Unit 1

Topic 1-1  The Unit Circle

Example:

Definition: The unit circle is a circle of radius 1
centered at the origin.

Thus, the unit circle is defined
by the equation x> + y? = 1.

/.
Example:  Show that (—%,&) is a point on the

7
unit circle.
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If P is a point on the unit circle in
quadrant IV & x = 2, find the

coordinates of P.
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Displacement and Terminal Points

The initial point of the unit circle is (1,0).

A counterclockwise movement along the unit
circle is defined to be positive. A clockwise
movement along the unit circle is defined to be
negative.

The displacement covered by moving around the
unit circle, starting at the initial point, is defined
by the variable t.

The point where t concludes is called the terminal
point P(x,y) of t.

Since the radius of the unit circle is 1, the
circumference of the unit circle is 2.
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Table of Significant t-values

Unit 1

(1, 0)

Terminal
¢ Point
determined
by t
0 (1,0)
4 (ﬁ 1)
6 2 2
T (ﬁ _2)
4 2 772
4 (; ﬁ)
3 2772
Z (01
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Coterminal Values of t

Definition: Two values of t are said to be
coterminal if they have the same

terminal point P.

Consider the following:

-
[

abhyaby
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t= t=

P(

N

If t, is coterminal to t;, then t, = t; + 2kw, where k
is an integer.
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For each given value of t, find the coterminal For each given value of t, find the coterminal
value tin the interval [0,27). value t.in the interval [0,27).
_ 197 _ 297
Ex. 1 t_T Ex. 3 t—T
Ex.2: t=—3%

A function can be well-defined with t as an
independent variable and P as a dependent
variable. The converse however cannot create a
function relationship.
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Reference Numbers and Terminal Points

Definition: Let t be a real number. The If 0 <t < 2m, and not a multiple of Z, t can be
reference number t associated found by the following table:
with tis the §hqrtest distance Pisin Calie of £i formula to
anng the ur.nt circle bgtween the quadrant find T
terminal point determined by t & . —
the x-axis. | 0<t<3 t=t
I T<t<rm t=—t
3 -
1l T<t<3F t=t—o
3 =
\Y; SE<t<27m | t=27—t

If tis a multiple of &, then t=0.

If t is an odd multiple of Z, then Ez%.

If t is outside the interval [0,27), find the
coterminal value of tin the interval and then use
the table.
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For each value of t, find the reference number.

1,0

&/

Ql: Qll:

_1irx
Ex.2 t =73

(1,0) (1,0)
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Qlll: - QlVv:
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For each value of t, find the reference number. For each value of ¢, find the reference number and
the terminal point determined by t.

—_1/n
Ex.3 t= 2

_ 157
Ex. 1 t—T

— 197
Ex. 4 t:18T7f Ex.2 t=—=%
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Topic 1-2  Trigonometric Functions

P t Definitions: Let t be any real
f\ number and let P(x, y) be the
o (1.0 terminal point on the unit circle
K j determined by t. Then:

a
sint=y cost=x tant:X,x;tO
X

1 1 X
csct=—,y#0 sect=—,x#0 cott=—,y#0
y X y

sin is the abbreviation of sine
csc is the abbreviation of cosecant

cos is the abbreviation of cosine
sec is the abbreviation of secant

tan is the abbreviation of tangent
cot is the abbreviation of cotangent

10| Page

If P is known for a given t, then the six
trigonometric functions are defined from P.

The terminal point P(x, y) determined by t is given
below. Find sint, cost, and tan t.

. pl1 22
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The terminal point P(x, y) determined by t is given |ldentify the terminal point for the t-value given

below. Find sin t, cos t, and tan t. and then find the values of the trigonometric
functions.
ex. 2: (-5, 25
T
Ex.1l: t=—
2
. T
sin— COS—
2 2
T T
tan— cot—
2 2
Recall that for the t values 0, £ 4, 3, and Z we

know the terminal point P.



