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Chapter 1

Introduction and
background material

1.1 Introduction

I would probably never have worked on finite Markov chains if I had not met
Persi Diaconis. These notes are based on our joint work and owe a lot to his
broad knowledge of the subject although the presentation of the material would
have been quite different if he had given these lectures.

The aim of these notes is to show how functional analysis techniques and ge-
ometric ideas can be helpful in studying finite Markov chains from a quantitative
point of view.

A Markov chain will be viewed as a Markov operator K acting on functions
defined on the state space. The action of K on the spaces (P () where 7 is the
stationary measure of K will be used as an important tool. In particular, the
Hilbert space ¢?(7) and the Dirichlet form

EUf ) = 5 1)~ FOPE ()

associated to K will play crucial roles. Functional inequalities such as Poincaré
inequalities, Sobolev and Nash inequalities, or Logarithmic Sobolev inequalities
will be used to study the behavior of the chain.

There is a natural graph structure associated to any finite Markov chain
K. The geometry of this graph and the combinatorics of paths enter the game
as tools to prove functional inequalities such as Poincaré or Nash inequalities
and also to study the behavior of different chains through comparison of their
Dirichlet forms.

The potential reader should be aware that these notes contain no probabilistic
argument. Coupling and strong stationary times are two powerful techniques
that have also been used to study Markov chains. They form a set of techniques
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that are very different in spirit from the one presented here. See, e.g., [1, 19].
Diaconis’ book [17] contains a chapter on these techniques. David Aldous and
Jim Fill are writing a book on finite Markov chains [3] that contains many
wonderful things.

The tools and ideas presented in these notes have emerged recently as useful
techniques to obtain quantitative convergence results for complex finite Markov
chains. I have tried to illustrate these techniques by natural, simple but non
trivial examples. More complex (and more interesting) examples require too
much additional specific material to be treated in these notes. Here are a few
references containing compelling examples:

— For eigenvalue estimates using path techniques, see [35, 41, 53, 72].

— For comparison techniques, see [23, 24, 30]

— For other geometric techniques, see [21, 38, 39, 43, 60].

Acknowledgements: Many thanks to Michel Benaim, Sergei Bobkov, Persi
Diaconis, Susan Holmes, Michel Ledoux, Pascal Lezaud and Laurent Miclo for
their help. Thanks also to David Aldous, Jim Fill, Mark Jerrum, Alistair Sinclair
for useful discussions and comments over the years.

1.1.1 My own introduction to finite Markov chains

Finite Markov chains provide nice exercises in linear algebra and elementary
probability theory. For instance, they can serve to illustrate diagonalization
or triangularization in linear algebra and the notion of conditional probability
or stopping times in probability. That is often how the subject is known to
professional mathematicians.

The ultimate results then appear to be the classification of the states and,
in the ergodic case, the existence of an invariant measure and the convergence
of the chain towards its invariant measure at an exponentiel rate (the Perron-
Frobenius theorem). Indeed, this set of results describes well the asymptotic
behavior of the chain.

I used to think that way, until I heard Persi Diaconis give a couple of talks
on card shuffling and other examples.

How many times do you have to shuffle a deck of cards so that the
deck is well mixed?

The fact that shuffling many, many times does mix (the Perron-Frobenius The-
orem) is reassuring but does not at all answer the question above.

Around the same time I started to read a paper by David Aldous [1] on the
subject because a friend of mine, a student at MIT, was asking me questions
about it. I was working on analysis on Lie groups and random walk on finitely
generated, infinite group under the guidance of Nicolas Varopoulos. I had the
vague feeling that the techniques that Varopolous had taught me could also be
applied to random walks on finite groups. Of course, I had trouble deciding
whether this feeling was correct or not because, on a finite set, everything is
always true, any functional inequality is satisfied with appropriate constants.
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Consider an infinite group G, generated by a finite symmetric set S. The
associated random walk proceeds by picking an element s in S at random and
move from the current state z to xs. An important nontrivial result in random
walk theory is that the transient/recurrent behavior of these walks depends only
on G and not on the choosen generating set S. The proof proceeds by comparison
of Dirichlet forms. The Dirichlet form associated to S is

(N =g Do o)~ Flah)P.

| | g€G,heS

If S and T are two generating sets, one easily shows that there are constants
a, A > 0 such that
afs < Er < A€s.

