj, = Ai{@)Au[l}AV[%] implies that the F; glue to a power series FI(X) € Oy (#)[[X]].
P
Also [Hanl, Proposition 3.1.2] goes through in this more general setting: the slope < h-subcomplex
Co(K,Aj)) < of Co(K,Aj)) is independent of s (if it exists) and if V"'& C U"% then we have a
canonical isomorphism

1
Co(K, A7) <n B Aull] AV[};] = Co(K,AY)<p.

We say that (U, h) is a slope datum if Co(K, Aj;) has a slope < h-decomposition or equivalently
if F74 has a slope < h-factorization. We have the following version of [Hanl, Proposition 3.1.3]:
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Proposition 3.3. Assume that (U, h) is a slope datum and that V = (Sy, xy) is an open affinoid
weight with YV CU™8. Then there is a canonical isomorphism

H.(X(C), Ajy)<n @ 4,111 Sv = Ho(X(C), Aj)<n
for any s > sy.

Proof. When U is affinoid this is exactly [Hanl, Proposition 3.1.3], so assume without loss of
generality that U = (Ay,xy) is small. The same proof will go through if we can verify that
Au[%] — Sy is flat. This is standard. One proof goes as follows: Consider the adic space
Spa(Ay, Ay) and pick a rational subset V' in its generic fibre which contains V. Then O(V') — Sy
is flat since it corresponds to an open immersion of affinoids in rigid geometry, and Ay — O(V) is
flat since it is a rational localization in the theory of adic spaces when the rings of definition are
Noetherian. O

We may then give the analogue of the above proposition for H*(X(C),Dj,) (cf. [Hanl, Propo-
sition 3.1.5]).

Proposition 3.4. Assume that (U, h) is a slope datum. Then C*(K,Dj,), and hence H*(X (C),Dj,),
admit slope < h-decompositions. If furthermore V C U8 is an open affinoid weight, then there are
canonical isomorphisms

C*(K,Dj)<n ®Au[%} Sy = C*(K,Dy)<p
and

H*(X(C), Djf)<n @ 4,111 Sv = H*(X(C), D}) <.

Proof. Using the duality C*(K,Dyj,) = Hom 1
P
Sy the proof of [Hanl, Proposition 3.1.5] goes through verbatim. O

cts(Co(K, A7), Au[%]) and the flatness of Au[%] —

4. SHEAVES ON THE PRO-ETALE SITE

In the next two sections we will often consider Shimura curves over C, as well as Q,. Any rigid
analytic variety we have defined may be base changed from Q, to C,, and we will denote this base
change by a subscript —¢,, e.g. Ag,. The space A¢, may be considered as an object of Aproct
using the pro-étale presentation X, = @K X, where K/Q), is finite and Xk denotes the base
change of X' to K. Note that the slice Xp0¢t/ A, is equivalent to X, prost as sites (use [Sch3,
Proposition 3.15] and [Schl, Proposition 7.4]). We define Xy, := hm - Xoo i (with K as above)
where the inverse limit is taken in the category of perfectoid spaces. Equivalently, we may define
it as (the perfectoid space corresponding to) the perfectoid object 1&1 X Xoo, k1N Xproge; it lives in
Xoroct/ Xc, = Xc, proét- Similar remarks apply to X, Xso . €t cetera.

4.1. A handy lemma. Let X be a rigid analytic variety over Spa(Qp,Z,), G a profinite group,
and X, a perfectoid space with X, — X a pro-étale G-covering of X, i.e. Xy ~ yﬂlj X, where

(X;)jes is an inverse system of rigid analytic varieties finite étale over X equipped with a right
action of G, such that each X; — X is a finite étale G/Gj-covering for G; C G a cofinal sequence
of normal open subgroups. We can and often will view X, as an object in the pro-étale site of X.
Let M be a profinite flat Z,-module equipped with a continuous left G-action. Define a sheaf on
the pro-étale site of X by

. N G
(M®0x)(V) = <M®(’)X(V X x Xoo)) ;

where V' is a qcgs object in Xp,;¢¢. Here the right action of G on the tower (X;); induces a left
action on Ox(Vx), and the action indicated is the diagonal left action g- (m ® f) = gm ® g*f.
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Lemma 4.1. Given any presentation M = lgll M;, M; = M/I; as in Definition 6.3 with each I;
preserved by G, the sheaf M&Ox coincides with the sheaf

@p ®Zp 1&“ (V*Mi Q7 Oj{) )
i

where M; is the locally constant sheaf on Xe associated with M;, and we recall that v @ Xproer — Xt
1s the canonical morphism of sites.

Proof. We may check this on affinoid perfectoid V' € X ;o4 since these form a basis of Xpr0¢ (and
are qcgs). Set Voo =V X x X, this is also affinoid perfectoid (see e.g. the proof of [Sch3, Lemma
4.6]). Each M; is finite abelian group of p-power exponent. The key observation is then that there
is an almost equality

M; ®Zp O}(Voo) =7 (V*Mi ®Zp O;)(Voo)

using [Sch3, Lemma 4.10]. Taking G-invariants we see that, since Voo — V is a G-cover,
A+ G o #77 +
(M @z, O3 (Vae)) " =" (v Mi @z, OF)(V)

by the Cartan-Leray spectral sequence. Now take inverse limits and invert p, and use that these
operations commute with taking G-invariants. ]

4.2. Sheaves of overconvergent distributions. We introduce certain pro-étale sheaves that
compute overconvergent modular symbols and carry a Galois action. When L is a locally constant
constructible sheaf on the étale site of a rigid analytic variety, we may pull it back to a sheaf »*IL on
the pro-étale site. We will often abuse notation and denote v*LL by L as well; by [Sch3, Corollary
3.17] there is little harm in this. For the rest of this section we will let U = (Ry, xu) be a small
weight. Note that the Ko(p)-modules D;;°/Fil*D;;° define locally constant constructible sheaves
on the étale site X .

Definition 4.2. Let U be a small weight and let s > 1+ sy. Set
V;© = lim Hi(Xe,, Dy /FiI*D;)
k

= m Héroét(X(Cp’ DZS,;O/FﬂkDZé;O)
k

and
ifocp - @ (H;rOét(XCp’ Dao/FilkDZo) ®ZP OCP) ’
k
We also define V;, = VZO[%] and Vi ¢ = ZOOC [%]
’ »Lp

These objects carry natural global Galois actions. We have the following comparison:
Proposition 4.3. There is a canonical Hecke-equivariant isomorphism V3, = H'(X(C),D3,).

Proof. Artin’s comparison theorem between étale and singular cohomology gives us canonical Hecke-
equivariant isomorphisms

Hjy(Xe,, Dy [Fil'Dy)%) = H' (X (C), Dy [Fil'Dy)

for all k. Now take inverse limits and invert p. For this to do the job we need to be able to commute

the inverse limit and the H' on the right hand side. But we may do this since the relevant higher
S

inverse limits vanish, by finiteness of D};°/ FilkDu’o and by applying [Sch3, Lemma 3.18]. O

We now introduce a sheaf on Aj,;.¢ that computes overconvergent modular symbols.
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Proposition 4.4. Let U be a small weight. There is a canonical Hecke- and Galois-equivariant
isomorphism

Viic, = Hpo(Xe,, ODfy)
where OD}; is the sheaf on X060 defined by

s . $,0 3 8,0 !
oD}, = <¥%n ((Du /Fil*D;;%) @7, O}cp)) H :

Proof. By [Sch3, Theorem 5.1]), we have an almost isomorphism

a
Hyro(Xe, Dy [FI'Dy) @z, Oc, = Hyoq(Xe, (D) /Fi'Dy) @z, O3, )
of O¢,-modules. Passing to the inverse limit over k, note that on one hand, the higher inverse limits
of any ngoét(/\f}cp, Di;o/FilkDi{’O) ®z, Oc, vanish since Héroét(/'t'@p, Di;o/FilkDi{’O) is finite (by the
finiteness properties of Fil*D;;°), thus ngoét(/'\,’cp, D;°/Fil*D;°) ®z, Oc, satisfy the Mittag-Leffler

condition. On the other hand the higher inverse limit

R'lim ((Dy° /Fil*D;,°) @z, OX)
k

vanishes for ¢ > 0. This follows from [Sch3, Lemma 3.18] upon noting that (in the notation of
Lemma 4.1, with X = A¢,, Xoo = Xoo,c, and G = Ko(p)) objects of the form Vi, give a basis of
X, proét satisfying the hypotheses of that lemma. Thus we may commute the inverse limit with
taking cohomology on the right hand side. Inverting p we get the result. ([l

Let V = l'mi Vi — X be a pro-étale presentation of an affinoid perfectoid object of X4, and
let Voo = V Xy Xs. This is still affinoid perfectoid and V,, — V is pro-étale. The following is
immediate from Lemma 4.1:

Lemma 4.5. LetU be a small weight. The sheaf OD;,; admits the following explicit description on
qeqs V€ Xprost:
s S0 A Ko(p)
OD3, (V) = (Du’ ®(9X(VOO)> .
We remark that the sheaf V,, +— DZ’O@)@X(VOO) on Xproet/Xoo is Ag(p)-equivariant and the
induced Hecke action on ODj, agrees with the natural action by correspondences.

4.3. Completed sheaves of overconvergent modular forms. Let ¢ : X, — X be the natural
projection as before. Recall that for any weight U/ and any w > 1 + sy, we have the sheaf w;r/’w of
overconvergent modular forms of weight ¢/ on the analytic site of &X,,,, whose sections over a rational
subset U C X, are given by

Wl (U) = {f € O (Us)BAu | 7 f = xuulbs +d) 7' f ¥y € Ko(p)} -
We may similarly define a sheaf wzl w,C, ON the analytic site of Xy, ¢, by
W, (U) = {f € Oy, (Uno) @Ay [ 7' f = xulby +d) ™ f ¥y € Ko(p)}
with U C Xy, ¢, quasi-compact. We now define completed versions of these sheaves.

Definition 4.6. We define a sheaf @Lw on Xy prost by

B(V) = { € Onu (V) B Au |7 f = xulbs + )7 f ¥ € Kolp)}
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where V€ Xy pros 15 qeqs and Vo =V Xy, Xoo . We let @Lw c, denote the restriction of @Lw
to the slice Xw’proét/Xw’(cp & Xo,Cp,proét-

Let us write n for the canonical morphism of sites from the étale site to the analytic site, and
put A=nov.

Proposition 4.7. There are canonical isomorphisms
‘A"L,w = )‘*WZT/,w B0, 84y (O, ©Au)
and

~t

~ oy, T . %) o
Yitw,Cp = A Wit w,C, ®0Xw DAy (OXw,cp ®Ay).

