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ABSTRACT. Let D be a complete discrete valuation domain with the unique
maximal ideal p. We suppose that D is an algebra over an algebraically closed
field K and D/p = K. Subamalgam D-suborders A® of a tiled D-order A
are studied in the paper by means of the integral Tits quadratic form gpe :
Zrit2ns+2 7. A criterion for a subamalgam D-order A® to be of tame
lattice type is given in terms of the Tits quadratic form gpe and a forbidden
list Q1,...,Q17 of minor D-suborders of A® presented in the tables.

1. INTRODUCTION

Throughout this paper K is an algebraically closed field and D is a complete
discrete valuation domain which is a K-algebra such that D/p = K, where p is the
unique maximal ideal of D. We denote by F = Dy the field of fractions of D.

We recall that a D-order A in a finite dimensional semisimple F-algebra C'is a
subring A of C which is a finitely generated free D-submodule of C' and A contains
an F-basis of C' [5]. We denote by latt(A) the category of right A-lattices, that is,
finitely generated right A-modules which are free as D-modules. It is well-known
that any D-order is a semiperfect ring and the category latt(A) has the finite unique
decomposition property [32, Section 1.1].

A D-order A is said to be of finite lattice type if the category latt(A) has
finitely many isomorphism classes of indecomposable modules. A D-order A is said
to be of tame lattice type if the indecomposable A-lattices of any fixed D-rank
form a finite set of at most one-parameter families (see [9], [34, Section 3], [39,
Section 7]). The definitions are presented at the end of this section.

It was shown by the author in [40] that the weak positivity of the reduced Tits
quadratic form (1.4) associated with the subamalgam D-order A® (1.3) of tiled
D-order A (1.1) is a necessary and sufficient condition for finite lattice type.

Our main result of this paper is the characterization given in Theorem 1.5 below
of D-orders A® (1.3) of tame lattice type in terms of the associated Tits quadratic
form (1.4) defined below, and by presenting in Section 1A a list of minimal forbidden
minor D-suborders of A®.

We shall use here the terminology and notation introduced in [40]. We denote
by M,, (D) the full m x m matrix ring with coefficients in D. We suppose that
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n,n1,ne > 0 and ng > 0 are natural numbers and A is a tiled D-suborder of
M., (D) of the form

D 1Dy ... D,
P D ... 2D,

(1.1) A=|: : : n
poop n—1Dn
pop

such that
(a) ;D; is either D or p, and
(b) A admits a three-partition

Ay X M,, (D) \ }m
(1.2) A= Mpzxn,(p) As y tns
Mnl (p) Mnl Xn3 (p) A2 }nQ
where Ao = Ay, n1 = na, n1 + ne +n3 = n and Az is a hereditary ng x ng matrix
D-order
D D ... D D
p D ... D D
O EE S M
p p ... D D
p p ... p D

In particular, ;D; = D holds in A for 1 <i<n; andn;+n3+1<j5<n.

Note that 1 = g1 + €3 + €2, where €1, €3 and €5 are the matrix idempotents
of A corresponding to the identity elements of A;, A3 and Ao, respectively. By a
three-partite subamalgam of A we shall mean the D-suborder

(1.3) A. = {)\ = P‘ij]; 61)\61 — 82)\82 S Mm (p)}
of A consisting of all matrices A = [A;;] of A such that the left upper corner n; x nq
submatrix €1 \e1 of A is congruent modulo M,,, (p) to the right lower corner ny x n;

submatrix eoAeg of A.
To any such D-order A®* we have associated in [40] the reduced Tits quadratic

form
(1.4) qpe 1 ZMTIE2 7
in the indeterminates ., x4, 21,.. ., Tni4ns> Tni+1s--- » Tng+ng defined by the for-
mula
qAe (.131, s axn1+n37fn1+17 s afn1+n37x*7x+)
ni+ns ni+nsg
_.2 2 2 -2
=z, +z3 + E T+ E T}
j=1 Jj=ni1+1
+ § ;T + § TsTt + § Ts—ny—n3 Tt
+D;=D s<t (D.=D
1<i<j<ni+ns n1<t<ni+nz<s
ni+ns ni ni+ns
—a:+< E xj)—a:*(g T; + g Ej).
=1 =1 j=n1+1
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Our main result of this paper is the following theorem.

Theorem 1.5. Let K be an algebraically closed field and D a complete discrete
valuation domain which is a K-algebra such that D/p = K, where p is the unique
mazimal ideal of D.

Let A be a three-partite D-order of the form (1.2) and let A® be the subamalgam
(1.3) of A C M, (D), where Ay = Ay C M,,, (D), As C M,,,(D) and n1, ng are as
above. If the part X or the part Y of the D-order A in (1.2) consists of matrices
with coefficients in p, then the following conditions are equivalent.

(a) The D-order A® is of tame lattice type.

(b) The integral reduced Tits quadratic form qae : Z™M+2me+2 5 7, (1.4) is
weakly non-negative, that is, qye (z) > 0 for any vector z € Nmi+2na+2,

(c) FEither ng = 0 and the D-order Ay in (1.2) does not contain minor D-
suborders of one of the forms

D p »p D p D
AOZ p D p ) A1: p D p ;
p p D p p D
D D »p D p »p
Ao =1|p D p|, As=|p D DY,
p p D p p D
or else ng > 1, Ay is hereditary of the form
D D ... D D
p D ... D D
(1.6) SR
p p ... D D
p p ... p D

and the three-partite subamalgam D-orders A* and rt(A)® (1.7) do not contain three-
partite minor D-suborders dominated by any of the 17 three-partite subamalgam
D-orders listed in the tables of Section 1A.

(d) The two-peak poset (I5s, 3ae) with zero-relations associated with A® in (3.3)
does mot contain as a two-peak subposet with zero-relations any of the 13 forms
shown in Figure 1 (the dotted line in Fu means a zero-relation).

We recall from [40] that, given a matrix A € M, (D), we define the reflection
transpose of A to be the transpose matrix rt(A) € M, (D) of A with respect to
the non-main diagonal. Given any D-order A, we define the reflection transpose
of A (resp. of A®) to be the D-orders

(1.7) rt(A) = {rt(A\); A € A} (resp. rt(A®) = {rt(N\); A € A®}).

It is easy to see that rt(A®) = rt(A)* and the map A — rt(A) defines the ring
anti-isomorphisms A — rt(A) and A®* — rt(A®).

If1 <i; < -+ <is < nq, we say that the order A is an (iy,... ,is)-minor
D-suborder of A; in (1.2) if A is obtained from A; by omitting the ¢;th row and
the i;th column for j =1,... ,s.

A three-partite order €2 is said to be a three-partite minor D-suborder of
A® if Q is a minor D-suborder of A® obtained by omitting rows and columns simul-
taneously in parts A; and As; that is, we omit any i-th row and any i-th column
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FIGURE 1.

of A®, where 1 < i < nj, and simultaneously we omit the (n1 4+ ng + i)-th row and
the (n1 + ns + i)-th column of A°.

A three-partite subamalgam D-order A® (1.3) is said to be dominated by a
three-partite subamalgam D-order A*if A® s a three-partite D-suborder of A° of
the same size (1.2) and Ay = Ay, Ao = Ap, A3 = A3, X C X, YV C Y (see [40], [44,
p. 69]).

Let us recall from [9], [32, Section 15.12] and [34, Section 3] the definition of
an order of tame lattice type. Let {2 be an arbitrary D-order in a semisimple Dg-
algebra C, where D is a complete discrete valuation domain which is an algebra
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over an algebraically closed field K and D/p = K. Then ( is said to be of tame
lattice type (or the category latt(2) is said to be of tame representation type) if
for any number r € N there exist a non-zero polynomial h € K[y] and a family of
additive functors

(1.8) (=) @a MWD (=) @4 M :ind; (4) ——— latt(),

where A = K[y, h™ ], ind;(A) is the full subcategory of mod (A) consisting of
one dimensional A-modules, and M .. M) are A-Q-bimodules satisfying the
following conditions:

(P0) The left A-modules AM™ ... 4M®) are flat.

(P1) All but finitely many indecomposable Q-lattices of D-rank r are isomorphic
to lattices in Im (=) ® 4 MM U...UIm (=) @4 M.

(P2) Mg(zl), . ,MS(;) viewed as D-modules are torsion-free.

(P3) AMS), e ,AMK(ZS) are finitely generated as A-Q)-bimodules.

This means that the functors (1.8) form an almost parameterizing family (see [32,
Definition 14.13]) for the category ind,(latt(€2)) of indecomposable -lattices of
D-rank r.

Given an integer r > 1, we define ullatt(m (r) to be the minimal number s of
functors (1.8) satisfying the above conditions. The D-order € of tame lattice type
is defined to be of polynomial growth [34, Section 3] if there exists an integer
g > 1 such that ullatt(fl) (r) <r9 for all integers r > 2 (compare with [32, p. 291]).

