ON THE FUNCTORIALITY OF THE SLICE FILTRATION

PABLO PELAEZ

ABSTRACT. Let k be a field with resolution of singularities, and X a separated
k-scheme of finite type with structure map g. We show that the slice filtration
commutes with pullback along g. Restricting the field further to the case of
characteristic zero, we are able to compute in SHx the slices of homotopy
invariant K-theory extending the result of Levine [Lev08], and also the zero
slice of the sphere spectrum extending the result of Levine [Lev08] and Vo-
evodsky [Voe04]. We also show that the zero slice of the sphere spectrum is a
strict cofibrant ring spectrum HZ;? which is stable under pullback and that
all the slices have a canonical structure of strict modules over HZ‘;{. If we con-
sider rational coefficents and assume that X is geometrically unibranch then
relying on the work of Cisinski and Déglise [CD09], we get that the zero slice
of the sphere spectrum is given by Voevodsky’s rational motivic cohomology
spectrum HZ x ® Q and that the slices have transfers. This proves several
conjectures of Voevodsky [Voe02, conjectures 1, 7, 10, 11].
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1. INTRODUCTION

Let X be a Noetherian separated scheme of finite Krull dimension, and M x be
the category of pointed simplicial presheaves in the smooth Nisnevich site Smx
over X equipped with the motivic model structure introduced in [PPRO7, theorem
A.17]. We define Tx in Mx as the pointed simplicial presheaf represented by
St A Gy, where G,, is the multiplicative group A — {0} pointed by 1, and S*
denotes the simplicial circle. Let Spt(Mx) denote Jardine’s category of symmetric
Tx-spectra on M x equipped with the motivic model structure defined in [PPRO7,
theorem A.38] and SHx denote its homotopy category, which is triangulated.

For every integer g € Z, we consider the following family of symmetric T'x-spectra

Clpp(X) ={Fu(S" NG, AUy) | n,r,8 > 055 —n > q;U € Smx}
where F), is the left adjoint to the n-evaluation functor
evy, : Spt(Mx) — Mx
Voevodsky [Voe02] defines the slice filtration as the following family of triangu-
lated subcategories of SHx
. C Z‘ITJrlSH;gf C E%SHigf c ZqTflst;{f C...

where EqTSHig'f is the smallest full triangulated subcategory of SHx which con-
tains Cgf 7 (X) and is closed under arbitrary coproducts.
It follows from the work of Neeman [Nee96], [NeeO1] that the inclusion

ig: ASHYT — SHx
has a right adjoint 7, : SHx — Z‘ITSH?JC, and that the following functors
fo: SHx — SHx
s : SHx — SHx
are exact, where f, is defined as the composition i4 0 74, and s, is characterized by

the fact that for every £ € SHx, we have the following distinguished triangle in
SHx

E

p¥ m
for B —— fyF —— s4F 21 fon B

We will refer to f,E as the (¢—1)-connective cover of E, and to s4E as the g-slice of
E. Tt follows directly from the definition that the g-slice of E satisfies the following

property:

Homgsy (K, 84E) =0

for every symmetric Tx-spectrum K in EQTHSH;H .
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2. A GENERAL CRITERION

In this section g : X — Y will be a map of schemes, where X and Y are
Noetherian, separated and of finite Krull dimension. Our goal is to introduce a
general criterion which implies the compatibility between the slice filtration and
pullback along g:

Lg*: SHy — SHx

Lemma 2.1. For every integer ¢ € 7Z we have that Lg*(E%SH?,ff) - E%SHi'(ff,
i.e. the functor Lg* : SHy — SHx respects connective objects.