Cp
This has the following consequences:
(1) We have a canonical isomorphism
Ol = VW o, 50, (O, BAU)
and similarly for the Cy,-sheaves, where we abuse the notation and write wz];w also for the

étale sheaf n*w&w ®Oxw,an®z4u (Ox, .. ®Ay) (where we have written out "an” and "et” for

w,ét

clarity).

(2) wgl,w,Cp is the base change Ofwzl,w from Xy, to Xy c, (see Lemma 6.21) and hence wlihwxcp =
Loc(w)y ¢, (Xu.c,))-
T

o : ~t ~
(3) We have a canonical isomorphism Vsly .c, = Wit w,c, 0N
1. ~t _f 1
Rvldy ¢, = Wiw,cp ®0x, ¢, D, o, (=1
i, o5f ; ;
Furthermore, R Vsl .0, vanishes for i > 2.

Proof. The isomorphisms are proven by repeating much of the proof of Theorem 2.25 (including
the preliminary lemmas). We focus on the QQ,-sheaves; the case of the Cp-sheaves is identical. Let
V € Xy proet be an affinoid perfectoid with image U in &, and assume without loss of generality
that U is a rational subset of X, and that w|y is trivial. We use the notation of the proof of
Theorem 2.25 freely. Arguing in the same way we obtain isomorphisms

&0(V) = (O, (Vi) @ Au) %
and
(V&g @0, 1y (O BA))(V) = (O, (Un) B A @5 1134, (O (V) AW)

where V,, = U, xy V and G, acts by the twisted action fo — xu/(jun(v))Y" fo. Applying Lemma
6.7 twice one obtains a G,-equivariant isomorphism

O, (V) Ay = (O, (Un)BAU) @5, 1150, (O (V)EAW).
Taking invariants we obtain we desired isomorphism.

Assertion (1) then follows by transitivity of pullbacks. To prove (2), first evaluate the isomorphism

for @L’w on U C Xy ¢, to see that @L,w,({:p restricted to the analytic site of Xuw,c, 1s the base change

of wL w> and then restrict the second isomorphism to the analytic site of Xy, ¢, to get the first part
(2). The second then follows from Lemma 6.21.
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To prove (3) we apply the projection formula to the isomorphism in (1) to get

i, ~T ~ T =N ) %) P~
R VWi w,c, = YU w,C, ®(oxw ¢, ®Au) R V*(OXw,cp ®Au),

and the result then follows from Corollary 6.9. 0

Corollary 4.8. The Leray spectral sequence

HY (X0 R,y o) = Hotde (X @)

proét

induces a canonical Hecke- and Galois-equivariant isomorphism
1 ~1 ~ 170 i 1
Hproét(Xw:(Cp7wL{,w,(Cp) = H (Xw,cp’ wu,’u),(:p ®OXw,(Cp Q.Xw’cp)(_l)

Proof. By Proposition 4.7 R V*@L w,Cy is a locally projective O Xuc, ® Ay-module for all j and hence
has no higher cohomology by (the étale version of) Proposition 6.15. Therefore the Leray spectral
sequence degenerates at the Eo-page, giving us isomorphisms

0 j -~ ~ j -~
HE (X e Ry 0,) = Hyot (X0 Oy,
for all j. Now apply Proposition 4.7 again.
For Hecke-equivariance we focus on the Hecke operators away from p; the Hecke equivariance
at p follows by the same arguments but is notationally slightly different. We will only check
compatibility for the trace maps (compatibility for pullbacks follow from functoriality), and we put

ourselves in the situation of Proposition 2.18. By the first isomorphisms in Proposition 4.7, the
trace map ¢ of Proposition 2.18(2) induces a trace map

2o o ~t
b forost &y 0 k2 ™ Yot Cy T

We need to check that the diagram

Hproe (Yoo gy 15 @Zf,w,cp,Ké’) — H( Xy c, k) “Z/,w,cp,Ké’ @ (-1)

g i
H;roét(va(vaK;f’ aZJ[{,’LU,(CP,K{J) HO(va(vaKf’ wZJ[{,w,(Cp,Kf ® Ql)(_l)

commutes, where the left hand vertical arrow is induced by £ as in Lemma 4.9(2) and the right
hand vertical arrow is induced by ¢ in the obvious way. We do this in two steps. For the first step,
we note that Lemma 4.9(3) gives a commutative diagram

Hl

~t
proét (Xw’(clﬂKg ’ wu7w7(cpaKg

fl lRIV*tA

0 1, ~t
HA Xy ¢, 17 By o ) gep)-

) —H(Xc,xp RIV*QL,w,Cp,Ké’)

1 ~t
HPTOét (Xwa(cvaf ’ wZ/{,w,(Cp,Kf)

For the second step, we claim that the diagram
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commutes, where the horizontal arrows are the isomorphisms of Proposition 4.7(3); this follows
upon combining the first isomorphism of Proposition 4.7, the pullback-pushforward adjunction of
v, and Lemma 4.10. ]

Lemma 4.9. Let f: X — Y be a finite étale morphism of rigid analytic varieties.

(1) The functor foroct« is exact.

(2) Suppose we are given abelian sheaves F and G on Xproer and Yproer, respectively, together
with a “trace” map t : forost«F — G of abelian sheaves on Y. Then t induces a
canon‘ical map t @ proct (X F) — HT o (Y, G) together with derived trace maps R'vit :
fer «R'vx o F — R'vy G of abelian sheaves on Yg.

(3) The maps in (2) are compatible with the Grothendieck spectral sequences for RIpos =
RT¢ o Ru,, i.e. the maps t and R'v,t fit into compatible morphisms

Hiy (X, Rlvx o F) == H} [ (X, F)

proét
Riv,t i t

Hi, (Y, Rivy.G) == H, [} (Y,G)

proét
of pro-étale cohomology groups and of the spectral sequences computing them.

Proof. To prove right-exactness of froé,« We need to check that it preserves surjections. For this
we may work étale locally on Y, so we may pick an étale cover which splits f and the assertion is
then trivial.

For (2) and (3), we argue as follows. By (1), the Leray spectral sequence gives an isomorphism
ngoét(X, F) = ngoét(Y, Jproét,«F ), so composing this with the evident map ngoét(Y, Jprost,«F) =
HE e (Y, G) gives the claimed map on pro-étale cohomology. On the other hand, a direct calculation
gives a natural isomorphism fg «Vx « = Vy« fprost « as functors Sh(Xproet) — Sh(Yyt). Indeed, both
functors send a sheaf F to the sheaf associated with the presheaf U — F(U xy X) (where U xy X is
regarded as an element of X},0¢). Since all these functors preserve injectives, we may pass to total
derived functors, getting Rfs «RVx « = Ruy «R fproct,« as functors DT (Sh(Xprost)) — DT (Sh(Ye)).
Since fproét,« and fe « are both exact functors, this becomes fg «Rvx « = RUy s fproct,« Applying
this to F and composing with the evident map Rvy . fprost,«F — Rvy,«G induced by ¢ gives a map
Ru,t : fe «Rvx +F — Rvy .G, and we obtain the maps Riv,.t upon passing to cohomology sheaves.
Finally, (3) follows by applying RI'y¢ to the map Rwv,t, in combination with the isomorphism

RT'x ¢t Rvx « = Ry gt foo,« RUX 5 O
Lemma 4.10. Maintain the setup of the previous lemma, and suppose X andY are smooth and are
defined over a complete algebraically closed extension C/Q,. Take F = Ox and G = Oy, and let t

be the natural @y—lmear trace map tr: fproét’*@\x — @y. Then Riv,fr : fét?*RiT/X7*(/9\X — Ril/y7*@y
coincides with the composite map

fét,*RiVX,*@\X = fét,*Qg((_i) = ng(_l) ®Oy fét,*OX kﬁ; Q%/’(_i) = RiVY,*@Y-

Proof. This follows from a careful reading of the proof of Lemma 3.24 of [Sch2]. Let us give a very
brief outline of the argument. One considers a short exact sequence Sx

0= Zp(l) = lmO% = 0% =0
Xp

as in Lemma 3.24 of [Sch2]. We have also an analogous short exact sequence Sy on Y and a norm
map fproét«Sx — Sy on Y. To both Sx and Sy we can associate commutative diagrams as
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in [Sch2, Lemma 3.24] and one shows that they fit together into a commutative cube. Chasing
through this cube gives us a lemma for ¢ = 1. The general case follows from this as in [Sch2,
Proposition 3.23] by taking exterior products. O

4.4. The overconvergent Eichler-Shimura map. Working with the pro-étale site of X, has the
advantage of allowing us to define the overconvergent Eichler-Shimura map at the level of sheaves
explicitly, using the cover X ,, and the fundamental period j.

Fix a small weight U. The following proposition is the key step in the construction of the
overconvergent Eichler-Shimura map.

Proposition 4.11. Let w > 1+ sy and s > 1+ sy. Let Vy, € vaproét/ét’oo,w be qcqs. We have a
map ~ R

Bu : D} ®0x, (Vao) = Ru®@0kx, (Voo
defined on pure tensors by By u @ f — p(xu(l + 3z))f. This defines a morphism of sheaves on
X prost/ Xoow- Bu satisfies the equivariance relation

Bu(v"h) = xu(bs + d)y"fu(h)
for any v € Ag(p), Voo € X prost qcgs and h € Dzsf@@;(w (v Va). In particular, pushing forward

to Xy proet and passing to Ko(p)-invariants, By induces an Ry-linear and Hecke equivariant map

ou: 0Dy — @),

of abelian sheaves on Xy, progt -
Here we are interpreting xy(1 + 3z) as an element of Azf@@xw (Vo), and extending p by linearity
and continuity to an Ry®0x, (Vao)-linear map A;;°®0x, (Vo) = Ru@0x, (Vo).