It was proved in [9] that the tame-wild dichotomy holds for D-orders €2 under
the assumption on D made above. The reader is referred to [9], [34, Section 3], [39,
Section 7] for various definitions and discussion of orders of tame lattice type and
of wild lattice type.

Our main result, Theorem 1.5, is proved in Section 4 by applying a technique
developed in [35] and [40]. In particular, we apply the covering technique for
bipartite stratified posets developed by the author in [31], and a reduction functor H
(3.5) from latt(A®) to K-linear socle projective representations of a two-peak poset
(I+¥,340) (3.3) with zero-relations associated with A® in [40]. Then we apply a
criterion for tame prinjective type of two-peak posets given in [17] and [18].

In Section 2 we collect basic facts on K-linear socle projective representations of
a multi-peak posets with zero-relations we need in this paper.

In Section 3 we associate with A® a two-peak poset (I3, 34+ ) with zero-relations
(see (3.3)), and we prove in Theorem 3.4 main properties of our reduction functor
H : latt(A®) — (154, 3ae)-SpI.

By applying [40, Theorem 6.1] we get a structure of the Auslander-Reiten quiver
I'(latt(A®)) of latt(A®) (see Remark 3.12).

A simple criterion for a tame lattice type D-order A® (1.3) to be of polynomial
growth is given by the author in [42, Theorem 1.5]. Tame lattice type subamal-
gam D-orders A® (1.3) of non-polynomial growth are completely described in [42,
Theorem 6.2 and Corollary 6.3].

The main results of this paper were presented at the AMS-IMS-STAM Joint
Summer Research Conference “Trends in the Representation Theory of Finite Di-
mensional Algebras” at the University of Washington, Seattle, in July 1997 (see
[41, Theorem 4.2]). They were also presented at the Euroconference “Interactions
between Ring Theory and Representations of Algebras”, Murcia, 12-17 January
1998 (see [10] and [43, Section 8]).
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1A. TABLES OF MINIMAL THREE-PARTITE SUBAMALGAMS
OF TILED D-ORDERS OF WILD LATTICE TYPE

We use here the notation introduced in Section 1; that is, we present three-partite
tiled D-orders €);, and the three-partition is indicated by vertical and horizontal
lines. The subamalgam (2} is obtained from 2; by the identification modulo p =
rad(D) the left upper corner block of Q; with the right lower corner block of €;.

Type Fi:

D DD D|p|D D D D

p D D D|p|D D D D

p p D D|p|D D D D

p p p D|p|D D D D
o=|"p P P PID[P P P P |ns=1

P » P p|P|D D D D

P p p p|lP|P D D D

P p p P|P|P P D D

P P P PlP|P P P D

DDDDPDDDDD

p D D D|p D|D D D D

p p D D|p D|\D D D D

p p p D|lp D|D D D D
_|™ » » p/D DD D D D _
=) b p p plp Dlp p p p [™T2

P p» p p|P P|D D D D

P p p p|lPp P|P D DD

P p p plp plP p D D

P P P P|P P|P P P D
Type F}

D D D|p D|D D D

p D D|p D|D D D

p p D|p D|D D D
| » (D D[P b P _
fa P p plp Dlp p p |™=2

P P P[P P|D D D

P p plp plp D D

P p plp plp p D

D D D|p D D|D D D

p D D|p D D|D D D

p p D|p D D|D D D

P p P|D D D|D D D
@=|p p plp D D|p p p |ns=3

P p plp p Dlp p p

PP P[P P B|[D D D

P » plp p plp D D

P p» plp p plp p D
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2. FILTERED SOCLE PROJECTIVE REPRESENTATIONS
OF POSETS WITH ZERO-RELATIONS

We recall from [46] and [32, Chapter 13] that the study of tiled orders is reduced
to the study of representations of infinite posets having a unique maximal element.
A similar idea applies in the study of some categories of Cohen-Macaulay modules
and of abelian groups (see [1], [2], [3], [38], [43]).

We shall prove the main theorems of the paper by reducing the problem for lat-
tices over three-partite subamalgams of tiled D-orders to a corresponding problem
for K-linear socle projective representations of two-peak posets (that is, exactly
two maximal elements) with zero-relations that was studied in [31] and [40], where
K = D/p. Our reduction extends the reduction given in [35, Section 2] and in-
volves the reduction functors defined in [11] and [27], and the covering technique
for bipartite stratified posets developed by the author in [31].

Throughout we shall denote by (I; <) a finite poset, that is, a finite partially
ordered set (I; <) with the partial order <. We shall write ¢ < j if i < j and i # j.
For the sake of simplicity we write I instead of (I, <). We denote by max I the set
of all maximal elements of I and I will be called an r-peak poset if | max | = r.

Given a poset I, we denote by K1 the incidence algebra of I [32], that is, the
subalgebra of the full matrix algebra M;(K') consisting of all I x I square matrices
A = [Apglp,ger such that A,y =01if p £ ¢ in (I; <).

For i < j we denote by e;; € KI the matrix having 1 at the i-j-th position
and zeros elsewhere. Given j in I, we denote by e; = e;; the standard primitive
idempotent of KI corresponding to j.

The algebra KT is basic, and the standard matrix idempotents e;, i € I, form a
complete set of primitive orthogonal idempotents of KI. Moreover, K1 is of finite
global dimension and the right socle of KT is isomorphic to a direct sum of copies
of the right ideals e, KI, p € max I, called the right peaks of KT [33].

We shall denote by mods,(KI) the category of socle projective right KI-
modules [28], that is, the full subcategory of mod(KI) consisting of modules X
such that the socle soc(X) of X is projective and isomorphic to a direct sum of
copies of the right ideals e, KI, p € max I.n

In our definition of a main reduction functor we shall also need a notion of a
poset with zero-relations (see [40]), as follows.

Definition 2.1. A zero-relation in a poset I is a pair (ig,jo) of elements of I
such that ig < jo.

A set of zero-relations in [ is a set 3 satisfying the following two conditions:

(Z1) 3 consists of zero-relations (ig, jo) of I.

(Z2) If (do, jo) € 3 and i1 < ig =< jo = ji1, then (i1,j1) € 3.
A right multipeak (or precisely r-peak) poset with zero-relations is a pair
(I,3), where I is a poset, r = |max I|, and 3 is a set of zero-relations satisfying
the following condition (see [30, p. 118]):

(Z3) For every i € I\ max I there exists p € max I such that (i,p) & 3.
In case the set 3 is empty we shall write I instead of (I, 3).

A right multipeak poset (I, 3") with zero-relations is said to be a peak subposet
of (I,3) if I’ is a subposet of I, 3’ is the restriction of 3 to I’ and max I’ =
I' N (max I).
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Given a right r-peak poset (I,3) with zero-relations, we define the incidence
K-algebra of (I,3) to be the K-algebra

(2.2) K(I,:_))) = {/\ = [)\ij]i,jel S KI; /\ij = 0, for (Z,j) S 3} Q KI

consisting of all I x I square matrices A = [A;;]i jer € Mr(K) such that X\;; = 0 if
i 2 jin (I; <), orif (i,7) € 3. The addition in K (I, 3) is the usual matrix addition,
whereas the multiplication of two matrices A = [A;j]i jer and N = [}\;j]i’je[ in
K(1,3) is the matrix X = [X/]; jer, where

A = Qi3
0 ifi Ajor (i,7) € 3.
In case the set 3 is empty we get KT = K(I,3).

Note that in case the set 3 is not empty the algebra K (I, 3) is not a subalgebra
of the matrix algebra K1 C M;(K).

The incidence algebra K (I, 3) is basic, and the standard matrix idempotents e;,
i € I, form a complete set of primitive orthogonal idempotents of K(I,3). It is
easy to see that K (I,3) is a factor K-algebra of KI modulo the ideal generated
by all matrices e;; € K1 such that (¢,7) € 3. It follows that the global dimension
of K(I,3) is finite (see [33, Lemma 2.1]) and, in view of (Z3), the right socle
of K(I,3) is isomorphic to a direct sum of copies of the right ideals e, K (I, 3),
p € max I, called the right peaks of K(I,3) (see [28]).

We shall denote by mods, K(I,3) the category of socle projective right
K(I,3)-modules, that is, the full subcategory of mod K (I, 3) consisting of mod-
ules X such that the socle soc(X) of X is projective and isomorphic to a direct
sum of copies of the right ideals e, K (I, 3), p € max I (see [28]).

The category mods, K (I, 3) is closed under extensions, direct sums and sum-
mands in  mod K(I,3), and has Auslander-Reiten sequences, source maps and
sink maps, enough relative projective and enough relative injective objects (see
23]).