To prove these inequalities one writes the elements of S as finite products of
elements of T and vice versa. They can be used to show that the behavior of
finitely generated symmetric random walks on G, in many respects, depends
only on GG, not on the generating set.
I felt that this should have a meaning on finite groups too although clearly,
on a finite group, different generating finite sets may produce different behaviors.
I went to see Persi Diaconis and we had the following conversation:

L: Do you have an example of finite group on which there are many different
walks of interest?

P: Yes, the symmetric group S,,!

L: Is there a walk that you really know well?

P: Yes there is. I know a lot about random transpositions.

L: Now, we need another walk that you do not know as well as you wish.

P: Take the generators 7 = (1,2) and ¢! = (1,...,n)*L.

L& P: Lets try it. Any transposition can be written as a product of 7 and ¢*! of
length at most 10n. Each of 7, ¢, ¢! is used at most 10n times to write a given
transposition. Hence, (after some computations) we get

Er <100n%Eg

where &7 is the Dirichlet form for random transpositions and S = {r,¢c,c7'}.
What can we do with this? Well, the first nontrivial eigenvalue of random trans-
positions is 1 — 2/n by Fourier analysis. This yields a bound of order 1 — 50/n3
for the walk based on the generating set S.

L: I have no idea whether this is good or not.

P: Well, I do not know how to get this result any other way (as we later realized
1 —¢/n? is the right order of magnitude for the first nontrivial eigenvalue of the
walk based on 5).

L: Do you have any other example? ....

This took place during the spring of 1991. The conversation is still going on
and these notes are based on it.
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1.1.2 Who cares?

There are many ways in which finite Markov chains appear as interesting or
useful objects. This section presents briefly some of the aspects that I find most
compelling.

Random walks on finite groups. I started working on finite Markov
chains by looking at random walks on finite groups. This is still one of my
favorite aspects of the subject. Given a finite group G and a generating set
S C G, define a Markov chain as follows. If the current state is g, pick s
in S uniformly at random and move to gs. For instance, take G = S, and
S ={id}U{(i,j) : 1 <i < j <mn} This yields the “random transpositions”
walk. Which generating sets of .S, are most efficient? Which sets yield random
walks that are slow to converge? How slow can it be? More generally, which
groups carry fast generating sets of small cardinality? How does the behavior of
random walks relate to the algebraic structure of the group? These are some of
the questions that one can ask in this context. These notes do not study finite
random walks on groups in detail except for a few examples. The book [17]
gives an introduction and develops tools from Fourier analysis and probability
theory. See also [42]. The survey paper [27] is devoted to random walks on
finite groups. It contains pointers to the literature and some open questions.
Many examples of walks on the symmetric group are treated by comparison with
random transpositions in [24]. M. Hildebrand [49] studies random transvections
in finite linear groups by Fourier analysis. The recent paper of D. Gluck [45]
contains results for some classical finite groups that are based on the classification
of simple finite groups. Walks on finite nilpotent groups are studied in [25, 26]
and in [74, 75, 76].

Markov Chain Monte Carlo. Markov chain Monte Carlo algorithms use
a Markov chain to draw from a given distribution 7= on a state space X or
to approximate m and compute quantities such as w(f) for certain functions
f. The Metropolis algorithm and its variants provide ways of constructing
Markov chains which have the desired distribution 7 as stationary measure. For
instance let A be a 100 by 100 square grid, X = {x : A — {+1}} and