Proof. First we check that F;; is well defined, i.e. that the description on pure tensors extends by
continuity. To do this, note that the description on tensors define compatible maps

(D37 JafyDy; ) 2, O, (Vic) — (Ru/af) @3, O, (V)
for all k. By the definition of the filtrations we then get compatible maps
(D37 FIFD}Y’) @2, O, (Vic) = (Rufay) @2, O, (Vo)

Taking limits and inverting p we get the desired map. It is then enough to check equivariance on
pure tensors h = u ® f. We compute

Bu(yh) = (vum)xud+32)y" f
- <Xu (cx + d)xy (1 —1—3 12))7*]”
¥ f

Q

W

= p(ul ca:—i—d—i—;;(a:v—i—b)))
p 3

by

(Xu by +d)xu(l+x

= xu(bz+d)n <><u(1+x

(
= xub3+d)y" (nOxu(l +32)) f
= xu(bz +d)y* Bu(h)

and arrive at the desired conclusion. We leave the Hecke equivariance away from p to the reader. [

The map & is our version of the map §)/(w) from [AIS2, §4.2]. We may then define the
overconvergent Eichler-Shimura map at the level of spaces in the same way as in [AIS2]:
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Definition 4.12. Let U be a small weight. The weight U overconvergent Eichler-Shimura map
ESy is given as the composite

I

~Y g ~
Vg{,(C,, = H;roét<‘)(@p7 ODZZ) Igs H;roét<Xw,Cp’ ODZZ) 4 H;roét<Xw,Cp7 wZJ[l,w,(Cp)

=} HO(?\’w,CpawL,w,cp ® Qicw,cp)(—l) =: M&%p(—l)

where the first map is induced by restricting cohomology classes along the inclusion X, C X. ESy
is Hecke- and G, -equivariant by Propositions 4.3, 4.4, 4.11 and Corollary 4.8.

The above definition gives also a map E.S, for any individual point k € W(@p), since any such
weight is both small and affinoid. Note also that the construction of E.Sy is functorial in U: if we
have a morphism U — U’ compatible with the characters, then we have a commutative diagram

ES
S .ilaw
Vive, — Mre, (1)

!

e, —= ML (-1)

where the vertical maps are the natural ones. In particular, when U is a small open weight and
Kk € U™8, we have a commutative diagram

4.5. Factorization for weights k£ > 2. To gain some control of the overconvergent Eichler-
Shimura map we will prove that it factors through the p-adic Eichler-Shimura map defined by
Faltings ([Fal]) for integral weights k € Z>2. The key step is to prove this factorization on the level
of sheaves, which is the goal of this section. In our setup, this factorization turns out to be rather
transparent.

Let V' € Xpr0st be qegs and put Vo =V Xy Xo. Let & > 2. By Lemma 4.5 we know that
OD}(V) = (D}&g, O (Vao)) .
Let'g‘mi" be the universal p-divisible group over X'. We define T to be the relative Tate module of
G viewed as a sheaf on &j,o¢¢. Let w be as before. We then define variants of those sheaves on
Xproét by
? =T ®Zp @X;
&= MNw®o, Ox.

Let us write V), = Sym*2(T) ®z Ox = Sym”*(T) and identify £y with Symk_z(Zf,) via the
isomorphism sending X? to eies>7" (0 < i < k—2). This identifies the My(Z,)-action on £ with
the standard left action on SymkiZ(Zg).

Lemma 4.13. For any V € X040 qcgs, we have Vi(V) = (%, ®qQ, Ox (Vo)) Ko@),
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Proof. Follows from Lemma 4.1 upon noting that 7(Vy) = £7 functorially in V' and Ag(p)-
equivariantly via the universal trivialization over X. ([l

The above lemma and Lemma 4.5 gives us a map
OD}(V) = Vi(V)
induced by the integration map
i : D} = %
defined in Definition 3.2.
Let s € H%(Xsw,w) be the non-vanishing section defined in §2.4. Recall that

&} (V) = {f € O, (Vo) ' f = (b3 + )"}
for V' € Xy prost qcqs.

Lemma 4.14. We have
S~ (@®kz—2)

wk,w ’Xw

via the map
[ f s

Proof. For V qcgs the map induces an isomorphism between & (V) and the set {n € d®2(V,) |

k,aw
v*n = n} using the transformation rule for s. By an argument using the Cartan-Leray spectral
sequence the latter is functorially isomorphic to G®*~2(V). O
Recall the linearized Hodge-Tate map
T =W

as a map of sheaves of X0¢r. Taking (k — 2)-th symmetric powers we get a map
Vi — 0% 2,
Restricting to &, and using Lemma 4.14 we get a map
ve s Ve = @ )|xy, 2 0L,
which we want to describe explicitly:
Lemma 4.15. Let k > 2 and let Voo € Xy prost/ Xoo be qcgs. Define a map
%, ®q, Ox, (Vao) = O, (Vo)

by Xt 3% for 0 <i < k—2. This is an O -linear and Ag(p)-equivariant morphism of sheaves on
v T

X proét/ Xoo. Pushing forward to Xy pross and taking Ko(p)-invariants we get a map Vi, — @y, -

Evaluating this on 'V € Xy pro¢t qcqs and putting Voo =V X x Xoow, we obtain a map
(Zi ®0, O, (Vac)) W = B (V).
which is equal to vy (using Lemma 4.13).

Proof. We describe the map 77k — ©®F=2 and then use the isomorphism of the previous lemma.
Over Vo, the sheaf @®F~2 is trivialized by s®*~2, so v, is morphism

% @0, Ox, (Vo) = Ox, (Vio)s®F 2.

From the definitions we see that it sends X’ to HT(a(e1))! HT (a(e2))*~2~% where a denotes the
trivialization of 7 over V and HT denotes the Hodge-Tate map. By definition, s = HT(a(e2))
and over X,, we have the relation HT (a(e1)) = 3 HT(a(e2)). Thus X7 is sent to 3's®¥~2. Finally
observe that the isomorphism of Lemma 4.14 sends s¥¢=2 to 1. O
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We can now prove the factorization theorem at the level of sheaves for our overconvergent Eichler-
Shimura map.

Proposition 4.16. For k > 2 we have a commutative diagram:

po (U502

wk,w

Proof. 1t follows from our prior discussion and Lemma 4.15. g
Remark 4.17. This diagram, which is a diagram of sheaves over X, may be viewed as the

restriction of the following diagram of sheaves over X :

oD @@k—z

Jom (14 3a)t2)s®k 2
k

using the isomorphism of Lemma 4.14. Note that although 3 and s do not extend to Xoo, the products
5'5®%=2 do extend to Xs for all 0 < i < k — 2, so the formulas in the diagram make sense. This
will cause our overconvergent Eichler-Shimura maps to have very large kernels at classical weights
k> 2 (see §5.2).

5. THE OVERCONVERGENT EICHLER-SHIMURA MAP OVER THE EIGENCURVE

In this section we prove our main results concerning the overconvergent Eichler-Shimura map.
These results are analogous to the main results of [AIS2]. However, the payoff for working with
arbitrary small open weights is that we may glue our overconvergent Eichler-Shimura maps for
different small open weights into a morphism of coherent sheaves over the eigencurve. This allows
us to work over rather arbitrary regions of weight space and with general slope cutoffs, as opposed
to the rather special open discs inside the analytic part of weight space used in [AIS2].

5.1. Sheaves on the eigencurve. Let U be a small weight and let s > 1 + s;1. Recall we have
defined the modules

Vi = Hyoer(Xe,, Dfy);

roét

VZZ,CP = Hl;l)roét(X(Cp’ ODIZ)?

MG = HO (Xl @0, O,);

'|'7’LU — 0 T 1
Mu,cp =H (Xw,wau,w,(cp ®(9Xw,<c,, QXw,cp)'
In this subsection we spread the finite-slope pieces of these modules into sheaves on the whole
eigencurve C = Cgp, and we glue our Eichler-Shimura maps into a morphism of sheaves.

Recall the rigid analytic weight space W = Spf (Zp[[Z;]])rig, with its universal character xyy :
Zy — O(W)*. Tf U is an open weight, we write 0% (14"8) for the ring of bounded functions on
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U*s. This is a Banach Qp-algebra equal to Au[%] as a dense subring, and with a natural map
O(W) — O(U*8). Recall that we have defined the Fredholm determinant

Fy(T) = det(1 — UT|Co (K, A3))

in §3.2. It is an element of OWU"8)*{{T}}, the ring of entire power series with coefficients in
O (U9){{T}}, and we showed that it glues to a Fredholm series F(T) € OW){{T}} (see e.g.
[Hanl, Definition 4.1.1] for the definition of a Fredholm series). Now let V = (Sy, xy) be an open
affinoid weight. Arguing as in [Pil, §5.2] we see that ML’“’ satisfies Buzzard’s property (Pr) over Sy
(i.e. it is a direct summand of an orthonormalizable Sy-module, see the paragraph before Lemma
2.11 of [Buz3]). Since U, is compact we get a Fredholm determinant

Gy(T) = det(1 — U, T|ME™)

in OWV){{T}} and these glue to a Fredholm series G(T') € OW){{T}}. Let us set H(T) =
F(T)G(T), this is also a Fredholm series. Recall ([Hanl, §4.1]) that a Fredholm hypersurface
is a closed subvariety of W x Al cut out by a Fredholm series. Given a Fredholm series f we
write Z(f) for the corresponding Fredholm hypersurface. Recall that, if h € Q>9 and W C W
is open, then f has a slope < h-decomposition in O*(W){{T}} if and only if the natural map
Zwn(f) == Z(f) N (W x B[0,h]) — B[0,A] is finite flat, where B[0,h] C Al is the closed disc
around 0 of radius p. We say that (W, h) is slope-adapted for f if these equivalent conditions hold.
We have the following key result:

Lemma 5.1. There ezists a collection of pairs (V;, hi), withV C W open and affinoid and h; € Q>o,
such that (V;, hy) is slope-adapted for H for all i and the (Zy, p,(H))i form an open (admissible)
cover of Z(H). Moreover, for each i we may find a small open weight U; such that V; C Z/{Z-rig
(L{irig, h;) is slope-adapted for H.

Proof. See [Han2, Lemmas 2.3.1-2.3.4] (the first part is a theorem of Coleman-Mazur and Buzzard
and is the key step in the ”eigenvariety machine”, cf. [Buz3, Theorem 4.6]). O

and

Fix collections V;, U; and h; satisfying the conclusions of Lemma. For now, let h € Q>¢ and let
U be any small open weight such that (4%, h) is slope-adapted for H, and let V C U4*'® be an open
affinoid weight. Recall our overconvergent Eichler-Shimura map

ESy : Vie, — Mg;jgép(_n.

Since (U'8, h) is slope-adapted for H (and hence for F' and G) and ESy; is Hecke-equivariant we
may take slope < h-parts on both sides to obtain an Ru[%]—linear map
ESu<n = Viig,<n = Mg, <n(-1)

of finite projective Ry [%]—modules. We may compose with this map the natural map M;jﬁéw <n(=1) =
./\/lwép < »(—1) and tensor the source with Sy to obtain an Sy-linear map

. ~/ T,”LU
ESy <p - sz,ccp,gh = Vf{,cp,gh ®RM[%] Sy — Mv,cp,gh(—l)
where the first isomorphism is that of Proposition 3.4.