Throughout we shall denote by repy (I, 3) the category of K-linear representa-
tion of (I, 3), that is, the systems

(Xi, jhi)ijer, i<j
of finite dimensional K-vector spaces X; connected by K-linear maps jh; : X; — X
satisfying the following conditions:
e ;h; is the identity map on X; for any 7 € I,
o ;h;=01if (4,5) € 3,
° thj'jhi:thi lfljjjf,

It is well known that there exists a K-linear equivalence of categories
(2.3) mod K(I,3) repg (1, 3)

defined as follows. If X is a module in mod K(I,3), we define the representation
(Xi, jhi)ijeri<j in repg (I, 3) by setting X; = Xe;, and we take for jh; : X; — X
the K-linear map defined by the multiplication by e;; € K(I,3). Conversely, if
the system (X, jhi)ijer,i<j in repg (1, 3) is given, we set X = @, ; X; and we
define the multiplication - : X x K(I,3) — X by z; - e;; = jh;i(z;) for z; € X; and
i =4, (i,5) ¢ 3. Throughout we shall identify the categories mod K(I,3) and
repg (I, 3) along the functor X — (X5, jhi)i jer,i<j (2.3).

~
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The module X is socle projective if and only if X viewed as a K-linear representa-
tion X = (Xj, jhi)ijer,i<j of (I,3) is socle projective, that is, if ﬂpEmax ; Ker ,h; =
0 for any ¢ € T\ max I (see [28]). It is often useful to deal with filtered forms of
socle projective K-linear representations of (I, 3). For this purpose we introduced
in [40] the following definition (see also [47], [48]) .

Definition 2.4. Let K be a field and let (I, 3) be a right multipeak poset with zero-
relations. A peak (I, 3)-space (or a filtered socle projective representation
of (I,3)) over the field K is the system M = (M) e of finite dimensional K-vector
spaces M satisfying the following four conditions.

(a) For any j € I the K-space M; is a K-subspace of M*® = ®p€max 1 M.

(b) The inclusion M, C M* is the standard p-coordinate embedding for any
p € max [.

() m;j(M;) € Mj for all ¢ < j in I, where m; : M* — M?* is the composed
K-linear endomorphism

’
T

M= H M, — M
j=p€Emax I
of M* and 7’ is the direct summand projection.
(d) If p € max I and either ¢ A p or i < p and (i,p) € 3, then m,(M;) = 0.
A morphism f: M — M’ from M to M’ is a system f = (fp)pemax 1 of K-linear
maps f, : M, — M,, p € max I, such that (@pEmax 1 o) (M) C M for all j € I.

We denote by (I, 3)-spr the category of peak I-spaces (or filtered socle pro-
jective representations of (I, 3)) over the field K. The direct sum and the indecom-
posablity in the category (I, 3)-spr are defined in an obvious way.

A sequence 0 — M’ — M — M"” — 0 in the category (I, 3)-spr is said to be
exact if the sequence 0 — M ]’ — M; — M ]’»’ — 0 of vector spaces is exact for every
jel.

In case the set 3 is empty the category (I, 3)-spr is the category I -spr of peak
I-spaces (or socle projective representations of I) introduced in [33].

Let us present an alternative definition of peak (I, 3)-spaces. For this purpose
we assume that M = (M;);er is system of finite dimensional K-vector spaces M;.
We associate with M = (M) er the K-linear representation

(2.5) M*® = (M7 ,i75)jer,iz;

of the poset I, where
(2.6) M= @ M, cM = P M,

j=<pEmax I j=<pEmax I
(Gp)E3

and if the relation ¢ < j holds in I we define iy« M — M7 to be the composed
K-linear map

Mr C M® RN M,
where w;- is the direct summand projection.

The following useful fact is easily verified.

Lemma 2.7. Let K be a field and let (I,3) be a right multipeak poset with zero-
relations. Assume that M = (M) er is a system of finite dimensional K -vector
spaces Mj and M® = (M3, ;7%)je1,i< is the K-linear representation associated with
M above.
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(a) Ifiel andj <t =<s, then ;n? =id and s7p TS = TS If (i,j) € 3 then
(b The system M = (M) jer is a peak (I,3)-space if and only if the following
o conditions are satisfied:

(i) M; C M3 CM® foralljel, and

(ii) jmP(M;) C M; if i = j—that is, there is a unique factorisation ;m; : M; —
M; makmg the dmgmm

M, C M
(2.8) | EE
M; C M

commutative.

It is easy to see that (I,3)-spr is an additive category with the finite unique
decomposition property [32, Section 1.1], and the K-linear functor

(2.9) p:(I,3)-spr —= modgp, K (I, 3),

M M = (Mj; ;mi)i<j, is an equivalence of categories, where jm; : M; — M; is
the unique K-linear map making the diagram (2.8) commutative. The quasi-inverse
of p is the restriction to the category mods, K(I,3) of the adjustment functor
(see [28], [23], [32, (11.32)], [33])

(2.10) 6 : mod K(I,3) ——— K(I,3)-spr
associating to X = (Xj, jhi)ijer,i<; the peak (I,3)-space M(X) = (M(X);)jer,
where

X; for j € max I,

M(X); =
s {Im [(ph)pemaxt : Xj = Dpemax 1 Xp] for j € I'\ max I.

Corollary 2.11. (a) The category (I,3)-spr is an additive K -category with the
finite unique decomposition property [32, Section 1.1].

(b) Ewvery object in (I,3)-spr has a projective cover.

(¢) The category (I,3)-spr has Auslander-Reiten sequences, source maps and
sink maps, enough projective objects and enough relative injective objects [23].

Proof. In view of the equivalence (2.9) the corollary follows by applying the results
in [23] to the bipartite algebra R = K (I, 3) equipped with the bipartition

r=riE e = (3 ).
where
A= K(I;f\max I;&, 3ae) 2 e_Re_ 2 R/soc(Rg),
B=K(max I;{)2e;Rey 2 K x K x ---x K (| max I;{|-times),
e_= Z €j, ey = Z €p,
JEI \max I}§ pEmax I;¢
and the vector space

M = @ @ epK = e_Rey

peEmax &  J=p
A% (,p)¢3e
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is viewed as an A-B-bimodule in an obvious way and multiplication is given by the
usual matrix multiplication formula

a m\ {a m\ [(ad am +mb
0 b)\0o ) \0 bb’ ’

for a,a’ € A, b,b’ € B and m,m' € M.
Note that (I,3)-spr = modsp, K(I,3) is the category mod;.(R) of injectively
cogenerated modules in the notation of [23]. O

Following [32, Section 14.4], we say that the categories modg, K (I,3) =
(I,3)-spr are of tame representation type if for any number r € N there exist
a non-zero polynomial h € K[y] and a family of additive functors

(212) (9)®s N ... (=) ®s N® :ind;(S) ——— mody, K(I,3),

where S = Kly,h~', NM ... N©) are A-K(I,3)-bimodules satisfying the fol-
lowing conditions:

(TO) The left A-modules gN(), ... gN) are finitely generated.

(T1) All but finitely many indecomposable modules in mods, K(I,3) of K-
dimension 7 are isomorphic to modules in Im (=) ®s N U--- UIm (-) @5 N©).

This means that the functors (2.12) form an almost parameterizing family (see
[32, Definition 14.13]) for the category ind,(modsp, K (I, 3)) of indecomposable mod-
ules X in modg, K (I, 3) such that dimg X = 7.

Given an integer r > 1, we define u%nodh_p K(LB)(T) to be the minimal number s
of functors (2.12) satisfying the above conditions. The categories mods, K (1, 3) =
(I,3)-spr of tame representation type are defined to be of polynomial growth
[34] if there exists an integer g > 1 such that p) dup K 1,3)(r) < 19 for all integers
r > 2 (compare with [32, p. 291]).

Following [23] and [33, (3.1)] we associate to any r-peak poset (I,3) with zero-
relations the integral bilinear form b(; 3y : ' x7t ——— 7,

(2.13) bz (@)=Y zyi+ Y. viwi— > Y Ty
Jjel i<j¢max I pEmax I i<p
(4,9)¢3 (i,p)¢3

and the integral Tits quadratic form q(; 3y : 7zl ——— 7, q(1,3)(2) = b(1,3)(2, 2).
The following result is useful in applications.

Theorem 2.14. Let (I,3) be a multi-peak poset with zero-relations and let by 3y :
7' x 7' — 7 be the bilinear form (2.13).

(a) For any pair X and Y of modules in prin K(I,3) (see [40, Section 3]) the
following equality holds:

(2.15)  bs,3)(cdn X, cdnY) = dimg Homp(; 3)(X,Y) — dimg Extre; 5)(X,Y)

(b) If the category (I,3)-spr is of tame representation type then the Tits qua-
dratic form q(r 3y : Z' — Z (see (2.13)) is weakly non-negative.

Proof. The statement (a) follows from [23, Proposition 4.4].
(b) We recall from [41, Proposition 2.7] that there exists an adjustment functor

O; : prin K(I,B) —— mody, K(LS)% (173)_Spr
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which preserves and reflects tame representation type. Hence the tameness of the
category (I, 3)-spr yields the tameness of modg, K(I,3), and consequently the
tameness of the category prin K(I,3). Then (b) is a consequence of [23, Proposi-
tion 4.2] (see also [15, Theorem 3.18]). O

We shall often use a reflection duality for the category (I, 3)-spr introduced for
socle projective modules in [30]. We shall present it here in a more convenient form.
For this purpose we associate with any s-peak poset (I,3) with zero-relations,
s > 1, the reflection-dual s-peak poset (I*, 3*) with zero-relations defined as follows.