Proof. This follows directly from the fact that ¢*(Ty) = Tx. O

It follows immediately from lemma 2.1 that for any integer ¢ € Z, we have a pair
of natural transformations a4 : Lg* o f; — fq 0 Lg*, B4 : Lg* 054 — s4 0 Lg* such
that for every ¥ € SHy the following diagram

Lg*(pg) . Lg*(ng)_
Lg*(fy11E) — Lg*(fyE) — Lg*(5,E) — Lg*(S3 fo1 E)

(2.1) ‘(aqH(E) laqw) @,(E)l 7y <aq+1<E)>l

for1(Lg™E) Fg fo(Lg"E) m sq(Lg"E) — E%fﬁ fer1(Lg"E)

q q

is commutative and its rows are distinguished triangles in SH x.

Definition 2.2. We say that the slice filtration is compatible with pullbacks along
g, if By is a natural isomorphism for every q € Z.

Definition 2.3. Let E € SHx be a symmetric Tx-spectrum and q € Z. We say
that E is g-orthogonal with respect to the slice filtration in SHx, if one of the
following equivalent conditions holds:

(1) foE =0. X

(2) Homgy (F, E) =0 for every F € EqTSHigj.

Lemma 2.4. Let SHJX(q) denote the full subcategory of SHx generated by the
symmetric Tx -spectra which are q-orthogonal with respect to the slice filtration in
SHx. We have that SHﬁ‘( (q) is a triangulated subcategory of SHx.

Proof. Tt follows immediately from the fact that the functor Homgy, (A, —) is
homological for every A € SHx. O

Lemma 2.5. Let Rg. : SHx — SHy be the right adjoint of Lg* : SHy — SHx.
Then the functor Ry, is compatible with the q-orthogonal objects with respect to the
slice filtration, i.e.

Ry.(SHx(9) € SHy(9)

Proof. Tt suffices to show that for every symmetric T'x-spectrum F' in SHx which
is g-orthogonal with respect to the slice filtration, and for every symmetric T'y-
spectrum H in SHy which is in 2LSHS/ | we have

Homgsy, (H,Rg.F) =0
However, by adjointness

HOHlSHY (H, Rg*F) = HOHlSHX (Lg*ff7 F)
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on the other hand, lemma 2.1 implies that Lg*H € Z%SHigf. Hence
HOHlSHY (H, Rg*F) = HOHlSHX (Lg*H, F) =0
since F is in SHx(g). This finishes the proof. O

Lemma 2.6. Let E € SHy be a symmetric Ty -spectrum and q € Z. If the following
condition holds:

(2.2) Lg*(sE) € SHx (¢ +1)
then the natural maps:

g+1(feE) 1 Lg* (fer1foE) — fer1(Lg™ (f4E))
aq(foE) : Lg* (fofoE) —— fo(Lg*(f4E))
Bq(foE) : Lg* (sq.fqE) ——— sq(Lg™ (foE))
are all isomorphisms in SHx.

Proof. Consider the commutative diagram (2.1) for f E

N Lo* (") Lg* (n3°") N N
Lg* (fys1foB) ————>Lg" (fofy ) ———Lg" (54 /s E) — Lg* (23 fo11/,F)
ag+1(fqE) O‘q(qu)l Bq(feE) l
far1(Lg™ fE) Lo 7eB fo(Lg™ f4E) Lo foE sq(Lg* foE) —>2;’£fq+1(Lg*qu)
Pq Tq

It follows from lemma 2.1 that aq(f,E) is an isomorphism. Using the octahedral
axiom we get the following commutative diagram where all the rows and columns
are distinguished triangles in SH x:

% LQ*(PZQE) % Lg*("’z{qE) * % 1.0
Lg*(fo+1/4E) Lg*(fqfqE) —————Lg"(sqfg£) —=Lg (Efyfq+1qu)
O‘q+1(qu)l aq(fqE) lﬁq(qu) l
For1 (L foB) —— e fo(Lg" fo ) —— = 54(Lg" [y E) — Sg] for1 (Lg" £, E)
L Pq Tq l l
A 0 S A =————=114

Thus, it suffices to show that ElT’gA >~ 0in SHx. It follows from lemma 2.1
that Lg*(fy+1/f,F) is in EqTJ“lSH;ff, and by construction fy+1(Lg* f,E) is also in
Ei}“SHigf. Hence, A and Z%F’)?A are both in EqTHSHf;g’f.