Let us now recall the eigencurves for B* of tame level KP constructed out of overconvergent
modular forms resp. overconvergent modular symbols, using the perspective of [Hanl, §4]. Let
Yo denote the finite set of primes ¢ for which K, % GLo(Z/) and let ¥ = Xg U {p}. We let T
denote the abstract Hecke algebra generated by commuting formal variables Ty, Sy for ¢ ¢ ¥ and
Up. Then T acts on all spaces of modular forms and modular symbols used in this article. We
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may construct two eigenvariety data ([Hanl, Definition 4.2.1)) D ¢ = (W, Z(H), Mt T, 9 \+)
and Dy = (W, Z(H),V,T,1v). Here MT and V are the coherent sheaves on 2°(H) obtained by
gluing the lim M;r};f)ghi resp. the lim V3, _, ~over the 2V, h;(H) (see [Hanl, Proposition 4.3.1]
and the discussion following it for the construction of V; the construction of M is similar but
easier). Given these, [Hanl, Theorem 4.2.2] allows us to construct the eigenvarieties C,,+ and Cyv
together with coherent sheaves MT on C vt resp. Voon Cy (this is a mild abuse of notation; we
will have no further reason to consider the sheaves with the same name over 2°(H)). Since the
following proposition is well known we only give a brief sketch of the proof:

Proposition 5.2. There is a canonical isomorphism Cy = Cv compatible with the projection
maps down to W and the actions of T.

Proof. This follows by applying [Hanl, Theorem 5.1.2] twice (once in each direction), upon noting
that both eigencurves are reduced and equi-dimensional (of dimension 1; they are ”unmixed” in the
terminology of [Hanl]). For these applications one should modify the eigenvariety data, replacing
% (H) in D 44 with the support of M and similarly for ®y. The relevant very Zariski dense subsets
are then constructed using the control/classicality theorems of Stevens and Coleman together with
the usual Eichler-Shimura isomorphism (see [Hanl, Theorem 3.2.5] for a general version of the
control theorem for overconvergent modular symbols, and see e.g. [Joh, Theorem 4.16] for a proof
of Coleman’s control theorem in the context of the compact Shimura curves used here). O

In light of this we will identify the two eigencurves and simply denote it by C. It carries two
coherent sheaves MT and V which are determined by canonical isomorphisms

MT(CVuhi) = hﬂMI}:}ghz = Ml}:)ghi;
w

V(Cvi:hi) = @V%,Shi = Vf/iéhi
s

for all ¢ and sufficiently large w resp. s, where Cy, j, is the preimage of 2, j,(H) in C. We form the
sheaves ./\/l(TCp = MTQAQQP(CP and V¢, := V@QPCP. They are determined by canonical isomorphisms
T w ~ va

T ~ 13 ) .
Me, (Cvpn) MMy e o = Myje, <nys
w

~ 13 S ~J S
Ve, (Cypn) =Wm VY, ¢ op =V, ¢, <,
S

for any sufficiently large w resp. s. We may also naturally view these sheaves as coherent sheaves
on the base change Cc, of C from Q) to C,. They are then determined by the obvious modifications
of the above canonical isomorphisms.

With these preparations we may now state the main theorem of this section which glues the
maps ESy, <p,:
Theorem 5.3. There exists a canonical Hecke and Galois-equivariant morphism

£8: Ve, = M (1)

of coherent sheaves of OC@)QP(Cp—modules on C (or coherent sheaves of OCcp -modules on Cc,), which
glues (ESy, <h, )i-

Proof. The ESy, <p, induce maps over the cover (Cy, p,); using the canonical isomorphisms. Check-
ing that they glue is tedious but straightforward, using the functoriality of the maps E.Sy; in the
small open weight U/ as well as the naturality of the construction of ESy <j for V C U™,V open
affinoid and U small open such that (U™, h) is slope-adapted for H. We leave the remaining details
to the reader. O
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The morphism E£S is our main object of study in this section. Our main technique to study it is
via specialization to non-critical classical points of C (recall that a classical point x is non-critical
if h < k—1, where h is the slope and k is the weight of z). Let k € W(L) with L/Q, finite and let
(V, h) be slope-adapted with V connected and affinoid and x € V(L). By [Hanl, Theorem 3.3.1]
there is a second quadrant spectral sequence (with s big enough)

EY = Tor? M (HY(K, D) <p, L) — HP'(K, D)<

which degenerates at the Ea-page since Oy (V) is a Dedekind domain. This gives us a short exact
sequence

0= V(Cor) @0y L = H (K, D)<y — Tory YV (HA(K,D$) <, L) — 0.

Now assume that x € C(L’) is a classical non-critical point of weight k = x (with L'/L a finite field
extension). After localizing the above short exact sequence at x it becomes an isomorphism

(V(Cyn) @0yp(v) L)z = (H' (K, D})<n)a-

This follows from the fact that z does not occur in H?(K,D5,)<p,, which by [Hanl, Proposition
4.5.2] follows from the fact that it does not occur in H?(K,D{)<p, which in turn follows from
the control theorem. Using the control theorem again, the right hand side of the isomorphism is
canonically isomorphic to H, élt(ch, Vi )z. From this we deduce that the fiber of V at x is the largest
semisimple quotient of the generalized eigenspace in H élt(X(cp,Vk) associated with x.

By a similar but simpler analysis (using Lemma 2.26) one sees that the fibre of M at an
arbitrary point x € C(Q,) is equal to the largest semisimple quotient of the generalized eigenspace

in HY(X,, wl,w R0, Q}Yw) associated with  where w is sufficiently large. One may of course apply
the control theorem if x is non-critical and classical to gain a further refinement. Similarly, the
analogous statements apply to the same objects based changed from Q, to C,.

We will need a few extras fact about C before we proceed to analyze £S.
Lemma 5.4. Let k € W(Q,) be a weight and let s > s,.. Then H°(K,D%) = 0.

Proof. Write G' for the closed subgroup of G' of elements of reduced norm one. Under our fixed
isomorphism G(Z,) = GLa(Z,) we have G(Z,) = SLa(Z,). To prove the lemma, it suffices to show
that H°(T,D?) = 0 for any congruence subgroup I' C G'(Z) contained in Ko(p). By the p-adic
continuity of the I'-action on D, we have
HO(Fa Di) = HO(F}?? Di)a

where I', denotes the p-adic closure of I' in GL2(Z,). By [Rap, Lemma 2.7] and the Zariski density
of T'in G (see e.g. [PR, Theorem 4.10]), I', contains an open subgroup of SLy(Z,), and in particular
contains a nontrivial element u = <(1) Cll for some a € Z,,a # 0. Note that u acts on u € Df by
(u-p)(f(x)) = pu(f(x + a)); in particular this action does not depend on . Since any element of
H°(T',, D) C Di = D* ®q, L (L the residue field of ) is fixed by u, it now suffices to show that
no nonzero element of D? is fixed by u. To see this, note that the Amice transform

u%%%ﬂ?=/0+TVM@6@Mﬂ]

defines a Q,-linear injection of D* (regarded as a ring under convolution) into a subring of Q,[[77]
(cf. [Col, §1.8] for more detailed statements). An easy calculation shows that A,..,(T) = (1 +
T)*A,(T), soif u-p = pthen (14+7)* —1)-A,(T) = 0, and since Q,[[T]] is a domain this implies
A,(T) =0 and then pu = 0 as desired. O
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Lemma 5.5. The sheaves M1 and V are torsion free.

Proof. We start with MT. This is a local statement so we may work over some Cy 5, coming from
a slope-adapted (V, h) with V affinoid. Then O¢(Cy ) is finite over Oy (V), so it suffices to show
torsion freeness over Oy (V), which is clear by definition.

We now prove torsion-freeness for V. Working locally as above it is enough to show that
H'(K,Ds,)<y, is a torsion-free Oy (V)-module, where V C W is affinoid and (V, h) is slope-adapted.
Let x € V(Q,) be a weight, cutting out a maximal ideal m,; and let L := Ow(V)/m,. It is enough to

show to that the m,-torsion vanishes for all x. This torsion is equal to Tor?W (V)(H YK, D3)<p, L).
Using the Tor-spectral sequence ([Hanl, Theorem 3.3.1]) one sees that this Tor-group is a subquo-
tient of HY(K,D$)<y,, which vanishes by the previous Lemma. O

Next, assume that our tame level is of the form K;(N) for some N with (N,dp) = 1. Let
C" C C denote the set of non-critical classical crystalline points for which the roots of the pth
Hecke polynomial are distinct.? For each positive divisor M|N, let C1¢ M_new denote the set of points
x in C" for which the tame Artin conductor of the Galois representation p, associated to z is
exactly Md. Note that the tame Artin conductor is sometimes just called the tame conductor; see
the discussion in [Bel] before Lemma IV.4.3. Let Cps—pnew denote the Zariski-closure of Cjf_ . in
C. The following lemma was stated without proof for modular curves in [Han2].

Lemma 5.6. Assume that the tame level is of the form Ki(N). For any M|N, Cpf—new @S a union
of wrreducible components of C, and C = Uy NCh—new-

Proof. Adapting the proof of [Bel, Lemma IV.4.7], one shows that C}f__ .. is an accumulation subset
of C: each point x € C}f_, ., has a neighborhood basis of affinoids U C C for which U N Cyf_ ..
is Zariski-dense in U. This property implies that each irreducible component of the Zariski-closure
Ca—new has positive dimension. Since C is equidimensional of dimension one, we deduce from [Con,
Corollary 2.2.7] that Cps—new is a union of irreducible components of C. Since C*® = UpnChf _ e
is a Zariski-dense accumulation subset of C, the remainder of the lemma is clear. O

5.2. Faltings’s Eichler-Shimura map. In this section we adapt Faltings’s construction ([Fal])
of the p-adic Eichler-Shimura morphism to our setting, and use it to give a precise description of
ESy at weights k > 2. Fix k € Z>3. Recall the morphism

Vk o ~RQk—2
defined in §4.5. It induces a map
~Qk—2
Hproet(X(va Vk) pI‘Oet(X(Cp’ @® )
Note that we have an exact sequence

(1) 0 = He(Xe,, w ™) = Hppo (X, 0°77%) = HA(Xe,, w72 @ Qy, )(=1) =0

coming from the spectral sequence Hf, (Xc,, RIv,o®"2) = H;;Lget(X@ ©®F=2), which degenerates

at the Es-page by an argument similar to (but simpler than) the proof of Proposition 4.7.
Proposition 5.7. The composite map
3 ~Qk— k—
Héroet( Cp> Vk) — H;roét(‘)((c @® 2) — H(St(X(C wEh? ® Q%(Cp)(_l)

is surjective, and the kernel is isomorphic to HY(Xc,,w®* 2 @ QXC )(k) as a Hecke- and Galois
P

module.