Unit 1 12| Page

Identify the terminal point for the t-value given Ildentify the terminal point for the t-value given
and then find the values of the trigonometric and then find the values of the trigonometric
functions. functions.
T T
Ex. 2: t=— Ex.3: t=—
3 4
. TT T /4 T
sin— csc— sin— tan—
3 3 4 4
T T T
COS— tan— COS— sec—



Quick Reference Chart

Unit 1

t sint | cost tant | cott | sect | csct
0 0 1 0 - 1 -
z 1 V3 J3 23

g 2 2 3 \/§ 3 2
P2 2 11 22
z J3 1 J3 2.3
% 3 V3 2 B
Zz,. 1 0 -0 - 1

e Spaces marked by a — indicated a value for
which the trigonometric value is undefined
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Domains of Trigonometric Functions
flx) =sinx and f(x) =cos x

Domain: R
flx) =tanx and f(x) =secx

. T . .
Domam:{xlxeRandx;t n7z+;, nis an mteger}

f(x) =cotx and f(x)=cscx

Domain:{x|xeRandx #nz, n is an integer|
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Signs of Trigonometric Functions

Since the trigonometric functions are defined off
of the values of x and y of the terminal point, the
sign value of a trigonometric function can be
determined based on the quadrant in which the
terminal point exists

Pisin Positive Negative
quadrant Functions Functions
I all none
[l SIN, csc cos, sec, tan, cot
1l TAN, cot | sin, csc, cos, sec
IV COS, sec | sin, csc, tan, cot
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If a t value has a reference number of 0, £, 7, %,

or 7, then it is possible to determine the
trigonometric values of t using the trigonometric
values of t and the quadrant in which P exists.

Find the exact value of the trigonometric
functions at the given real number.

Ex. 1: coss—ﬂ
3
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Find the exact value of the trigonometric
functions at the given real number.

Ex. 2: sin7—7Z
6

1
tan—
6
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Find the exact value of the trigonometric
functions at the given real number.

23
Ex. 3: cos—ﬂ

4

2371
cot——
4
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Fundamental Identities

Pythagorean ldentities:

sint+cos’t=1
tan’t+1=sec’t

1+cot’t =csc’t

Note: sin’ t=(sin t)* = (sin t)(sin t)

sin” t = (sin t)" for all n except n=-1
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Reciprocal Identities:

1 1 1
csct=——  sect=—— cott=——
sint cost tant

sint cost
tant=——  cott=——
cost sint
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Even & Odd Properties of Trigonometric Functions

Recall from algebra that an even function fis a
function such that f(-x) = f(x) and an odd function
g is a function such that g(-x) = -g(x)

Sine, cosecant, tangent, and cotangent are odd
functions:

sin(-t) =-sin t tan(-t) =-tant
csc(-t) =-csct cot(-t) = -cot t
Cosine and secant are even functions:

cos(-t) =cos t sec(-t) =sect
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Various Questions

Find the sign of the expression if the terminal
point determined by tis in the given quadrant.

Ex: tantsect, quadrantIV

From the information given, find the quadrant in
which the terminal point determined by t lies.

Ex: tant>0 and sint<O
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Determine whether the function is even, odd, or Determine whether the function is even, odd, or
neither. neither.

Ex. 1: f(x) = x° cos (2x) Ex. 2: fix) = x sin’x
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Write the first expression in terms of the second if Write the first expression in terms of the second if
the terminal point determined by t is in the given the terminal point determined by t is in the given
guadrant. quadrant.

Ex. 1: cost,sint; quadrant IV Ex. 2: sint, sect; quadrantlll
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Find the values of the trigonometric functions of t
from the given information.

Ex.1: cost= —%, terminal point of tisin lll
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Find the values of the trigonometric functions of t
from the given information.

Ex.2: tant= —%, cost>0
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Topic 1-3  Graphing Trigonometric Functions, pt. 1

Trigonometric functions are periodic.

Definition: A function fis periodic if there exists
a positive number p such that
f(t + p) = f(t) for every t.
If f has period p, then the graph of f

on any interval of length p is called
one complete period of f.
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Since sine and cosine are defined by the terminal

point of t and the addition of 2nmw (n is an integer)
to t is coterminal to t, then periodic behavior of of
sine and cosine must occur over an interval of 27.

sin(t+ 2m) =sint cos(t+2m) =cost
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Derivation of graph of sin t
Recall the domain of sine is R.