On the other hand, by hypothesis Lg*(s,E) = Lg*(s,f,F) is in SHx(q + 1);
therefore, lemma 2.4 implies that ElT’gA is in SHx (¢ + 1), since s,(Lg* f,E) is in

SHx(q + 1) by construction.
We then have

Homsy, (S A, S50 A) = 0

and from this it follows at once that E%F’EA =~ (0 in SHy, as we wanted. (Il
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Theorem 2.7. If the condition (2.2) in lemma 2.6 holds for every symmetric Ty -
spectrum in SHy and for every integer £ € Z, we have that the slice filtration is
compatible with pullbacks along g, i.e. we have a natural isomorphism B¢ : Lg*osy —
s¢ o Lg* for every { € Z.

Proof. Let E be a symmetric Ty-spectrum in SHy and fix an integer ¢ € Z. Then
E = hocolimp<qfpE, and since Lg* and s, commute with homotopy colimits we
have that §,(E) : Lg*(sqE) — sq(Lg*E) is given by hocolimy,<q04(fpE). Hence,
it suffices to show that G,(fpE) : Lg*(sq(fpE)) — sqLg*(fpE) is an isomorphism
in SHx for every integer p < q.

Lemma 2.6 implies that §,(f,F) is an isomorphism. We now proceed by induc-
tion, and assume that 3,(f,E) is an isomorphism for some r < ¢. It only remains
to show that in this situation, S;(fr—1E) is also an isomorphism. Consider the
following commutative diagram in SH x:

) Ba(f-E) .
Lg (Sq(frE)) Sq(Lg (frE))
Lg*S‘I(pfl)l lSng*(Pfl)
Lg*(sq(fr—1F)) W%(Lg (fr—1E))

Since r < ¢, the left vertical map is an isomorphism and our induction hypoth-
esis says that G,(f.E) is also an isomorphism. Thus, it is enough to check that
s4Lg*(pE_,) is an isomorphism in SHx. However, we have the following commu-
tative diagram in SHx:

sq(Lg* (frE)) —— sq(Lg*(frfr—1E))
Sng*(PTEQl lsq(O‘T(frlE))
5q(Lg* (fr1B)) —> sq(fr(Lg* (fr-1E)))

where the rows are both canonical isomorphisms and the right vertical map is also
an isomorphism by lemma 2.6. Thus, s,Lg*(pZ_,) is an isomorphism in SHx. This
finishes the proof. O

Remark 2.8. It is clear that theorem 2.7 holds for any exact functor
F:SHy — SHx

which satisfies the following axioms:

(1) For every q € Z, F(SLSHT) C ©18HY.

(2) F commutes with homotopy colimits.
Interesting examples are the following:

(1) AN—:SHx — SHx, where A is a cofibrant symmetric Tx -spectrum in

SHY.

(2) Lgy : SHx — SHy, where g : X — 'Y is a smooth map of finite type.
Lemma 2.9. Assume that g : X — Y is a smooth map. We have that for every
symmetric Ty -spectrum in SHy and for every integer £ € Z, the condition (2.2) in

lemma 2.6 holds; and as a consequence we get that the slice filtration is compatible
with pullbacks along g in the sense of definition 2.2.
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Proof. Consider a symmetric Ty-spectrum E in SHy and fix an integer ¢ € Z. By
theorem 2.7 it suffices to show that Lg*(s,E) is in SHx (¢ + 1).