2This last condition is conjecturally automatic.
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Proof. Recall the Hodge-Tate sequence
050 1) =T -0—0

for GV, Since the morphism Ve — @2 comes from the map T 5o by taking (k — 2)-th
symmetric powers, we see that its kernel Kerj sits in a short exact sequence

0— &% F(k—2) = Kerp, » Q — 0

where @ is simply defined to be the quotient. We get exact sequences

Hproet(X(C Kery) — Hproet(X(C 71}\1?) - Hproet(XC A 2)
Hproet(X(C A®2 k(k)) - le)roet( Kerk) - Hproet(XCwQ)'

We have an isomorphism H;roet(?(@p,vj) = Hgt(X(cp,Sym] T) ®z, Cp for all j > 0. From the

Hodge-Tate sequence one deduces that Q carries a filtration with non-zero graded pieces &% for
i=4—k,6—k,...,k—4 (up to twists). Using this filtration and the sequences (1) with k—2 replaced
byi=4—k,6—k,...,k — 4 together with the usual Eichler-Shimura isomorphism for quaternionic

Shimura curves one sees that Hpmet(X(cp, f)k) and H;met(X(cp, Q) do not have any Hecke eigenvalues

in common. Thus, looking at the second exact sequence above, we see that any generalized Hecke
eigenvector in H! (At,, Kery) that is not killed by the map H! Xc,, Kery,) — H! ¢, Vi)

proét proét ( proét (
must come from H;roet()(@ 0%k (k- 2)).
Hence we have an exact sequence
Hp oo (X, @227 F(k — 2)) — H) oo (Xe,, Vi) = H)

~@k—2
proét proét (X(C ® )
By the exact sequence (1) and looking at Hecke eigenvalues again we get an exact sequence
~®2—k 1 s 0 k-2 1
Hproet(X(c ® (k 2)) - Hproet( Cp 7Vk) - Hét(Xva W® ® QXCP)(_I)'

We now apply a similar argument to H;roet(/l’(c 0®2k(k — 2)). Replacing k — 2 with 2 — k in (1)
we have the exact sequence

0 — Hi (X, w®*™%) — H]

proét

(Xc,, 6%27F) = Hg (X, o™ ™" @ Q. )(~1) = 0.
Arguing with Hecke eigenvalues as above and using Serre duality we get a sequence
(2) 0 — Hét(XCp7 w®27k(k- - 2)) — HéI‘OCt( C;ﬂ ]/}k) — Hgt(XCp7w®k72 ® Qk@p)(—l) — 0
which is exact in the middle. By Serre duality

Hi(Xe,,w™* ™ (k- 2)) = HY(Xe,, w2 @ O, )(k - 2).

Counting dimensions, we see that (2) is a short exact sequence as desired. g

We have a diagram

Hproet(‘)((cp’ ODS) Hfl)roet (va(cp’ wli,w) Hept (va(cp’ wlz,w ® Q}Vw,CP ) (_1)
Héroet(‘){(cp’ Vk) - Hproet (X(Cp? a®k_2) - Hgt(X(Cp ) w®k—2 X Q}YCP )(_1)

which commutes by Remark 4.17 and the functoriality of the remaining maps. Note that the right
vertical map is injective by analytic continuation. Its image is, by definition, the space of classical
modular forms. We then have:
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Proposition 5.8. Let k > 2. The image of ESy is contained in the space of classical modular
forms. Moreover ESy is surjective on slope < h-parts when h < k — 1.

Proof. The first statement is clear from the diagram. To see the second, note that both the
left and right vertical maps in the diagram above are isomorphisms on slope < h-parts when
h < k — 1 by the control theorems of Stevens and Coleman. To conclude, use that the map
H'(Xc,, Vi) — HY (Xc,, w2 ® Q}ch)(_l) is surjective by Proposition 5.7. O

Note that the kernel of ESy is big: it is infinite-dimensional with finite codimension.

5.3. Results. In this section we deduce some properties of our overconvergent Eichler-Shimura
map £S and the sheaves V and M. The results are very similar to those of [AIS2, §6], but we
are able to prove them in a more global form. Let us denote by C* the smooth locus of C. It
contains the étale locus C® of the weight map, and both these loci are Zariski open. Furthermore
C¢* contains the set C* of non-critical classical crystalline points for which the roots of the p-Hecke
polynomial are distinct. Let us explicitly record a lemma in rigid geometry that makes arguments
involving Zariski density simpler. We will (sometimes implicitly) apply it in the remainder of this
section.

Lemma 5.9. Let X be a smooth rigid space over a non-archimedean field K, and assume that
(Vn)22 is an increasing cover of X by affinoids. Assume that S C X is a very Zariski dense set
of points. Then we may find an increasing cover (Uy) of X by affinoids such that S NU, is very
Zariski dense in U, for all n.

Proof. We define U,, to be the Zariski closure of S NV, in V,,. By definition U, is a union of
components of V,,, hence affinoid, and it remains to show that X = (J;2, U,. For this it suffices
to show that, for fixed n and a fixed component C of V,,, there exists m > n such that C' C U,,.
Fix n and C. C is a subset of a (global) component D of X, so by Zariski density we pick a point

seSND. If m>n, let C,, denote the component of V,,, such that C C C,,. Define, for m > n,
Ton={z€Vy|Ik>m : ipp(z) € Cx}

where iz, @ Vin — Vi is the inclusion map. Then T;, is a union of components and we claim that
s € Ty, for some m. To see this, note that Ty, = V;,, N T4 for all m > n, so T := J,,>,, Tm is an
open subset of X with open complement. Hence if s ¢ T, s could not lie on the same component as
C. Therefore there is some m for which s € T},,, and hence some k for which s € C}, which implies
that C' C Uy by the very Zariski density of S. O

Remark 5.10. Note that C™ may be covered by an increasing union of affinoids. To see this
note first that this is true for C since it is finite over W x A, which is quasi-Stein. If we pick
an increasing affinoid cover (V) of C, then C™ = |, V™ and V3™ is Zariski dense in Vi, with
complement cut out by the functions fn1,..., fuk, say. We may choose €, € pQ tending to 0 such
that
{|fn,1|7 ) |fn7kn| < En} N Vm - {|fm,1|7 (23} |fm,km‘ < 2n—m€m}

for all m < n, where we use a general fact that the sets ({|g;| < €})
neighbourhoods of {|gi| = 0}. Then we claim that the sets

Un = {|fn71|’ (XX} |fn,kn’ > En}

are affinoid and cover C™. Indeed, they cover C™ by definition, and they are affinoid since they
are rational subsets of the V,,.

ccpt define a cofinal system of

With this we state a simple consequence of Proposition 5.8:
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Theorem 5.11. View ES as a morphism of coherent sheaves on Cc,. Then ES is surjective outside
a Zariski-closed subset of Cc, of dimension 0, and the support of coker(ES) is disjoint from the set
of mon-critical points.

Proof. Since coker(ES) is coherent its support is Zariski-closed. Hence the first statement follows
from the second: if the support is not of dimension 0, then it must contain some component of C and
hence non-critical points. To prove the second statement it suffices to prove that £S is surjective
on fibres at non-critical points. Let x be such a point, with weight k. By the computation of
the fibres in §5.1 and the computation of £S5 we see that it amounts to the Eichler-Shimura map
ES, restricted to maximal semisimple quotients of the generalized eigenspaces for x. Since x is
non-critical this map is surjective by Proposition 5.8. g

Let us raise the following question:

Question: Is the support of coker £S precisely the set of x with weight k € Z>9 such that ESj
fails to be surjective on generalized eigenspaces for x?

Next let us state some results on the structure of V and M over C*®. For any n € Z>; we let
7(n) denote the number of positive divisors of n.

Theorem 5.12. Assume, for simplicity, that that the tame level KP is of the form H&diSC(B) Ki(N)x
Hé|disc(3) Ogé for some N > 3. Let M € Z>1 be a divisor of N.

(1) V and MT are locally free on C™. The rank of V over C3® _ is 27(N/M) and the rank
of MT over C§2 " is T(N/M).

(2) Let £ be a prime not dividing Np-disc(B). Then V is unramified at £ and the trace of Froby
on V over C3J* . is T(N/M) - Ty, where we view Ty as a global function on C.

(3) Let x € CJ,(Qp,). Then the fibre of V at x is the Galois representation attached to x

N —new
via the theory of pseudorepresentations.
Proof. First we prove (1). By Lemma 5.5 V and M are torsion free coherent sheaves over C™,
which is smooth of pure dimension 1. Therefore V and M are locally free. To compute the ranks
over Cy . it suffices to compute the dimension of the fibres at points in C** N Cy .- This is
a computation using Atkin-Lehner theory, the control theorems of Stevens resp. Coleman and the
classical Eichler-Shimura isomorphism (see e.g [Bel, Lemma IV.6.3]).

To prove (2), note that the statements are true after specializing to points in C"¢ (using Stevens’s
control theorem and the well known structure of the Galois representations H}, (X, Vy)). By Zariski
density of C"NCH o I Cif 0w We may then conclude. Note that, to check that it is unramified,
one may reduce to the affinoid case by Lemma 5.9 and Remark 5.10, where it becomes a purely
ring-theoretic statement. Localizing (ring-theoretically), one may then reduce to the free case,

where one can check on matrix coefficients using Zariski density.
Finally, (3) follows from (2). O
Remark 5.13. The assumption on K? in the above theorem is only to simplify the exposition. The

theorem and the definition of the Cpr_new may be adapted to arbitrary tame levels KP = H#p Ky
with essentially the same proof, except for the explicit formulas for the ranks.

We remark that the statement that V is unramified at ¢ 1 Np - disc(B) also follows from the same
fact for the V;, (for U small open), which in turn follows from the construction upon noting that
all members of the tower (Xk, )k, are analytifications of schemes over Q with good reduction at (.

Finally, we prove that £S generically gives us Hodge-Tate filtrations/decompositions on V.

Theorem 5.14. We work over C5™.
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(1) The kernel K and image Z of ES are locally projective sheaves of OCsm®Qpcp-m0dul€$, and
may also be viewed as locally free sheaves on C(EZ‘.