Recall that sin t =y, where y is the y-value of the
terminal point determined by t. Observe that the maximum possible value of sine

_ _ i N
\ t
0 (1,0) 0
Kﬁy 0 e m 3n2 T
- 1
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Presentation of graph of cos t
Like sine, cosine has a domain of R.

Recall that cos t = x, where x is the x-value of the Also, like sine, cosine has a range of [-1, 1].
terminal point determined by t.

In fact, cosine appears to be a shifted
representation of sine.

0 nvm 2+r
-1

Observe that the most basic complete period of
sine or cosine is the interval [0,27].
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Recall the topic of transformations from algebra.

The addition of a real number to a function The negation of a function reflects (flips) the
translates (shifts) the function vertically. graph about the x-axis.
The addition of a real number to a variable inside The negation of a variable inside a function
a function translates the function horizontally. reflects the graph about the y-axis.
Given f, sketch: ‘ Given f, sketch:
ar y=flx)-2 ar y=—f(x)
b:  y=flx-2) b:  y=f(-x)
£ £
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Transformations of Trigonometric Functions

Multiplying a real number to a function dilates
(stretches/compresses) the function with respect y=asink(x—b) +c y =a cos k(x—b) +c
to the x-axis.

Multiplying a real number to the variable inside a a:  If|a] > 1, sin/cos is stretched away from the x-axis

function dilates the function w.r.t. the y-axis. If |a] <1, sin/cos is compressed toward the x-axis

If a is negative, sin/cos is reflected about the x-axis

Given f' sketch: ‘ k: If |k| <1, sin/cos is stretched away from the y-axis
If |[k| >1, sin/cos is compressed toward the x-axis
a: ¥y =2fx)
b: If b is positive, sin/cos is shifted to the right (x—#)
If b is negative, sin/cos is shifted to the left  (x + #)
b:  y=f(2x) c: If c is positive, sin/cos is shifted upward

If ¢ is negative, sin/cos is shifted downward

“Th
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Effects on properties of a sine/cosine graph:

Dilations with respect to the y-axis create changes
in the period of a trigonometric function.

Dilations with respect to the x-axis create changes
in the amplitude of a trigonometric function.

Translations horizontally create a phase shift
compared to the basic trigonometric function.

Translations vertically create a vertical shift
compared to the basic trigonometric function.

Negations effect the location of peaks and valleys
in a trigonometric function.

period = 277[ amplitude =|a|  phase shift=b
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Expectations for Trigonometric Graphs, pt 1:
For sine and cosine functions, these are my expectations:

1. Identify the period, amplitude, & phase shift of the sine or
cosine graph.

2. Determine the domain of the primary complete period.
For sine and cosine functions, the primary complete
period will be over [b, 27”+b].

3. Determine the range of the graph.

For sine and cosine functions, the range will be
[_‘G‘JFC' a\+c].

Mark and label the endpoints of the domain on the x-axis.

5. Mark and label the midpoint of the domain and the
midpoints between an endpoint and a midpoint (which |
refer to as “quarterpoints”).

6. Mark and label the endpoints of the range and the
midpoint of the range on the y-axis.

7. Evaluate the function at the five values marked on the
x-axis. If everything has been done correctly, the value of
the function at these x-values should correspond to one
of the y-values marked on the y-axis.
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Sketch a graph of the trigonometric function and
identify its properties.

Period to be Graphed: [ ,

Ex. 1: y=3sin2x

Range: [ ,

Period =

Amplitude =

Phase Shift =
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Sketch a graph of the trigonometric function and
identify its properties.

Period to be Graphed: [ ,

Ex.2: y :2cos§

Range: [ ,

Period =

Amplitude =

Phase Shift =
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Sketch a graph of the trigonometric function and
identify its properties.

Period to be Graphed: [ ,

Ex. 3: y=2sinx—1

Range: [ ,

Period =

Amplitude =

Phase Shift =
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Sketch a graph of the trigonometric function and
identify its properties.
Period to be Graphed: [ ,

Ex. 4: y =%cos(x—§j

Range: [ ,

Period =

Amplitude =

Phase Shift =
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Sketch a graph of the trigonometric function and
identify its properties.