Definition 2.16. Assume that (I, 3) is an s-peak poset with zero-relations, and
let max I = {p1,...,ps}- -
(a) We define a left-right s-peak poset with zero-relations (I, 3), where

I={py,...,p; yUI
is a poset enlargement of I by a set {p;,...,p, } of minimal elements. The partial
order < in [ is an extension of the partial order < in I by the relations
p, <Jj < thereexistsi < jin I such that ¢ < pj in I and (i,pn) ¢ 3
for any pp € max I. We define the set 3 of zero-relations in I to be the set generated

by the union of 3 and the set consisting of the following relations:
o (p, ,p¢) for all h #t, and

e (p, ,j), where p; < j holds in (f, <), whereas j < pp, does not hold in (I, <).
(b) We define the reflection-dual s-peak poset with zero-relations

(2.17) (I,3)*=(I°3%

to the poset (I,3) to be the poset I* = (I \ max I)°P dual to (I \ max I, <). We
take for 3* the dual of the restriction of 3 to I \ max I.

Example 2.18. Let

(1,3): 0o — 0o — o p

N

0 — 0 — o0 — Py

where 3 = {(e, p2)} consists of one zero-relation (e, p2). Then

°
\\

~~ AN

(1,3): Py =2 0 — 0 — oN\— p

- —
- —_ \
/1 - — \
. — ™ -~

—_— —

P — O — 0 — 0 —3 Py

where 3 = {(e,p2), (p1,p2), (p3 ,p1)} and the dotted lines mean zero-relations. The
reflection-dual (I°,3°) of (I, 3) is the two-peak poset without zero-relations
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([',ﬂ): p] — O — o0 «— o©

7

P, &— O «— 0 «— o©

that is, the set 3° is empty. Note also that the two-peak poset .7?5 in Theorem 1.5

(d) is a reflection-dual to Fy. O
Following [30, 2.6] and [32, Chapter 5], we define a pair of reflection duality

functors

(2.19) (I,3)-spr —/——— (I,3)®-spr

as follows. Given M = (M;);er in (I, 3) -spr, we define D*(M) = (M)ie[o, where
p— = My = Homp (M,, K) for p € max I, and M; is the image of the K-dual
vector space to the cokernel Mj of the embedding
uM; =M= B M,

j=pEmax [
(4:p)¢3

under the composed map
(Coker u;)* =5 (M) — M*= P M,
p~€Emax[®

and v} is the K-dual map to the cokernel epimorphism v; : M? — Coker u; for
j € I'\max I. The functor D*® is defined on morphisms in a natural way.

One has to note that D*(M) is an object of (I,3)®-spr. This easily follows by
applying Lemma 2.7 and the following equalities:

(*) M= @B M= H M=0n)
jjpEmaXI jipfeminf
(J.p)¢3 (p_,j)¢3

It follows that the K-dual space to M7 is just the space ]\,\4/;7 and the exact sequence
(%) 0— M; =5 M7 = M;—0

with M; = Coker u; induces the embedding —7\71 = MJ* 2, (M) = ]\Ajj’ required
in Lemma 2.7 (i). Moreover, if ¢ < j in I, then according to Lemma 2.8 (ii) there
is a commutative diagram

O—)MjAM;LMJ%O

By the above equalities the dual diagram defines just the commutative diagram
(2.8) for the system D*(M) = (M;)icrs. This proves that D*(M) = (M;);cs» is an
object of (I,3)®-spr, as we required.
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Since there is a natural isomorphism ((I,3)®)® = (I,3) of posets with zero-
relations, then the above construction applied to (I, 3)® defines the inverse reflection
duality functor D*® : (I,3)®-spr — (I, 3)-spr.

Let us summarize the main facts about the reflection dualities in the following
proposition.

Proposition 2.20. Let (I,3) be a poset with zero-relations and let (I,3)® be its
reflection-dual poset with zero-relations (2.17). Then the following statements hold.
(a) There is an isomorphism ((I,3)®)® = (I,3) of posets with zero-relations.

(b) Ifv e N is given and v* € N'* is such that v§ =wv; for j € I\ max I, and
v§ =wp for j =p~, p € max I, then q(r 3+ (v*) = q(1,3)(v).

(c) The reflection duality functors (2.19) are dualities of categories inverse to
each other. Moreover, they have the following properties:

(i) A sequence 0 = M — N — L — is exact in the category (I,3)-spr if and
only if 0 — D*(M) — D*(N) — D*(L) — is an exact sequence in the category
(Iv 3). -Spr.

(ii) The functor D® carries relative injective objects to projective objects.

(i) If M = (M;)jer is an object of (I,3)-spr and dimM = (dimg M;)jer,
then

dim D*(M) = s*(dim M)
where s® : Z1 ——— 71" >~ 7T s the group isomorphism defined by the formula
—w;j+ Y, wp, ifjel\max]I,
s'(w)j = j<p€max [
wp ifj=p, p€maxl.

(d) The category (I,3)-spr is of tame (resp. wild) representation type if and

only if the category (I,3)®-spr is of tame representation type.

Proof. Statements (a) and (b) follow from the definitions. For (b) we note that
the relation j < p € max I holds in I and (j,p) ¢ 3 if and only if the relation
j <p~ €max I* holds in I* and (j,p~) ¢ 3°. _ o

(c) For any j € I look at the exact sequence 0 — M; LM]»‘ LM]» — 0 with
M ; = Coker u;. Since the K-dual to the map u; induces the embedding
(+5%) M =My = (M;)" = M;
required in Lemma 2.8 (i), then by applying the definition of D® to D*(M) =
(M;)jer we easily conclude that D*(D*(M)) = M, and the isomorphism is functo-
rial with respect to morphisms M — N.

The proof of (i) and (ii) is routine, we leave it to the reader. For the proof of (iii)
we recall from (x) and (x * *) above that M, = M for p € max I and M; = M;,
]\,\jj’ = (M) = Gajj(pe])magd M for j € I\ max I, where D*(M) = (],\Zj)jel- Let

J.p
w = dimM = (dimg Mj);er. It follows that dimg M,- = dimg M, = s*(w),-
for p € max I. In view of the exact sequence (x) above, given j € I\ max I we get

dimg M; = dimg M; = — dimg M; + dimg M}
Z—dimKMj—l- Z dim g M, = —wj; + Z wp:s°(w)j.

Jj=3p€max [ j=Xp€max I
() E3 () E3
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This proves (iii) and finishes the proof of (c).

(d) Assume to the contrary that the category (I, 3)-spr is of tame representation
type, whereas the category (I, 3)® -spr is not of tame representation type. Since the
tame-wild dichotomy holds, then (I, 3)® -spr = mods, K (I, 3) is of wild representa-
tion type and there exists a representation embedding functor F': mod T'3(K) —
(I,3)°®-spr in the sense of [34], where

(5 %)

is a generalized Kronecker K-algebra. Since I's(K) is self-dual and according to (c)
the functor D* is an exact equivalence of categories, then the composed functor

mod T5(K) -2 (mod T'y(K)°P)°P = (mod T's(K))°P

ror |

((1,3)*-spr)> 25 (1,3)-spr

is a representation embedding functor, where D = Hompg (—, K) is the standard
duality functor. It follows from [34, Theorem 2.7] that the category (I, 3)-spr is of
wild representation type, and according to the tame-wild dichotomy the category
(I,3)-spr is not of tame representation type, contrary to our assumption. The
remaining part of (d) follows from the tame-wild dichotomy (see [9], [39]). This
finishes the proof. O

Remark 2.21. Tt follows from [30, Proposition 2.5(c) and (2.6)] or from a straight-
forward analysis that the reflection duality functor D*® (2.19) can be alternatively
described as follows. L

Any object M of (I, 3)-spr can be viewed as an object of the category (I, 3)-spr
via the obvious embedding functor (I,3)-spr C (f, 3) -spr = mods K(f, 3) It
is easy to see that the injective envelope E(M) of M in mod K (I, f’;) is a socle
projective module and is isomorphic to an object of (IA7 3) -spr. Consider the short
exact sequence 0 — M — E(M) —M —0in mod K(I,3) ——— repg(I,3)
(see (2.3)). It is clear that M, = 0 for all p € max I, and therefore the system
M = (H;) of K-dual vector spaces M; is a peak (I,3)®-space isomorphic with
D*(M).

Remark 2.22. The class of multi-peak posets with zero-relations defined above is
the smallest subclass in the class of all multi-peak bound quivers [30] containing
multi-peak posets without zero-relations and closed under the reflection duality
operation (2.17).