Let K = F,(S"AG:,AU4), where n,r,s > 0; s—n > q¢+1 and U € Smx. Since
g is smooth we have that Lg* : SHy — SHx has a left adjoint Lgy : SHx — SHy.
It is easy to see that LgyK = K where we look at U as a smooth scheme over Y’
using the map g, and G, as the multiplicative group over Y (see [MV99, proposition
1.23(2)]). Therefore

Homgsy (K,Lg*sqFE) = Homgy, (Lgs K, s¢F) = Homgy, (K, sqF)

However, it is clear that K is in E%HSH;’C 7 and by construction we have that sql
is in SHy (g +1). Thus

Homgsy (K,Lg"s,FE) =2 Homgy, (K, 5,E) =0
and this finishes the proof since the family

CHIX) = {Fu(S" NGy ATL) [ nyrs > 0is —n > g+ LU € Smx)

is a set of compact generators for EqTHSHigf. (|
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3. THE CASE OF SCHEMES DEFINED OVER A FIELD WITH RESOLUTION OF
SINGULARITIES

In this section k will denote a field with resolution of singularities and X will be
a separated k-scheme of finite type with structure map g : X — k. Our goal is to
show that the condition (2.2) of lemma 2.6 holds for every symmetric Tj-spectrum
in SHy and for every integer ¢ € Z. Thus, by theorem 2.7 we have that in this
situation there exists compatibility between the slice filtration and pullback along
g in the sense of definition 2.2.

Proposition 3.1. Let E be an arbitrary symmetric Ty-spectrum in SHy, and q € Z
an arbitrary integer. Then

Lg*(s,F) € SHx(q + 1)

Proof. We will proceed by Noetherian induction. Since our base field has resolution
of singularities, we have the following fibre product diagrams:

J

Py — =W p U W
e
Yy ——>X U=X\Y ——X

where Y is a nowhere dense closed subscheme of X, p is projective, dominant and
birational, W is smooth over k& (with structure map gop) and h is an isomorphism.

It follows from [Ayo07, scholium 1.4.2] that the following diagram is a distin-
guished triangle in SHy, where F' denotes L(g o p)*(sqE)

Ji Oj!(F) l>Fl>RZ* OLZ*(F) —>E;")v?/j! Oj!(F)

Now, lemma 2.9 implies that F 2 L(g o p)*(s,E) is in SHiy(q + 1), since gop :

~

W — k is a smooth map. By Noetherian induction, we have that Li*(F) =
L(gopoi)*(sqF) is in SH, 1y (q+ 1), thus by lemma 2.5 we get that Ri, o Li*(F)
is in SHij (g + 1). Therefore, it follows from lemma 2.4 that j o j'(F) is also in
SHiy(q+1).

On the other hand, lemma 2.5 implies that

Rp. 0 jioj(F) = Rp, ojioj oLp*(Lg*s,E)

is in SHx (¢ + 1). But since p is projective, we have the following natural isomor-
phisms (see [Ayo07, scholium 1.4.2])

(3.1) Lj* o Rp, —= Rh, o Lj*

hoj ——=jlop,
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hence we get the following natural isomorphisms in SH x
32) Rp.ojiojoLp*(Lg*s,E) = pojio] oLp*(Lg*s,E)
jrohioj oLp*(Lg*sE)
jiof o oLy*(Ly"s,E)
jroj' o Rp. o Lp*(Lg*s,E)
Ljs oLj* o Rps o Lp*(Lg*s.E)
Ljs o Rhy o Lj" o Lp* (Lg*s,F)
Lj; o Rh, o Lh* o Lj*(Lg* s, E)
Ljs o Lj*(Lg*s.E)
jroj'(Ly*seF)
where (3.2), (3.4), (3.5), (3.7) follow from the natural isomorphisms mentioned in
(3.1); (3.3), (3.8) follow from functoriality; (3.9) follows from the fact that h is an
isomorphism and (3.6), (3.10) follow from the fact that j is an open embedding (so
jioj' is naturally isomorphic to Lj; oLj*). Therefore, we have that ji Oj!(Lg*qu)
is in SHx (¢ +1). On the other hand, by Noetherian induction we can assume that
Li*(Lg*s,E) is in SHy: (q+1), and using lemma 2.5 we get that Ri, o Li*(Lg*s,E)
is in SHy (g + 1).