Period to be Graphed: [ ,

EX.5: y :sin(3x+§)+2

Range: [ ,

Period =

Amplitude =

Phase Shift =
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Topic 1-4  Graphing Trigonometric Functions, pt.2

Graph of Tangent:

x tan x . Period Length= 7
T . !
-5 undefined | ) )
. | Basic Period: _E, z
-z Y \ 2 2
I
-5 -1 | Always Increasing
_r A :
B 3 |
0 0 '
z A '
=] 3 1
i 1 o
N -
ki . | |
5 undefined , H"

General Form: y=atank(x—b) +c

Period = i
k

Domain of Primary Period: (—ﬁ+b, §+b)

Period to be Graphed: [—ﬁer, ﬁ+b}

(~0,0)

Range:
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Graph of Cotangent:

E = P PR ol IR TR ETE EN TR TR A =1 W

cot x | Period Length= =
undefined i Basic Period: (0, )
|
V3 : Always Decreasing
1 H
|
L) |
3 I
0 E
B I
: +
. |
|
-3 i
undefined i

General Form: y=acotk(x—b)+c
_ T
Period = —
k

Domain of Primary Period:

Period to be Graphed: [b, ﬂ+b]

Range: (—o0,00)
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Graph of Secant: Graph of Cosecant:
x sec x I . Period Length = 27 x csc X | [ Period Length = 27
| ] \ f
0 ! / ' Basic Period: 0 |undefined )i /! Basic Period:
z \/E 7Y (7 37), (3r i ‘/E ‘\"-‘_ ! (0 x )U(ﬂ 2z ]
4 / 0= |U|l=.— |U|l=.,27 4 r \ I ’ ,
% undefined | |~ ~ [ 2J 22 '] .2 } % 1 1 N~ I
= | p x| :
T -1 7 undefined t
ST’T _.JE T~ S‘TX _JE L :
32—” undefined ; 3717 -1 | !
T T | Ny
27 1 | 27 | undefined ' I‘"I
General Form:  y=aseck(x—b)+c General Form: y=acsck(x—b)+c
. 2 . 2
Period = — Period = —
k
Domain of Primary Period: [b, 27”+bJ—{§+b, 3—’Ij+b} Domain of Primary Period: (b, 27”+b)—{%+b}

Period to be Graphed: [b, 21 +b] Period to be Graphed: [b, 27”+b]
Range: (

) Range: (—o0,~|a JU[|a

)
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Expectations for Trigonometric Graphs, pt 2: Sketch a graph of the trigonometric function and
identify its properties.
For the remaining functions, these are my expectations:
Ex. 1: y=3tan2x
1. Identify the period & phase shift of the trigonometric y
functions. Also note any vertical dilations or translations.

Mark and label the endpoints of the domain on the x-axis.
3. Mark and label the midpoint and the “quarterpoints”.

Mark and label three/two points on the y-axis:

y=la|+c, y=-la|+c, y=c (third only for tan/cot) )
Period =

5. Evaluate the function at the five values marked on the
x-axis. The value of the function at each x-value should Period to be Graphed: [ ’ ]
either be a value on the y-axis or undefined. Asymptotes
will exist where the function is undefined.
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Sketch a graph of the trigonometric function and Sketch a graph of the trigonometric function and
identify its properties. identify its properties.
X T
Ex. 2: y=4cot— Ex. 3: y:2tan(x——j
3 8
Period = Period =

Period to be Graphed: [ , ] Period to be Graphed: [ , }
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Sketch a graph of the trigonometric function and Sketch a graph of the trigonometric function and
identify its properties. identify its properties.

ju Ex.5: y=4csc2x
Ex.4: y= cot(3x+;j

Period = Period =
Period to be Graphed: [ , ] Period to be Graphed: [ , }
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Sketch a graph of the trigonometric function and Sketch a graph of the trigonometric function and
identify its properties. identify its properties.

Ex. 6: y:%sec3x Ex. 7: y:—2csc£
5

Period = Period =
Period to be Graphed: [ , ] Period to be Graphed: [ , }