3. A REDUCTION TO TwoO-PEAK POSET REPRESENTATIONS

With any D-order A® (1.3) we associate in (3.3) below (see [40, Section 4]) a
two-peak poset (I;’{f,?;) with zero-relations, and we shall reduce the study of the
category latt(A®) to the study of the category (Ix+,3)-spr.

Suppose that A, Aj, A and As are tiled D-orders in (1.2). In order to define
(I+F,3a+) we consider the poset (Ix; <) (see [45]), where

(3.1) In=A{1,...,n} and i<j&,;D;=D.
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First we associate with A® the combinatorial object
(3.2) Ipne o = (In, =, I',C I o I' = 1)

where (Ix, <) is the poset (3.1),C = Iy, ={nm1+1< ... <ni+n3—1<n;+ns},
I'=1x, ={1,2,... ,na} and I" = In, = {n1 +n3+1,... ,n—1,n} are viewed as
subposets of Ix such that Iy = I’ UCUI"” is a splitting decomposition of I in the
sense of [32, Section 8.1], and ¢ : I’ — I" is the poset isomorphism defined by the
formula o(j) = n1 +ns + j. It is clear that Ias , is a bipartite stratified poset in
the sense of [29], [31] and [32, Section 17.8], or a completed poset in the sense of
[22].

Let C' = {c¢/;c € C} be a chain isomorphic with C. We construct two one-peak
enlargements

(Cul*=cul"u{xy and ('UC)T=T'uC’ uU{+}

of the posets CUI"” and I' UC = I' UC' by the unique maximal points * and +,
and by the new relations i < * and s < + forall: € CUI"” and all s € I' UC".
We associate with the D-order A® (1.3) the two-peak poset with zero-relations

(3.3) (I, 300) = ((C Ul Up=p (I' UO)T, 3A.)

where I;{ is obtained from the disjoint union (CUI"”)*U(I'UC)* of (CUI")* and
(I"'UC)* by making the identification j = o(j) for any element j € I’ C (I’ UC)™.
The set 3pe consists of all a pairs (¢, ¢}) such that c€ C C (CUI")*, ¢ € C' C
(I' UC)T and the relations ¢ < s, o(s) < ¢1 hold in I for some s € I’. Here we
use the convention +' = +.

It is easy to see that I3 is a poset and max I5& = {*,+}. We call (I4,3a¢) a
poset with zero-relations associated with the D-order A°.

Now we are able to prove our main reduction theorem.

Theorem 3.4. Let K be an algebraically closed field, D a complete discrete valu-
ation domain which is a K-algebra, and p is the unique mazximal ideal of D. We
assume that D/p =2 K. Let A be the D-order (1.1) with the three-partition (1.2) and
A=Ay CM,, (D), As C M, (D) and n1, ng as in Section 1. Let A® be the sub-
amalgam D-order (1.3) and let (I3,34¢) be the two-peak poset with zero-relations
(3.3) associated with A®.

(a) The Tits quadratic forms gae (1.4) and Urrt 300) (2.13) coincide.

(b) There exists an additive reduction functor

(3.5) H : latt(A®) —————— (133, 34¢)-spr = modsp, K(I37,340)

with the following properties:

(i) M is full, reflects isomorphisms and preserves the indecomposability.

(i)  The image Im H of H consists up to isomorphism of all objects of the
category (If\‘.",f}) -spr having no direct summand of one of the following two types:

e the simple projective representation P, = e*K(IXf,B) corresponding to the
peak idempotent e, and

e any of the hereditary sp-injective representations H, — H,_ | < - — Hy
defined in [40, (4.12)].

(iii) H preserves and reflects tame representation type, wild representation type,
and the polynomial growth property; that is, latt(A®) is of tame representation
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type (resp. wild, or of polynomial growth) if and only if (IZT,SA.)—spr s of tame
representation type (resp. wild, or of polynomial growth).

Proof. Statement (a) follows by a straightforward analysis.
(b) We take for the functor H the reduction functor constructed in [40, Defini-
tion 4.11] and defined to be the composed functor
latt(A®) —— mody, R -2 modg, K.J,

(3.6) f*l )

modep, K(I35,300) 2= (I3, 340)-spr

where p, f~, G and F are the functors shown in (2.9), (3.7), (3.9) and in the
diagram (3.11) below, and are defined as follows.

1° The functor F. Consider the finite dimensional K-algebra

n_ (A' /T I‘/ﬂ')
N 0 r/mw)”’
where I' = M,,,(D) and w = M, (p). Note that I is a hereditary D-order containing
A® and 7 is a two-sided ideal contained in the Jacobson radical rad(I") of I'. It is
also an ideal of A® contained in rad(A®). It is easy to see that R is a right peak
K-algebra, that is, R has a unique simple right ideal P, up to isomorphism (see
[32]). We take for F the reduction functor

(3.7) F:latt(A®) —— modsp, R

defined [11] and [27] by the formula F(X) = (X/X 7, XT'/ X7, u), where XT' is the
I-submodule of X @ p F' generated by X (see [24]), F = Dy is the field of fractions
of D and u: X/Xm — XT'/Xm is the A/m-monomorphism induced by the natural
monomorphism X — XT. We view F(X) as a right R-module in a natural way
(see [11] and [27]).

By [11] and [27], the reduction functor F is full, reflects isomorphisms, preserves
indecomposability, and Im F contains up to isomorphism all indecomposable objects
of modg, R except from the unique simple right ideal P, of R.

It follows from [39, Theorem 7.19] that F preserves and reflects tame represen-
tation type, wild representation type, and the polynomial growth property. For
note that [39, Theorem 7.19] applies, because in the case we consider here I'/7 is
a simple K-algebra and according to [39, Proposition 4.5] the category mods, R is
equivalent with the category mod ,, R of projectively adjusted R-modules.

2° The functor G. Let J = Iy = I5 U {x} be the poset obtained from I by
adding the unique maximal element * with new relations ¢ < x* for all ¢ € I,.
Consider the set

A ={(i,5);i=jinJ}CJTxJ
and define a binary equivalence relation p on AJ by setting
(i,5)p(s,t) & (i,j) = (s,t) or i,s € I' = Ip,, jit € I" =1Ip,, j=0(i), t =0(s),

where o : I' — I" given by o(i) = i + n; + n3 is a poset isomorphism. Then we
have defined a bipartite stratified poset

(3.8) Jo=(J,p)
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in the sense of [29] and [31, Definition 4.1]. The bipartition J = J' + C + J" is
given by taking J' = I', C' = I, and J" = (I")*. We recall from [29] and [31]
that the incidence K-algebra of J, is the subalgebra K.J, of KJ consisting of all
matrices A = [Apglp.qes such that A\;; = g if (4,7), (s,t) € AJ and (4, 5)p(s, t). It
was shown in [31] that KJ, is a basic right peak K-algebra and the right socle of
K J, is isomorphic to a direct sum of the simple projective right ideal P, = e, K J,,
called a right peak of KJ,. A simple analysis shows that the algebra R defined
above is Morita equivalent with the incidence algebra KJ,. The idea of the proof
of this fact is explained by Example 3.9 in [38, p. 95]. We define a K-linear functor
(3.9) G :modg, R

~

mods, KJ,

to be the Morita equivalence restricted to socle projective modules. It is clear that
G preserves and reflects finite representation type, tameness, wildness, and the
polynomial growth property.

3° The functor f~. Let (Q,Q) = (Q(Jp),2(J,)) be the bound quiver associated
with J, in [31, Definition 2.5]. It follows from [31, Proposition 2.8] that there exists
a K -algebra isomorphism K(Q,Q) = KJ,. Let

f : (évﬁ) - (Q?Q)
be the bound quiver Galois covering [31, (3.1)] of (@, ). It follows from [31,

Proposition 3.8] that f is a universal covering with the covering group Z. Moreover,
it follows from the construction that

(3.10) (InE,3a0) 2 J31,

where J;+ is the two-peak bound subquiver of the quiver (@, ﬁ) associated with

J, in [31, (4.3)] and (138, 3ae) is the poset with zero-relations associated with
A® by the formula (3.3). By [31, Theorem 4.19] the push-down functor fy :
mod K(Q, ) — mod K(Q,?) induces the push-down functor

mods, K(Q,Q) — mody, K(Q,Q) = modyy KJ,,

and we get the following diagram:

fop ~ =

modgp, K(Q,Q) «— modgp, K(Q, Q)

~ E

f+
(3.11) modg, KJp T modg K(IXT,BA.)
P
TGO]F %TP
latt(A®) — B (I3F,3e)-spr

where (under the identification J5* = (Ix{,34a+)) f7 is the glueing functor [31,
(4.14)], ® = T, o L¢ is the embedding defined in [31, Proposition 4.23], f~ is the
section functor [31, (5.1)], and p is the equivalence of categories defined in (2.9).
The idea of this construction is explained by Example 3.9 in [38, p. 95].
According to [31, Proposition 4.23], the category modsp K(@, §~2) is locally coor-
dinate support finite and every indecomposable module of mods, K (@, ﬁ) is con-
tained in the image of the functor ®, up to a Z-shift. It then follows from [31,
Theorem 4.27] and the main results of Dowbor and Skowronski in [7] and [8] (see
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also [6]) that the push-down functor fs,, and hence the functors f* and f~ as well,
preserve and reflect tameness, wildness and the polynomial growth property (apply
[31, Proposition 5.4 and Theorem 5.8]).