Finally, it follows from [Ayo07, scholium 1.4.2] that the following diagram is a
distinguished triangle in SH x,

1

1 1R IR

=
IR

jioj' (Lg*syE) — Lg*sqF —— Ri, o Li*(Lg*s,E) —— E%ﬂgjg 0j'(Lg*s,F)
and lemma 2.4 implies that Lg*(s,E) is in SHy (¢ + 1), as we wanted. O

Theorem 3.2. Let X be a separated k-scheme of finite type with structure map
g : X — k, where k has resolution of singularities. Then the slice filtration is
compatible with pullbacks along g in the sense of definition 2.2.

Proof. 1t follows directly from theorem 2.7 together with proposition 3.1. O
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4. APPLICATIONS

In this section we assume that all our schemes are of finite type over a field k of
characteristic zero.

Definition 4.1. We will denote by 1x, KHx, HZx, HZ}f € Spt(Mx) respec-
tively the sphere spectrum, the spectrum representing homotopy invariant K -theory,
the spectrum representing motivic cohomology and so(1x).

The following theorem proves several conjectures of Voevodsky [Voe02, conjec-
tures 1, 7, 10, 11].
Theorem 4.2. Let X be a separated k-scheme of finite type with structure map
g: X —k.
(1) The zero slice of the sphere spectrum, HZfo is isomorphic to Lg*(HZy) in
SHx.
(2) The zero slice of the sphere spectrum, HZ}f 18 a commutative ring spectrum
in SHx and a cofibrant ring spectrum in Spt(Mx).
(3) For every integer q, we have that s,(KHx) is isomorphic to 37 HZ;{ in
SHx.
(4) If we consider rational coefficients and X is geometrically unibranch then
HZ}f ®Q, sq(KHx)®Q are respectively isomorphic in SHx to HZx @ Q,
ng’g HZx ® Q.

Proof. (1): It is clear that 1x = Lg*(1x) in SHx. Therefore, by theorem 3.2 we
have the following natural isomorphisms in SH x
s0(1x) = so(Lg*1x) = Lg*(solk)
Finally, the result follows from the work of Levine [Lev08, theorem 10.5.1] and
Voevodsky [Voe04, theorem 6.6], which implies that the unit map u : 1, — HZ;
induces the following isomorphisms in SHy,
so(u) : soly — soHZy = HZy

(2): We have that HZj; is a commutative ring spectrum in Spt(Mx) (see
[DR®03, lemma 4.6]). Moreover, using [SS00, theorem 4.1(3)] together with [PPRO7,
theorem A.38] and [Jar00, proposition 4.19], we get a weak equivalence

w: HZj;, — HZ;
in Spt(My,) such that HZj, is a cofibrant ring spectrum in Spt(My). On the other
hand, proposition A.47 in [PPRO7] implies that
9" Spt(My) — Spt(Mx)

is a strict symmetric monoidal left Quillen functor. Therefore, g*(HZj) is a cofi-
brant ring spectrum in Spt(M x) which is isomorphic to Lg*(HZj,) in SHx. Thus,
the result follows from (1) above.

(3): Tt follows from [Voe98, section 6.2] that KHx = Lg*(KH}). Now, using
theorem 3.2 we get the following natural isomorphisms in SH x

sqKHx = s,(Lg"KHy,) = Lg* (s, KHy)

Finally, the work of Levine [Lev08, theorems 6.4.2 and 9.0.3] implies that s, KHj
is isomorphic in SH;, to Ei}’fHZk. Thus

s;KHy = Lg"(s,KH,;) = Lg*(S%7HZ,,) = ©% Lg* (HZ,) = 4 HZ/
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as we wanted.