(2) Let ecsm be the character of G, defined by the composition
Gg, — ZF X% 05, — (0%u®g,Cp)*
where € is the p-adic cyclotomic character of Gg, and Xy is the universal character of Z, .

Then the semilinear action of Gg, on the module IC(eEin) is trivial.
(3) The exact sequence
0—+K—>Vg, >Z—0

18 locally split. Zariski generically, the splitting may be taken to be equivariant with respect
to both the Hecke- and Gg,-actions, and such a splitting is unique.

Proof. Part (1) is clear since V and M are locally free on C5™ and Ogsm @Qp C, is locally a Dedekind
domain. The second statement follows similarly.

For part (2) we use Lemma 5.9 and Remark 5.10 to reduce to the affinoid case with a very Zariski
dense set of points in C"°. Taking a further cover we may also assume that K is free (perhaps after
making a finite extension, but this will not effect the rest of the argument). The statement now
follows from the family version of Sen theory ([Sel], [Se2]) , using the fact that the Sen operator
¢ of /C(egi,,) vanishes on points of C"® and hence on C*™ by Zariski density of C™¢ and analyticity
of ¢. The argument proceeds exactly as the proof of [AIS2, Theorem 6.1(c)], to which we refer for
more details.

Finally we prove part (3), arguing more or less exactly as in the proof of [AIS2, Theorem 6.1(d)],
to which we refer for more details. Once again we may work over an affinoid U C C with a
Zariski dense set of points U N C". We may without loss of generality assume that K, V¢, and Z
are free (once again, one might need to make a finite extension, but this does not effect the rest
of the argument and we will ignore it). The short exact sequence is an extension which defines an
element in H'(Gg,, M) where

H = HomOC(U)®QpCp (I, ,C).

Let ¢ be the Sen operator of #. By work of Sen it is well-known that det(¢) kills H'(Gq,,H).
Specializing at points in U NC" one sees that det(¢) does not vanish identically on any component
of U. Thus, localizing with respect to det(¢), we find a Zariski open subset of U over which the
extension is split as semilinear Gg,-representations. Moreover, if we further remove the finite set
of points whose weight is —1 € Z, then Z and K have distinct Hodge-Tate weights fibre-wise (by
using part (2) and that Z has constant Hodge-Tate weight —1). Thus there can be no non-zero
Galois equivariant homomorphisms between K and Z. Since the Hecke action commutes with the
Gq,-action, this implies that the Gg,-splitting must be Hecke stable as well. ]

6. APPENDIX

In this appendix we define a "mixed” completed tensor product that we will use in the main
text, and prove some basic properties as well as a few technical results that we need.

6.1. Mixed completed tensor products. Let K be a finite extension of Q, and let O be its
ring of integers, with uniformizer w. Our "mixed completed tensor products” will be denoted by
an unadorned ®@. The base field is assumed to be implicit in the notation. In the main text we will
always take K = Q) so this should not cause any problem. We starting by making the following
definition:

Definition 6.1. Let M be a topological O-module.
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(1) M s called linear-topological if there exists a basis of neighbourhoods of 0 consisting of
O-submodules.

(2) We will say that M is a profinite flat O-module if M is flat over O (i.e torsion-free),
linear-topological and compact.

Let us remark that if M is a profinite flat O-module then the topology on M is profinite,
which justifies this terminology. We also remark that such M are exactly the O-modules which
are projective and pseudocompact in the language of [SGA3, Exposé VIIg, §0]. Let us recall the
following structure theorem for profinite flat O-modules, specialized from [SGA3, Exposé VIIg,
0.3.8]:

Proposition 6.2. M is a profinite flat O-module if and only if it is isomorphic to [[;c; O equipped
with the product topology, for some set I.

We note that a set of elements (e;);er in M such that M = Hie[ QOe; is called a pseudobasis. In
what follows ‘zo-adically complete” always means complete and separated.

Definition 6.3. Let M be a profinite flat O-module and let X be any O-module. We define
X®M := lim(X ®o M/I;)
(2
where (I;) runs through any cofinal set of neighbourhoods of 0 consisting of Z,-submodules.

By abstract nonsense this is independent of the choice of system of neighbourhoods of 0. Note
that if A is an O-algebra and R is a small O-algebra, then AQR comes with a natural structure
of a ring, as is seen by choosing the neighbourhoods to be ideals. To compute X®M in a useful
form we fix a pseudobasis (e;);cr and define, for J C I finite and n > 1 an integer, M, to be the
submodule corresponding to

My, = Hw”@ei X HOei.
ic i¢J
This forms a system of neighbourhoods of 0. Then we have:

Proposition 6.4. The functor X — X®M is isomorphic to the functor X [Lic; )A(, where X
1s the w-adic completion of X.

Proof. We compute

XM = m X @0 M/M;y
Jn
= %n(an Ro M/MJn)
n
= Jim(lim X @0 [[0/=")
J n ieJ

H

(lm X ®e O/w”))
J n

I
~IE

)

m

X

M)~
m
<
N——

~
m
~

= g
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Corollary 6.5. We have

(1) X — X®M is ezact on w-adically complete X.

(2) If0 > X - Y — @Q — 0 is an exact sequence of O-modules where X is w-adically complete
and Q is killed by w® for some integer N > 0, then'Y is w-adically complete and the natural
map (X®M)[1/w] — (YRM)[1/w] is an isomorphism.

Proof. (1) follows from exactness of products in the category of O-modules. For (2) note that @ is
w-adically complete and QRM is killed by @, so the second statement will follow from the first
and (1). To see that Y is w-adically complete first note that @Y C X (i.e. Q killed by @®) so

oV tky - oF X - ="y
for all kK > 0 and hence we can compute Y as l&nk Y/ wkX. Thus we get exact sequences
0= X/o"X - Y/o"X - Q — 0
for all k£ and hence an exact sequence
05X=X—>Y > Q

by left exactness of inverse limits. This sits in a natural diagram

0 1{ 1/ Q 0
0 X Y Q

with exact rows and the snake lemma now implies that the map ¥ — Y is an isomorphism as
desired. g

In particular we can now define —®M on K-Banach spaces (this is why we are calling it a
"mixed” completed tensor product). It is canonically independent of the choice of unit ball, but
we also make a more general definition.

Definition 6.6. Let V be a K-vector space and let V° C V be an Og-submodule such that
V°[1/w]| =V. Then we define

VM = (V°&M)[1/wm]
where the choice of V° is implicit (the choice will in general affect the result).

If V is naturally a Banach space we will always take V° to be an open and bounded O-submodule,
and Corollary 6.5(2) implies that V@M is independent of the choice.
We finish with a lemma needed in the main text.

Lemma 6.7. Let S be a K-Banach algebra and let V' be a finite projective S-module and U a
Banach S-module. Let M be a profinite flat Og-module. Then we have a natural isomorphism
V @5 (UM) = (V@g U)OM. If V and U in addition are Banach S-algebras and M is a small
Ok -algebra, then this is an isomorphism of rings.

Proof. Pick an open bounded Og-subalgebra Sy of S and pick open bounded Sp-submodules Vy C V
and Uy C U. Moreover, pick O-submodules (I;) of M that form a basis of neighbourhoods of 0.
Then we have natural maps

Vo @5, (@(UO Ko M/Il)) — W XS, Uo ROk M/Ii

(]

for all ¢ which give us a natural map
Vo @s, (Uo@M) — (Vo @5, Ug) @M.
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Now invert w to get the desired map. If V and U are Banach S-algebras we may choose everything
so that Vj and Uy are subrings, and if M is a small Og-algebra we may choose the I; to be ideals,
hence we see that this is a ring homomorphism. To see that it is an isomorphism note that if V'
is in addition free we may choose V| to be a finite free Sp-module. The assertion is then clear. In
general, write V' as a direct summand of a finite free S-module. O

6.2. Mixed completed tensor products on rigid-analytic varieties. Let X be a quasicom-
pact and separated smooth rigid analytic variety over an algebraically closed and complete extension
C of K, of pure dimension n. Here K is a finite extension of Q, as in the previous subsection and
we use the same notation O = Ok, w et cetera. In this subsection we aim to prove:

Proposition 6.8. We have a canonical isomorphism
Riv, (Ox®M) = (R'v,Ox)&M
of sheaves on Xg.

Here U — (Ox®M)(U) = Ox(U)®M for U € Xproet dcgs defines a sheaf on X4 and
the completed tensor product is computed using O}(U ) € Ox(U). The former is w-adically
complete by [Sch3, Lemma 4.2(iii)], so we have exactness of —®M and hence a sheaf. We use
Im((R'v, 0%)(U) = (R'wv.Ox)(U)) to compute the completed tensor product on the right hand

side and claim that this is a sheaf, but these statements are not obvious and we will prove them
below.

We note the following important corollary to the above proposition.
Corollary 6.9. We have
Riv, (Ox®M) = Qi (—i) @0y (OxBM)
as sheaves on Xg .

Proof. This follows from Proposition 6.8, Lemma 6.7 and the canonical isomorphism Riy*(@ x) =
% (—i) (Proposition 3.23 of [Sch2]) together with the finite projectivity of the latter sheaf. O

We will need several lemmas before we can prove Proposition 6.8.

Lemma 6.10. The presheaf U — H, (77, O%(U)) on X4 is a sheaf, where O%(U) has its w-adic
topology and the trivial Z;-action.

Proof. This follows from the computation in [Sch3, Lemma 5.5]; H

cts

(Zy, 0% (U)) is isomorphic to
N O%(U)" in a way compatible with completed tensor products. O

Put T" = Spa(C’(leEl7 ...,X,F),(’)(;(Xlil,...,Xfl)). We let T be the inverse limit over n > 0
of Spa(C(Xlﬂ/pn, ...,Xffl/pn),(’)g(Xlﬂ/pn, ...,Xiﬂ/pn». This is an affinoid perfectoid (see [Sch3,
Example 4.4]).