Hence we easily conclude that the composed functor H (3.5) has the properties
stated in (i) and (iii) of the theorem. Since the statement (ii) was proved in [40,
Theorem 4.14], the proof of the theorem is complete. O

Remark 3.12. (a) It follows from [40, Theorem 6.1] that the Auslander-Reiten
quiver of the category (Ixd,3ae)-spr has the form presented in Figure 3.13. If
(Ix&,3a0)-spr is of finite lattice type then the part R in Figure 3.13 is empty,
P(A®) =Z(A®), and P(A®) is finite.

(b) In view of [40, Theorem 6.1] we have a description of the Auslander-Reiten
quiver I'(latt(A®)) of latt(A®). By applying the reduction functor

H : latt(A®) — (IxF, 3a0) -spr
(3.6) the Auslander-Reiten quiver T'(latt(A®)) is obtained from the Auslander-

Reiten quiver T'((I34, 3a¢) -spr) of (153, 34¢)-spr by the following two simple glue-
ings:

1° The identification of a hereditary projective section

+ + +
P, =P 4= =P

of irreducible monomorphisms from the beginning of the unique preprojective com-
ponent P(A®) in (I3, 34e)-spr containing the simple projective module Pl =
e+ K (Ij’;f, 3ae) with a hereditary sp-injective section

H, —H, < < Hj

of irreducible monomorphisms from the end the unique preinjective component
Z(A®) in (15§, 34e)-spr containing the injective envelope Hy of the simple projec-
tive module e, K (Ixs, 3a0).

2° The identification of the simple projective module P, = e*K(I/’;T, 3Ae) with
the injective envelope E(Pi}) of the simple projective module

P & e K(IE,30)
in the category (Ij{f, 34e)-spr = modsp K(IXT, 3Ae).

The reader is referred to [40, Section 6] for details. The glueing procedure of
quiver 3.13 is explained in Example 6.6 of [40] (see also [25, pp. 451-455] and [26]).

Pte AP ] H,:S
n3 \.
.\.. \..'
.\\ R \’c\
!——Pg‘o P(A*) Z(A*) r“ o Hy
/ N
P,e oE(P.).
\ B )

FI1GURE 3.13. The shape of Auslander-Reiten quiver of the cate-
gory (Ix¥,34e)-spr
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We finish this section by the following useful result concerning the existence of
preprojective components.

Proposition 3.14. Let (I, 3a¢) be the poset with zero-relations (3.3) associated
with the three-partite subamalgam D-order A® (1.3).

(a) Every point of the poset with zero-relations (Ix$,3ae) is separating in the
sense of Bongartz [4] (see also [13], [31, Section 4]).

(b) There exist a preprojective component ﬁ(l,’{fém) in prin K(IXT,BA.) and
a preprojective component P(szém) in the category (IXT,BA.)—spr such that the
adjustment functor (2.10)

6 : prin K(I&,35) ———— (Ix$,3a¢)-spr

carries Prer 300) 10 Pirzs 3pe)

(c) The preprojective components ﬁ(l,’{f,BAo) and P(IZT&A-) can be constructed
by Algorithm 4.4 in [19].

Proof. The existence of a preprojective component ’ﬁ( I°F300) in the category
A®>

prin K (I, 34) and statement (a) follow from [31, Proposition 4.9] applied to the
bipartite stratified poset Ipe » (3.2), because the algebra K(IXT,BA-) is obtained
from Ipe , by a construction required in [31, Proposition 4.9] and the arguments
of Bongartz [4] apply (see also [13] and [19, Algorithm 4.4]). By [23, Lemma 3.12,
Theorem 3.13] and properties of the adjustment functor € proved there, the im-
age P(I,*\:“,?JA.) of 75(1213“) under 0 is a preprojective component in the category

(Ix&,3a+)-spr. Note that the arguments given for [19, Algorithm 4.4] and in [32,
Theorem 11.68 and Corollary 11.76] for the case of one-peak posets extend to our
situation. 0

4. PROOF OF MAIN RESULTS

Throughout this section K is an algebraically closed field and D is a complete
discrete valuation domain which is a K-algebra such that D/p & K, where p is the
unique maximal ideal of D.

We start with the following useful reflection duality result.

Proposition 4.1. Let A® be a subamalgam D-suborder (1.3) of the tiled order A
(1.2), let T* = rt(A®) be the reflection transpose order (1.7) of A®, let (Ixd,3ae) be
the two-peak poset with zero-relations (3.3), and let (IS, 3x+)* be its reflection-dual
(2.17). Then the following statements hold.

(a) There is a D-algebra isomorphism T'® = (A®)°P and an isomorphism

(Ind,3a%)" = (If, 3re)

of two-peak posets with zero-relations.
(b) There exists a commutative diagram
latt(A®) — 1 (In&,3a0)-spr

| 2 > | o

latt(T*) = (I8, 3pe) -spr

IR

(4.2)
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where H is the composed reduction functor (3.6), Dan = Homp(—, D) is the standard
D-duality, and D® is the composed duality functor

(Ixj_v 3A‘) -Spr D—> (IZT; 3A’ ). -Spr = (I{f‘;‘r; SF’) -Spr

induced by the reflection duality (2.19).
(¢) The D-order A® is of tame lattice type if and only if the D-order A® is of
tame lattice type.

Proof. Statements (a) and (b) follow directly from the definitions. The details are
left to the reader. Statement (c) follows by applying the tame-wild dichotomy for
D-orders proved in [9], because the arguments used in the proof of Proposition 2.20
(d) easily extend to our case. O

We shall need the following two simple lemmas.

Lemma 4.3. Let Q) be a D-order in a semisimple K-algebra C' and let e € Q) be
an idempotent. Then eQle is a D-order in the semisimple K-algebra eCe, and the
following statements hold.

(a) The functors

e

L
latt(eQle) ———— latt(Q)

defined by the formulas res.(X) = Xe, L.(Y) = Homeqe(Q2e,Y) have the following
properties:

(i) The functor L. is a fully faithful embedding, res. Le = id, and L. is right
adjoint to res., that is, there is a natural isomorphism

Homg (X, L.(Y)) = Hom,qe (res.(X),Y)

for every Q-lattice X and every eQe-lattice Y .

(ii) The restriction functor res. is exact, and L. is left exact and preserves the
indecomposability.

(b) If the D-order Q is of finite lattice type, then the D-order eQe is of finite
lattice type.

(¢) If the D-order Q is of tame lattice type (resp. tame of polynomial growth),
then the D-order eQe is of tame lattice type (resp. tame of polynomial growth).

(d) If the D-order eQe is of wild lattice type, then the D-order Q) is of wild lattice

type.

Proof. Statement (a) is well-known and follows by the arguments applied in the
proof of [32, Theorem 17.46]. The details are left to the reader. We only remark
that the module L.(X) is finitely generated and D-torsionfree, if X is finitely
generated and D-torsionfree.

It follows from (a) that the functor L. carries indecomposable modules to in-
decomposable modules and carries nonisomomorphic modules to nonisomomorphic
ones. Hence (b) easily follows.

(c) Assume that € is of tame lattice type and the functors

(=) @a MY (=) ©4 M® :ind; (A) ——— latt()

(1.8) form an almost parameterizing family for the category ind, (latt(€2)) of inde-
composable Q-lattices of D-rank r. Since the restriction functor res.(—) = (—)e is
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exact, a simple analysis shows that the functors
(=) @a MWe, ... (=) ©4 MPe:ind; (A) ——— latt(eQe)

form an almost parameterizing family for the category ind, (latt(e€2e)) of indecom-
posable eQe-lattices of D-rank r. This proves that efe is of tame lattice type. The
polynomial growth version follows in a similar way.

The statement (d) follows immediately from (c) by applying the tame-wild di-
chotomy for D-orders proved in [9]. O

Lemma 4.4. Assume that A C Q are D-orders in a semisimple K-algebra C.
(a) If A is of finite lattice type, then Q) is of finite lattice type.
(b) If A is of tame lattice type, then § is of tame lattice type.
(d) If Q is of wild lattice type, then A is of wild lattice type.