(4): The work of Cisinski and Déglise [CD09, corollary 15.1.6(2)] implies that
under these conditons Lg* (HZ,) ®Q is isomorphic to HZ x ® Q in SH x. Therefore,
the result follows from (1) and (3) above. O

Remark 4.3. We may consider theorem 4.2 as an extension of the computation
of Levine [Lev08, theorems 6.4.2 and 9.0.3] from fields to schemes of finite type,
however notice that we need to assume that our base scheme is defined over a field
of characteristic zero whereas [Lev08] holds over perfect fields.

Similarly, we may consider theorem 4.2 as an extension of the computation of
Voevodsky [Voe0, theorem 6.6] and Levine [Lev08, theorem 10.5.1], but [Lev08]
also holds over perfect fields whereas we need to assume that our base scheme is
defined over a field of characteristic zero.

Theorem 4.4. Let E be an arbitrary symmetric Tx-spectrum in Spt(Mx) and
q € Z an arbitrary integer.

(1) The q-slice of E, sq(E) has a natural structure 0fHZ§(f—module in Spt(Mx).
(2) If we consider rational coefficients and X is geometrically unibranch then

5¢(E) ® Q has a natural structure of HZx @ Q-module in Spt(Mx), in
particular sq(E) ® Q has transfers.

Proof. This follows directly from theorem 4.2 and [Pel09, theorem 2.1], [Pel08,
lemma 3.6.21(3) and theorem 3.6.20]. O

Definition 4.5. Let HZ;{ -mod be the category of left HZ;{—modules in Spt(Mx)
equipped with the model structure induced by the adjuntion

(HZ3! A=, U, ) : Spt(Mx) — HZ3 -mod

i.e. a map f in HZ}’C-mod is a fibration or a weak equivalence if and only if U f
is a fibration or a weak equivalence in Spt(Mx). We will denote by DM)S(j the
homotopy category of HZfo -mod, which is triangulated.

Theorem 4.6. The 2-functor X — DM)S(f has the structure of a motivic category
in the sense of Cisinski and Déglise [CD09], and the adjunction

(HZ! A — RU, ¢) : SHx — DM}/

is a morphism of motiic categories SH — DM in the category of separated k-
schemes of finite type. '

In particular, X — DM)S(j is a homotopic stable 2-functor in the sense of Ayoub
and is equipped with the formalism of the six operations [Ayo07, scholium 1.4.2].

Proof. Theorem 4.2(1)-(2) implies that X — HZ}f is a family of cofibrant ring
spectra which is stable under pullback in the category of separated k-schemes of
finite type. Hence the result follows immediately from propositions 4.2.11, 4.2.16
and corollary 2.4.9 in [CD09]. O

Let Hp x € Spt(Mx) denote the Beilinson motivic cohomology spectrum intro-
duced by Cisinski and Déglise (cf. [CD09, definition 13.1.2]). It follows in particular
from Corollary 13.2.6 in [CD09] that Hp x is a commutative cofibrant ring spectrum
in Spt(Mx) which is stable under pullback in the category of separated schemes
of finite type over k.
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Theorem 4.7. The Beilinson motivic cohomology spectrum Hpg x s naturally
isomorphic to HZ}f ® Q in SHx, thus the homotopy category of Hg x-modules
Ho(Hp, x) is equivalent to the homotopy category of left HZ}f -modules with ratio-
nal coefficients.

Hence, we get that modulo torsion Ho(Hp x) and DM)S(f are equivalent.

Proof. By theorem 4.2(1) we have that HZ}f ® Q is stable under pullback in the
category of separated schemes of finite type over k, on the other hand corollary
13.2.6 in [CD09] implies in particular that Hp x is also stable under pullback.
Therefore, it suffices to show that Hp , and HZZf ® Q are isomorphic in SHy, for
the base field k.

However, corollary 15.1.6(1) in [CD09] implies that Hp ;, and HZ;, ® Q are nat-
urally isomorphic in SHy, and finally it follows from theorem 4.2(1) that HZ;, ® Q
and HZZf ® Q are also naturally isomorphic in SHj. This finishes the proof. O
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