Lemma 6.11. Let U € X4 and and assume that there is a map U — T™ which is a composition of
rational embeddings and finite étale maps. Pull back the affinoid perfectoid Zy-cover T™ to obtain
an affinoid perfectoid Zy-cover U of U. Then:
(1) There is a canonical injection
Hiy(Zy, 0% (U)) = H' (Uprost, OF)
with cokernel killed by p.
(2) H'(Upsotr, Ox) = Hiy (23, Ox (U)).

cts
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(3) H'(Uproct, @}@M)a & (H'(Upyoct, @})@M)a (where —* denotes the associated almost O¢ -
module).
(4) H'(Uproet, Ox@M) = H*(Uprost, Ox ) M.
Proof. We start with (1). The Cartan-Leray spectral sequence gives us

Hp (Z;L,Hq(ﬁproét,(?}/wm)) - Hp+q(Uproét>O;(/wm)

cts

for all m. Since the Hq(ﬁproét, OF /™) are almost zero for all ¢ > 1 ([Sch3, Lemma 4.10], see the
proof of (i) and (v) ) we conclude that

HP (Uproet, O% /&™) = HP(Zy, (0% [=™)(U))*.
Next, note that the inverse system
(H"(Zy, (0% /@™ )(U))m

has surjective transition maps by the proof of [Sch3, Lemma 5.5]. Since the inverse system
((9} /@™), has almost vanishing higher inverse limits on the pro-étale site (by an easy application
of the almost version of [Sch3, Lemma 3.18]) we conclude that there is an almost isomorphism

lim HP(Z, (0% /@™ )(U)" = HP (Uprost, O%)".

By [Sch3, Lemma 5.5] we have

P

NO% /=™ (U)" = HP(Zy, (0% /=™)(U)) = HP(Zy, (0% [=™)(U))
with cokernel killed by p, compatibly in m; in fact the proof shows that the injection is split. It
remains to verify that @HQ(ZQ, (O}/wm)(U)) ~ HgtS(Z;},(’)}(U)). This is standard; one may
e.g. argue as in the proof of [NSW, Theorem 2.5.7] (note that the relevant @11 vanishes by the
isomorphism above). This finishes the proof of (1).

For (2), use (1) and invert w - this commutes with taking cohomology by quasicompactness.

For (3) we view —®M as the functor of taking self products over some index set I. We remark
that H*(Uprost (/9\;2)“ is w-adically complete by part (1), [Sch3, Lemma 5.5] and the almost version
of Corollary 6.5(3). Thus we are left with verifying that cohomology for (/9\} almost commutes with
arbitrary products. Writing [[,.; as lim J [Lic; for all J C I finite we are left with showing that the

relevant higher inverse limits vanish, which is easy using the Mittag-Leffler condition and [Sch3,
Lemma 3.18].

Finally we invert w in (3) to deduce (4). O

Lemma 6.12. The sheaf Riv,Ox is equal to the sheaf U H} (23, 0x(U)), and (Riv,Ox)®M

may be computed using H; (Z2, OF%(U)) C Riv,Ox(U).

Proof. We may work étale locally on X, so assume without loss of generality that there is a map
X — T™ which is a composition of rational embeddings and finite étale maps. By abstract nonsense
Riu*@ x is the sheafification of the presheaf U — H i(Uproét, O x). Let us write F for this presheaf.
By part (1) of the previous Lemma there is an exact sequence

0 — Hiy (Z2, 0% (U)) = H (Uproer, O%) — Q1(U) = 0

where Qi(U) is simply defined as the quotient. This is an exact sequence of presheaves on X¥.
Moreover Q*(U) is killed by p for all U. Write G for the presheaf U — H; (Z2, O%(U)), F* for
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U — H'(Uproct @}) and Q for U +— Q*(U). Then the exact sequence above sheafifies to
0—G— (F)* = Rv.0f - 0" =0

( —*" for sheafification) since G is already a sheaf by Lemma 6.10, and Q%" is killed by p since
Q is. Inverting w we get thatAHéts(ZZ,O}(U)A)[l/w] =~ R'v,Ox(U). For the other assertion of
the lemma, notg that Im(R'v, 0% (U) — RiuiOX(U)) coincides with H, (Z1, 0% (U)) under the
identification H (Z, 0% (U))[1/w] = R'w.Ox(U), and is therefore a sheaf (as was asserted in

Proposition 6.8). 0

Proof of Proposition 6.8: Lemma 6.12 gives us that
(R'.0x)2M)(U) = (Hiyy(Zp, O% (U))EM)[1 /3],
On the other hand Riu*(@ QM ) is the sheaf associated with the presheaf
U v H (Uprosr, Ox©M)

by abstract nonsense. Working locally again, assume that there is a map U — T™ as above. We
may then compute

H' (Uprost; OxBM) = H' (Uprost, Ox)BM
= (Im(Hi(Uproét, (5}) — Hi(Uproéta @X))®M)[1/w]
= (Hus(Zy, 0% (U))&M)[1/w]

using Lemma 6.11 (4) and the proof of Lemma 6.12. Therefore U — H i(Uproét, O Y@M ) is actually
defines sheaf when restricting to the basis of such U (since U — H, (Z2, O3 (U)) is a sheaf), so it

must equal Riy*(@ x®M) on these U. This gives the desired isomorphism. O

6.3. Analogues of the theorems of Tate and Kiehl. Let X be a quasicompact and quasisepa-
rated rigid analytic variety over some complete non-archimedean field K of characteristic zero. For
simplicity let us work with the site given by the basis of the topology consisting of quasicompact
open subsets together with finite covers (we will specialize this further eventually). Given a small
Z,-algebra R, we may form the sheaf R(U) = Ox(U)®R on X (U is qc open). In this section we
are going to prove analogues of the theorems of Tate and Kiehl for Ox for R under the assumption
that X is affinoid and that K is discretely valued. The assumption that K is discretely valued
makes it easy to prove various flatness assertions. We suspect that this assumption can be dropped
with some more work but we will not need the extra generality. We will however prove a few
statements that we need without this assumption on K. For simplicity we work with the topology
on X given by rational subsets and finite covers. We start with some basic properties.

Lemma 6.13. Let X be affinoid and assume that K is discretely valued.

(1) For every rational U C X, R(U) is Noetherian.

(2) If V.C U C X are rational, then the map R(U) — R(V) is flat.

(3) If U s rational and (U;); is a finite rational cover of U, then the natural map R(U) —

I, R(U;) is faithfully flat.
Proof. To prove (1), choose surjections O (X1, ..., Xpm) = Ox(U), Zy[[Th, ..., Ty])] - R and use the
image of Z,(X1, ..., X;») to compute Ox (U )®R (this is valid by the open mapping theorem). Then
we get a surjection
Ok (X1, e, Xin)RZp[[T1, ..., T)] = Ox (U)SR
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and by direct computation the left hand side is (Og (X1, ..., Xin)[[T1, ..., Tn]])[1/p], which is Noe-
therian (since K is discretely valued), hence the right hand side is Noetherian.

Next we prove (2). Pick functions fi, ..., fn, g such that V- = {|f1|, ..., | fn] < |g| # 0}. We factor
RU) = R(V) as

Ox(U)®R — Ox(U)[1/g] ®oy 1) (Ox (U)RR) = Ox(V)&R.

The first morphism is flat since Ox(U) — Ox(U)[1/g] is, so it suffices to show that the second
morphism is flat. It is obtained from

OX(U)[f1/9s -, Fu/ 9] @03, (1) (O (U)ER) — O%(V)@R

by inverting p, so it suffices to show that this map is flat. But the right hand side is the completion
of the left hand side with respect to the ideal generated by the images of the generators of the
maximal ideal of R. Since the ring on the left hand side is Noetherian (it is finitely generated
over O%(U)®R, which is Noetherian by the same proof as in (1)), we conclude that the map is
(faithfully) flat.

For (3) we argue as in (2), writing U; = {|fi1l, .-, | fin;| < |gi| # 0} and factoring the map as

Ox(U)®R — (H Ox (U 1/91]) ®oy ) (Ox(U)BR) — HOX(Ui)®R'

Now Ox(U) = [[; Ox(U)[1/g,] is faithfully flat, so the first map is faithfully flat, and the second
map is faithfully flat by the same argument as in the proof of (2). O

Having established this Lemma we now view R as a sheaf of Banach algebras on X by picking the
unit ball of R(U) to be R°(U) = O%(U)@R. Then all restriction maps are norm-decreasing, hence
continuous, and if we view R as a profinite flat Z,-module and choose a pseudobasis with index
set I, the Banach space structure on R(U) is the same as the natural Banach space structure on
the set of bounded sequences in Ox (U) indexed by I (of course the multiplication is very different
from the pointwise multiplication on the latter). We will follow [AW, §5] (which in turn follows
[FvdP, §4.5]) closely in the proof of our analogue of Kiehl’s theorem.

Definition 6.14. Let U C X be rational and let M be a finitely generated R(U)-module. For every
V C U rational, we define

LOC(M)(V) = R(V) ®R(U) M.
This is a presheaf of R-modules of U.

Proposition 6.15 (Tate’s theorem). For every rational U C X, H'(8,R) = 0 for alli > 1 and all
finite rational covers Ll of U, i.e. the augmented Cech complex for U is exact. As a consequence,
H'(U,R) =0 for alli>1.

Proof. The second statement is a direct consequence of the first by a well known theorem of Cartan.
For the first, pick a pseudobasis (e;);er of R, considered as a profinite flat Z,-module. For a cover
as above, write Cg,,, (4, —) for the augmented Cech complex functor. Then, using the pseudobasis,
we have

Caug(th R) = G (U, R7)[1/p] = <H aug (L Ox ) [1/p].
i€l

Note that the cohomology groups H' (U, 0% ) are bounded p-torsion for ¢ > 1 by Tate’s theorem
and the open mapping theorem, hence by exactness of products and the above displayed equation
so are the cohomology groups H*(4, R°) for ¢ > 1. Thus H"({, R) vanish as desired. O
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Proposition 6.16. Assume that K is discretely valued. Then functor Loc defines a full exact
embedding of abelian categories from the category of finitely generated R(U)-modules into the
category of R-modules on U. Moreover, H'({,Loc(M)) = 0 and H'(U,Loc(M)) = 0 for all
i > 1 and all finite rational covers & of U for all finitely generated R(U)-modules M. If K is
not discretely valued, Loc(M) is still a sheaf with vanishing higher cohomology groups if M is a
finitely generated projective module.

Proof. We start with the sheaf/vanishing assertions. Again, the statement about derived functor
cohomology follows from that of Cech cohomology by Cartan’s theorem, and the assertion about
Cech cohomology implies that Loc(M) is a sheaf. Pick a cover 4. Then by Proposition 6.15 the
complex Cg, (U, R) is exact. If M is projective, then it is flat and hence C3,, (4, R) @) M =

C2 .. Loc(M)) is exact. If K is discretely valued, then by the flatness properties of R all terms

aug

are flat R(U)-modules and we may deduce that Cg, (4, R) @rwy M = Cf,, (4, Loc(M)) is exact

for arbitrary finitely generated M. In either case, it follows that Loc(M) is a sheaf with vanishing
higher Cech cohomology.