Proof. It is easy to check that the forgetful functor resy : latt(Q2) — latt(A)
(associating with any Imodule X the vector space X viewed as A-module) is full,
faithful and exact (see [5, p. 532, Ex. 2]). Hence (a) and (c) easily follow. The
statement (b) follows immediately from (c), because of the tame-wild dichotomy
for D-orders proved in [9]. O

Proof of Theorem 1.5. (a)=(b). It follows from Theorem 3.4 (a) that the Tits
quadratic forms gas (1.4) and q(IXiBA-)(Z) = b(Ij{T,BAo)(Z’Z) in (2.13) coincide.
Then the implication (a)=(b) follows from Theorem 3.4 (iii) and Theorem 2.14.
(b)=>(d). Let (L,3) be any of the two-peak posets with zero-relations listed
in Theorem 1.5 (d). We claim that there exists a vector vz 3, € N” such that
9,3 (v(z,3)) < 0. In case 3 is empty the claim follows from [16, Theorem 1.3],
because the two-peak posets without zero-relations listed in Theorem 1.5 (d) are
the hypercritical ones presented in Table 1 of [16, pp. 509-511]. It remains to prove
the claim if (L, 3) is the poset F, with one zero-relation. Since obviously Fy = F2
is reflection-dual to the poset F5, then we can take for vz, the vector ’U;_A_r defined
in Proposition 2.20 (b), because it is shown there that gz (’U;_A_S) =qz (vg) <0.
Since according to Theorem 3.4 (a) the quadratic forms gae and A1:t3,) coincide,
A® i
the implication (b)=-(d) follows.

(d)=(a). We consider three cases.
Case 1°. ng = 0. It follows that the sets C', ¢’ and 3« in the definition of
(Ix&,34a0) (3.3) are empty. By condition (d) of the theorem the two-peak poset

IZT does not contain as a two-peak subposet the posets .7?3 and .7?3 Thus IZT is a
peak subposet of a two-peak garland

o — O — +++ —O0 —> 0o —> Xk (2m— oints)
o — o — +++ —0 — o — —+ m 2> 1.

It follows from the proof of the implication (c)=-(a) in [29, Proposition 4.13] or from
[37, Theorem 5.2] (see also [36]) that the category G -spr is of tame representa-
tion type. Further, if m > 3, GXt -spr is of non-polynomial growth (see also [18,
Lemma 3.1]). It follows from [40, Proposition 2.9] that the category (Ixd, 3ae)-spr
is of tame representation type. Hence, in view of Theorem 3.4(iii), the category
latt(A*®) is of tame representation type, and (a) follows.
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TABLE 4.6. One-peak enlargements of hypercritical posets of Nazarova

Case 2°. ng > 1 and the part Y of A in (1.2) consists of matrices with coefficients
in p. It follows from the definition of (I;{,3a«) (3.3) that the chains C and C' are
not empty, C is incomparable with all elements of I’ = I/, and the set 35« of zero-
relations is empty. Hence we conclude that the poset I’ = [ is linearly ordered,
because otherwise the poset C'U I” contains a triple of incomparable points and
therefore the poset IZ. contains a two-peak subposet isomorphic with .7-"0, contrary
to the assumption (d).

This shows that in this case the two-peak poset I5d e is thin in the sense of [18,
Definition 3.1], and according to [18, Theorem 1.3] the following three statements
are equivalent:

(a’) The category IXJF -spr is of tame representation type.

(b") The Tits quadratic form s is weakly non-negative.

(¢) The two-peak poset I14 associated with A® in (3.3) does not contain as a two-
peak subposet any of the hypercrltlcal two-peak posets presented in [18, Table 1],
and does not contain as a peak subposet any of the one-peak enlargements N7,
N3, N3, Ni, N, N of hypereritical Nazarova posets [21] shown in Table 4.6 (see
also [32, Theorem 15.3]).

Note that the poset Its \ (I’ U {,+}) is a disjoint union of two chains C' and
C’. Then a case by case inspection of the two peak posets in [17, Table 1] and [18,
Table 1] shows that, for any three-partite subamalgam D-order A® (1.3) such that
the poset I’ = I, is linearly ordered, the two-peak poset IXT does not contain as
a peak subposet any of the one- peak enlargements N}, Ny, N5, Nj, NZ, Ng of
hypercmtlcal Nazarova posets and I5 & Ae could contain at most the nine hypercritical
posets .7-'1, .7:1, .7:2, .7:3, .7:3, .7:57 .7:5, .7-'7 and .7-'8 listed in Theorem 1.5 from the 41
posets presented in [18, Table 1]. It then follows that under the assumption we
make in Case 2°, the condition (d) of Theorem 1.5 is equivalent with the condition
(¢') above and therefore (d) implies the tameness of I5{ -spr. Since 3. is empty,
then in view of Theorem 3.4, this implies that the order A® is of tame lattice type,
and (a) follows.

Case 3°. ng > 1 and the part X of A in (1.2) consists of matrices with coefficients
in p. Let I'* = rt(A°®) be the reflection transpose of A® (see (1.7)). Since the part
X of A in (1.2) consists of matrices with coeflicients in p, then the corresponding
part Y of T in its three-partition (1.2) consists of matrices with coefficients in p and
by the arguments in Case 2° applied to I'* the set 3re. is empty. It follows from
Proposition 4.1 that I;:& = (I8, 3re) 2 (I3, 34¢)°, and according to (2.19) there
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exists a reflection duality functor
D*: Ilf:" -spr ————— (IX;", 3Ae)®-spr.

Since the two-peak poset (Ixs,3ae) with zero-relations does not contains any of
the followmg thirteen hypercrltlcal posets with zero-relations .7-"0, .7-'0, .7-'0, .7-"1, .7-'1,
.7:2, .7:3, .7:3, .7:47 .7:57 .7:6, .7:7 and .7-"8 presented in Theorem 1.5, and since it is easy
to see that this list is closed under the reflection duality operation (I, 3) — (I, 3)®
(2.17), then the Case 2° applies to I;Jr and therefore the category Ilff -spr is of
tame representation type. It follows from Proposition 2.20 (d) that the category
(IXT, 3Ae)-spr is of tame representation type and according to Theorem 3.4 the
D-order A® is of tame lattice type, and (a) follows.

Consequently we have proved that the statements (a), (b) and (d) of Theorem 1.5

are equivalent.

The proof of the equivalence (c¢)<(d) is divided into two parts.

Case 1°. n3 = 0. From the construction A® — (I3{,3x¢) in (3.3) the following

three statements are easily derived:

o The sets C and C’ in the definition of I, *¥ are empty, the set 3pe of zero-
relations is empty, and (I 3/\-) does not contain the followmg two- peak
posets with zero-relations: .7-'0, .7-"1, .7-'1, .7:2, .7:3, .7:3, .7:47 .7:5, .7:5, .7-'7 and .7:8
presented in Theorem 1.5.

o If Ay = Ay, then (I*T,SA.) = .7?8 If Ay is one of the D-orders Ay, As, Ag,
then (I35, 3ae) & Fe

o The D-order A; in (1.2) does not contain minor D-suborders of the form Ag
if and only if the two- peak poset I s does not contain as a two-peak subposet
the two-peak poset .7-"0 presented in Theorem 1.5.

e The D-order A; contains a minor D-suborder of one of the forms Aq, A,
Ags if and only if the two-peak poset IZ. contains as a two-peak subposet the
two-peak poset .7-'0 presented in Theorem 1.5.

Hence the equivalence (¢)<(d) easily follows in case nz = 0.

Case 2°. ng > 1. First we note that the following four statements are equivalent:
(i) The D-order Ay in (1.2) is hereditary of the form (1.6).
(ii) The poset I’ = I, is linearly ordered.
(iii) The poset (Ix$,3as) = Jyt (see 3.10) with zero-relations does not contain
the poset

[e] @]

Fo:l X |

x +

as a two-peak subposet with zero-relations.
(iv) The poset (I, 35¢) with zero-relations does not contain any of the posets f(},
.7-" .7-'0 presented in Theorem 1.5 as a two-peak subposet with zero-relations.

The implications (i)< (ii)< (iii)=-(iv) are immediate consequence of the construc-
tion A® — (Ixs,3ae) in (3.3).

In order to prove (iv)=>(iii), assume to the contrary that (I5s, 3ae) contains the
two-peak poset Fy. Since nz > 1, each of the chains C and C’ in the definition of
(I+¥,340) (3.3) is not empty. Further, since according to our assumption in the
theorem the part X or the part ) of A in (1.2) consists of matrices with coefficients
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in p, then C or C’ is incomparable with all elements of the subposet I' = I of
(In&,340). Since Fy is a two-peak subposet of (Ix4, 34+ ), then its extension by a
point of C or a point of C’ is a two-peak subposet of (II*\'.", 3ae) isomorphic with
the poset F, contrary to our assumption in (iv).

Consequently the conditions (i)—(iv) are equivalent, and therefore in order to
finish the proof of (¢)<(d) in the case ng > 1 it remains to show that, in case the
D-order Ay in (1.2) is hereditary of the form (1.6), the following two conditions are
equivalent:

(¢") The three-partite subamalgam D-orders A® and rt(A)® (1.7) do not contain
three-partite minor D-suborders dominated by any of the 17 three-partite suba-
malgam D-orders listed in the tables of Section 1A.

(d’) The two-peak poset (Ix4, 34+ ) with zero-relations associated with A® in (3.3)
does not contain as a two-peak subposet with zero-relations any of the following
ten hypercrltlcal posets with zero-relations: .7-'1, .7-"1, .7:2, .7-"3, .7-'3, .7-'4, .7:5, .7-'6, .7-'7
and .7-"8 presented in Theorem 1.5.

Assume that the D-order A; in (1.2) is hereditary of the form (1.6). For the proof
of (d)=(c’) we note first that the two-peak poset with zero-relations (I;{,3ae)
associated with A® in (3.3) contains as a two-peak subposet with zero-relations any
of the hypercritical posets with zero-relations fll, .7?12, ﬁg, f%, .7???, .7?4, ﬁg), ﬁg, .7?7,
Fs presented in Theorem 1.5 if A® is one of the D-orders 03, ...,9Q3; presented
in the tables of Section 1A. More precisely, if Q2 is of type ﬁj in the notation of

Section 1, then (I;lf,fm;) contains ﬁj. For example, (I;l;r,SQ;) = FL. The poset
J

with zero-relations (I;g, 3qg) has the form

Cy — (C — *

70N T

I*T: e — o\\———> ] —_ [}

2 \\‘§§ l
2\:“:; q — +

and 3q0s = {(c2,c}), (c2,+)}. It follows that the poset with zero-relations (Ié‘;, 3as)

contains the poset .7?11 as the subposet with zero-relations obtained by omitting the
points ¢y and ¢}. The proof in the remaining cases is left to the reader.

It follows from Theorem 3.4 (iii) that the D-orders Q3, ... , Q3. are of wild lattice
type, because in view of the reflection duality (2.19), Proposition 2.20 (d) and
[16, Theorem 1.3] the category (Ié}f,SQJ-_)—spr is of wild representation type for
j=1,...,17. ’

In order to prove (d’)=(c’), assume to the contrary that the three-partite D-
order A® contains a three-partite minor D-suborder I'* = eA®e, where e € A® is an
idempotent, and I'* is dominated by 2°® = Q? for some j. Then Q° is of wild lattice
type, and according to Lemmas 4.3 and 4.4 the order A® is also of wild lattice type.
By the tame-wild dichotomy and the equivalences (a)<(d)«<(d’) proved above,
(IA. 3,\-) contains any of the hypercritical posets with zero-relations }"1, .7-'1, .7:2,
.7:3, .7:3, .7:4, .7:5, .7:6, .7:7, .7:8, contrary to our assumption (d’).

Let us give an alternative and direct proof of the above fact. Since I'® is a three-
partite minor suborder of A®, then (137, 34+) contains (I, 3re). Since Q° = Q3
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dominates I'®, then (I;5{, 3ge) is obtained from (I}, 3re) by adding new relations
of the forms ¢ < 7 and j < ¢/, where 4,7 € I' = I"”, c € C and ¢’ € C'. Note that
(15 3qs) has no relation of the above form for j ¢ {4,5}. It follows that in this

case (I;lf, 39;) is contained in (IXT, 3ae), contrary to our assumption. If j =4 or
J
j =5, a simple analysis shows that either (IxJ,34e) contains (I;zf,:’m;), or else
AL

(I+¥,34+) contains the poset .7?11, contrary to our assumption. This finishes the
proof of the implication (d")=(c’).

The proof of the implication (¢’)=-(d’) reduces to pure combinatorial poset prop-
erties by applying the constructions

A. — IA.70. — (IXT,3A0)7

where ITae » = (Ip, <X, I',C,I",0 : I' — I") is the bipartite stratified poset (3.2)
and (I3, 34¢) is the two-peak poset with zero-relations (3.3).

The following properties of the constructions follow directly from the definitions.

(A) The D-order A together with its three-partition shown in (1.2) is uniquely
determined by the bipartite stratified poset Ijs ,. Hence the three-partite sub-
amalgam D-order A® (1.3) is uniquely determined by Ie .

(B) A three-partite subamalgam D-order I'* is a three-partite minor D-suborder
of A® if and only if Ir. ; is a bipartite stratified subposet of Ixe ..

(C) For any bipartite stratified subposet J,. = (J,=<,J',C,J", 7 : J — J")
of Ipe , there exists a unique three-partite minor D-suborder I' of A such that
Ire = J,.

(D) A three-partite D-order A’ of the form (1.2) dominates a three-partite D-
order A if and only if I = Ix, = Ip;, I" = In, = Ip,, C =I5y = Iy, (a poset
equality) and the partial order relation of I, is obtained from the partial order
relation of Iy by adding finitely many new relations i’ < ¢y, ca < 4", where i’ € I,
i € I" and ¢1,¢c0 € C.

(E) If the two-peak poset with zero-relations (I;{, 3a¢) is given, then the poset
I’ = I" can be reconstructed as the subposet of IZT consisting of all points s such
that s < %, s < + and each of the pairs (s, *) and (s, +) does not belong to the set
3+ of zero-relations. Moreover, C' U C’ = I3§ \ (I’ = I") in the notation of (3.3).

It follows that the classification of minimal three-partite subamalgam D-orders
A* of wild lattice type can be given by means of bipartite stratified subposets of
Ine o

In this way we shall show that if A is a three-partite D-order (1.2) and the
associated two-peak poset with zero-relations (Ix4,3ae) contains one of the hy-
percritical posets with zero-relations .7?11, .7?12, .7?2, .7??}, .7???, .7?47 .7?5, .7?6, .7?7, .7?8 as
a two-peak subposet with zero-relations, then the subamalgam D-order A® (1.3)
contains a three-partite minor D-suborder I'* which is dominated by any of the
D-orders Q, ... ,Q}, shown in the tables of Section 1A.

For example we assume that A is a three-partite D-order of the form (1.2) such
that (113, 34+) contains the poset

C1 — *
flli ay —— as — a2 —  ai

c — +
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and (I;¥, 3a¢) does not contain the poset F>. We shall show that the subamalgam
D-order A® contains a three-partite minor D-suborder §2° which is dominated by
the D-order Q} or by Q3 shown in Section 1A.

Look at the bipartite stratified poset Ipe » = (Ip, <X, I',C, I",0: I' — I") (3.2).
Recall that C is a chain, the elements c¢1,co belong to C, and ¢}, denotes a copy
of o in C' C I;T (see (3.3)). Without loss of generality we may suppose that
as % a3 = az <X ap is a chain in I’ and a}f = af =< a4, < a} is the image of
ay =< a3 =< as = ap under the poset isomorphism o : I’ — I''. It follows from our
assumption on the bipartition (1.2) that a1 =< aj.

Let T' be a three-partite minor of A (1.2) defined by the rows and columns
numbered by the elements a4, ag, az, a1, aly, as, ab, a}, c1, ca. By our assumption

Ire o = (Jr, j,J’,U, J”,U g .]”),

ai} c 17,

where J' = {ag X a3 < ay S a1} C I', J" 4
o(as) = aj

C ={c1,c2} CC,and o :J — J" is given by o(a
and o(aq) = aj.

It follows from the shape of .7?11 that ¢y is not comparable with the chain al} —
a — a%, — a} in the poset Iy and ¢y is not comparable with the chain a4y — ag —
as — a1, and either ¢; = ¢5 or else ¢o < ¢5.

In case ¢; = ¢o we conclude from (A)—(C) and from the shape of the bipartite
stratified poset Ire , that I' = Q.

Now consider the case ¢ < ¢1. Since (Ilfj', 3re) does not contains the poset .7?2,
it follows from the above observations and (A)—(E) that the poset Jr = J'UCUJ"
has the following structure:

{a} <a3ja25
1) = as,

al? ( ):

J: oas — a3 — ay — a

Jr: C: ¢ —

" . 1 ! ! !
J": ey “— a3 — ay — a

with some relations from .J’ to C' and from C to J”. It follows from (D) that in his
class any D-order I' is dominated by a unique three-partite D-order §2 corresponding
to the bipartite stratified poset

Ji: oag — a3 — a2 —
JQZ Cll Co — (]

n . ! ! ! 7

(see the proof of the implication (d)=-(c) in [40, Section 5]). It is clear that € is
just the D-order €2, in the tables of Section 1A.

It follows from the above analysis that, up to domination and minors, the min-
imal three-partite D-orders (1.2) such that (I;{,3ae) contains the poset FL and
(IX. 3as) does not contain the poset Fy are just the D-orders €1 and Qs shown
in Section 1A.
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By the technique applied above we also prove that if (I/*\'f, 3ae) contains any of
the hypercritical posets with zero-relations .7?11, ff, ﬁg, .7?31, .7?§, ﬁ4, ﬁ5, .7?6, .7?7, .7?8
(see Theorem 1.5) as a two-peak subposet with zero-relations, then the three-partite
order A® contains a three-partite minor D-suborder I'* dominated by a D-order Q°®
of one of the 17 forms shown in the tables of Section 1A. The details are left to the
reader. This completes the proof of Theorem 1.5. |

Question 4.7. Does Theorem 1.5 remain valid if we remove the assumption that the
part X or the part ) of the D-order A in (1.2) consists of matrices with coefficients
in p?
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