Now let K be discretely valued. To see that the functor is fully faithful, note that Loc(M) is
generated by global sections as an R-module. For exactness, one checks that if f : M — N is a
morphism of finitely generated R(U)-modules, then ker(Loc(f)) = Loc(ker(f)) and similarly for
images and cokernels (in particular, images and cokernels in this sub-abelian category turn out to
be equal to the presheaf images and cokernels). ]

Remark 6.17. Propositions 6.15 and 6.16 also hold for the étale site of X, with the same proofs
with obvious modifications.

We may now introduce coherent R-modules.

Definition 6.18. Assume that K is discretely valued. For a cover 3 of U as above a sheaf F of
R-modules on U is called iU-coherent if for every U; € L there exists an R(U;)-module M; such that
Flu;, = Loc(M;).

F is said to be coherent if it is -coherent for some Ll.

The equivalence of this definition and the usual definition is standard, cf. e.g. [AW, §5.2].

Before proving Kiehl’s theorem we need a simple lemma. Pick f € Ox(X) and consider the
standard cover of X consisting of X(f) = {|f] < 1} and X(1/f) = {|f| > 1}. We denote the
intersection by X (f,1/f). We let s denote the restriction map Ox (X (1/f)) — Ox(X(f,1/f)).

Lemma 6.19. With notation as above:
(1) The image of s is dense.

(2) The image of the restriction map R(X(1/f)) — R(X(f,1/f)) is dense for the natural
Banach algebra structure on the target.

Proof. Statement (1) is well known, but since there seems to be a little confusion in the literature let
us give the one-sentence proof: s is the completion of the identity map on Ox (X)[1/f] with respect
to the group topology generated by (w"O%(X)[1/f])n>0 on the source and the group topology
generated by (w"O% (X)[f,1/f])n>0 on the target.

To prove (2), pick a pseudobasis (e;);cr for R. Then the map is the natural map from bounded
I-sequences in Ox(X(1/f)) to bounded I-sequences in Ox(X(f,1/f)), which has dense image
since s does. ([l

We may now follow the proof of Kiehl’s theorem from [AW, §5.3-5.5]. One firstly establishes an
auxiliary lemma ([AW, Lemma 5.3]), which only uses the Banach algebra structure and vanishing
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of cohomology (in our setting this is Proposition 6.15). Using this auxiliary lemma one proves [AW,
Theorem 5.4] on surjections of certain maps (upon noting that, in their notation, it is erroneously
asserted in §5.3 that s; rather than sy has dense image, see Lemma 6.19). Then Ardakov and
Wadsley establish a weak form of Kiehl’s theorem for the covering { X (f), X(1/f)} ([AW, Corollary
5.4]), using [AW, Theorem 5.4] and properties of Loc functor, which is Proposition 6.16 in our
setting. From this, [AW, Theorem 5.5] follows as well. Following their arguments, we get

Theorem 6.20 (Kiehl’s Theorem). Assume that K is discretely valued and let F be a coherent
R-module on X. Then there exists a finitely generated R(X)-module M such that F = Loc(M).
Moreover, if F is locally projective (i.e. there is a cover $ such that F(U) is projective for all
U € M), then M is projective.

Proof. For the last part, use that R(X) — [[;c R(U) is faithfully flat and that projectivity for
finitely presented modules may be checked after a faithfully flat base extension. O

We record a simple base change lemma.

Lemma 6.21. Assume that K is discretely valued and that C is the completion of an algebraic
closure K of K. Let X/K be an affinoid rigid space and let M be a finitely generated projective R(X)
module. Let X be the base change of X to C and let f : Xo — X be the natural map, and let Reo
be the sheaf U OXC@)R on X¢. Then we have natural isomorphisms M @gx)Rc(X) = M@k C
and

f 1 (Loc(M)) ®-1r Re = Loc(M &k C).

Proof. The proof of the first assertion is similar to the proof of Lemma 6.7. Using this, the second
assertion follows straight from the definitions upon noting that f is open, which makes it easy to
compute 1. O

Remark 6.22. When working with affinoid weights in the main part of the paper we will often need
analogues of the results of this section (as well as Lemma 6.7) when one replaces —QR by _®Qp5
in the definition of R, where S is a reduced Q,-Banach algebra of topologically of finite type. In this
case these results are classical results in rigid geometry, or straightforward consequences of such
results.

6.4. Quotients of rigid spaces by finite groups. In this section we show that if X is a rigid
space and G is a finite group acting on X from the right such that X has a cover by G-stable
affinoid open subsets, then the quotient X/G exists in the category of rigid spaces. In fact, the
quotient is a quotient in Huber’s ambient category ¥ ([Hub, §2]), hence in the category of adic
spaces. Moreover X /G is affinoid if X is affinoid. This is presumably well known, but we have not
been able to find a reference. The proof below is a reasonably straightforward adaptation of the
proof in the case of algebraic varieties given in [Mum, §II.7, Theorem].

We start with some general discussion on quotients. Let X = (X, Ox, (vz)zex) € ¥ and let G
be a finite group acting on X from the right. Consider the quotient topological space Y = X/G
and let 7 : X — Y be the quotient map. We may consider the sheaf of rings Oy := (m.Ox)% on
Y. For y € Y we pick # € X such that 7(z) = y and let v, denote the valuation on Oy, given
by composing v, with the natural map Oy, — Ox . This is independent of the choice of z (and
representatives for the valuations v,). Then we have:

Lemma 6.23. With notation as above, the sheaf Oy = (1.0x)% is a sheaf of complete topological
rings on Y and (Y, Oy, (vy)yey) is in ¥ and is the categorical quotient of X by G in V.

Proof. We prove that Oy is a sheaf of complete topological rings, the rest is then immediate from
the definitions. First, note that Oy is a sheaf since invariants are left exact. Second, note that
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taking invariants preserve completeness (for example, argue with nets). Finally, taking invariants
preserves topological embeddings, so Oy is a sheaf of complete topological rings. ]

Now let K be a complete non-archimedean field with ring of integers O, and fix an element
w € Ok with 0 < |w| < 1. Let B be a K-algebra of topologically finite type, and assume that B
carries a left action over K by a finite group G. Then A := B¢ is a K-algebra of topologically finite
type and the inclusion A — B is a finite homomorphism by [BGR, §6.3.3 Proposition 2]. We wish
to show that Y := Spa(A, A°) is the quotient of X := Spa(B, B°) in ¥ by verifying the conditions
of Lemma 6.23. We first record a few well known facts:

Lemma 6.24. Let C be a K-algebra of topologically finite type and put S = Spa(C,C°).

(1) Let z,y € S be distinct points and assume that x is a specialization of y. Then rk(zx) >
rk(y), where rk(—) denotes the rank.

(2) Let D be a K-algebra of topologically finite type and put T = Spa(D, D). Assume that
we have a finite morphism f : C — D and let ¢ : T — S be the induced map. Then
rk(z) = rk(¢(z)) for all z € T.

Proof. Recall that all valuations involved have finite rank so the statements make sense; this follows
from [FvdP, Proposition 7.1.8]. We think of elements of S as pairs (p, V') where p € Spec(C) and
V is a valuation ring in Frac(A/p) which is w-adically separated (and similarly for elements of T').

To prove (1), recall that = (p, V) is a specialization of y = (q, W) if and only if p = q and
V C W. In this case W is a localization of V' at a prime ideal by [ZS, §VI.3 Theorem 3|, and hence
we deduce that rk(z) =dimV > dim W = rk(y).

To prove (2) let z = (q,W) and z = ¢(z) = (p,V). Then, putting K = Frac(C/p) and
L = Frac(D/q), L/K is a finite extension and W is an extension of the valuation ring V. The
ranks are then equal by [ZS, §VI.11 Lemma 2].

O

We now return to previous setting, i.e. B is a K-algebra of topologically finite type with a left
action of a finite group G and we put A = B®, X = Spa(B, B°) and Y = Spa(A4, A°). We let
7 : X — Y denote the map induced by the inclusion A C B.

Proposition 6.25. Y = X/G as topological spaces.

Proof. On topological spaces 7 clearly factors through X/G. 7 is closed since it is finite. We know
from commutative algebra (the going-up theorem) that MaxSpec(B) — MaxSpec(A) as sets, hence
7 is surjective on classical points and is therefore surjective since it is closed and classical points
are dense. Since 7 is closed and surjective it then suffices to show that Y = X/G as sets.

To do this, pick z,y € X and assume that = ¢ yG. We wish to show that w(z) # n(y). If
they are equal, then by Lemma 6.24(2) rk(x) = rk(y) so we may without loss of generality assume
that rk(z) = rk(y) and hence deduce that = is not specialization of any of the yg for g € G by
Lemma 6.24(1). Thus we may find open subsets U, such that x € U, but yg ¢ U, for all g. Put
U=N gec Ug- Then w € U and yg ¢ U for all g € G. Shrinking U if necessary we may assume that
it is of the form {|f| < || # 0} for some f,h € B. Then, putting F' = [[ c;9f and H = [[ < gh
one sees that F, H € A and that n(z) € {|F| < |H| # 0} but n(y) ¢ {|F| < |H| # 0}, hence
m(x) # 7(y) as desired. O

Corollary 6.26. Y = (X/G, (1.0x)%, (voq)) and is therefore the quotient of Spa(B, B°) by G in
V.
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Proof. We know that Y = X /G on topological spaces and it suffices to verify that Oy = (7,0x)%

since then the equality of the valuations follows directly. There is a natural map Oy — (m,Ox)%
and hence it suffices to prove that this is an isomorphism on rational subsets {|f1], ..., |fn| < |h| # 0}
on Y, i.e. that

B<f1/h‘a sey fn/h‘>G = BG<f1/h7 ey fn/h>
But this follows from the fact that taking invariants commutes with localization by invariant
elements and with inverse limits. 0

Corollary 6.27. Let X be a rigid space over K with a right action of a finite group G and assume
that there is a cover of X by G-stable affinoids. Then the quotient X/G of X by G exists in ¥ and
is a rigid space. Moreover, the natural map X — X/G is finite and if X is affinoid then X/G is
affinoid.

Proof. Consider (X/G, (m.O0x)%, (vzc)) where 7 : X — X/G is the quotient map on topological
spaces. If this is a rigid space then the remaining statements hold by Lemma 6.23 and Corollary 6.26.
To see that it is a rigid space let (U;);er be a cover of G-stable affinoids. By G-stability 71 (7(U;)) =
U; for all i and hence 7(U;) = U;/G is open for all i. By Corollary 6.26 (U;/G, (1.00.)%, (vac)) =
(X/G, (1:0x)%, (voc))|v, is an affinoid rigid space for all 4, and we are done. O
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