m(x) = z(c) texp< ¢ Z iz + thi

©,j:i~] i

where z(c) is the unknown normalizing constant. This is the Gibbs measure of a
finite two-dimentional Ising model with inverse temperature ¢ > 0 and external
field strength h. In this case the Metropolis chain proceed as follows. Pick a site
i € A at random and propose the move x — z* where x’ is obtained from = by
changing z(i) to —x(i). If 7(z*)/m(x) > 1 accept this move. If not, flip a coin
with probability of heads 7 (z%)/7(z). If the coin comes up heads, move to x*.
If the coins comes up tails, stay at x. It is not difficult to show that this chain
has stationary measure 7 as desired. It can then be used (in principle) to draw
from 7 (i.e., to produce typical configurations), or to estimate the normalizing
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constant z(c). Observe that running this chain implies computing 7 (z%)/7(z).
This is reasonable because the unknown normalizing constant disappears in this
ratio and the computation only involves looking at neighbors of the site .

Application of the Metropolis algorithm are widespread. Diaconis recom-
mends looking at papers in the Journal of the Royal Statistical Society, Series
B, 55(3), (1993) for examples and pointers to the literature. Clearly, to validate
(from a theoretical point of view) the use of this type of algorithm one needs
to be able to answer the question: how many steps are sufficient (necessary) for
the chain to yield a good approximation of 7?7 These chains and algorithms are
often used without any theoretical knowledge of how long they should be run.
Instead, the user most often relies on experimental knowledge, hoping for the
best.

Let us emphasize here the difficulties that one encounters in trying to produce
theoretical results that bear on applications. In order to be directly relevant to
applied work, theoretical results concerning finite Markov chains must not only
be quantitative but they must yield bounds that are close to be sharp. If the
bounds are not sharp enough, the potential user is likely to disregard them as
unreasonably conservative (and too expensive in running time). It turns out that
many finite Markov chains are very effective (i.e., are fast to reach stationarity)
for reasons that seem to defy naive analysis. A good example is given by the
Swendsen-Wang algorithm which is a popular sampling procedure for Ising con-
figuration according to the Gibbs distribution [77]. This algorithm appears to
work extremely well but there are no quantitative theoretical results to support
this experimental finding. A better understood example of this phenomenon is
given by random transpositions (and other walks) on the symmetric group. In
this case, a precise analysis can be obtained through the well developed repre-
sentation theory of the symmetric group. See [17].

Theoretical Computer Science. Much recent progress in quantitative
finite Markov chain theory is due to the Computer Science community. I refer
the reader to [54, 56, 71, 72] and also [31] for pointers to this literature. Computer
scientists are interested in classifying various combinatorial tasks according to
their complexity. For instance, given a bipartite connected graph on 2n vertices
with vertex set O U I, #0 = #I = n, and edges going from I to O, they ask
whether or not there exists a deterministic algorithm in polynomial time in n
for the following tasks:

(1) decide whether there exists a perfect matching in this graph
(2) count how many perfect matchings there are.

A perfect matching is a set of n edges such that each vertex appears once. It
turn out that the answer is yes for (1) and most probably no for (2) in a precise
sense, that is, (2) is an example of a # P-complete problem. See e.g., [72].
Using previous work of Broder, Mark Jerrum and Alistair Sinclair were able
to produce a stochastic algorithm which approximate the number of matchings
in polynomial time (for a large class of graphs). The main step of their proof
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consists in studying a finite Markov chain on perfect and near perfect matchings.
They need to show that this chain converges to stationarity in polynomial time.
They introduce paths and their combinatorics as a tool to solve this problem.
See [54, 72]. This technique will be discussed in detail in these notes.

Computer scientists have a host of problems of this type, including the cele-
brated problem of approximating the volume of a convex set in high dimension.
See [38, 39, 56, 60].

To conclude this section I would like to emphasize that although the present
notes only contain theoretical results these results are motivated by the question
obviously relevant to applied works:

How many steps are needed for a given finite Markov chain to be
close to equilibrium?

1.1.3 A simple open problem

I would like to finish this introduction with a simple example of a family of
Markov chains for which the asymptotic theory is trivial but satisfactory quan-
titative results are still lacking. This example was pointed out to me by M.
Jerrum.

Start with the hypercube X = {0, 1}" endowed with its natural graph struc-
ture where x and y are neighbors if and only if they differ at exactly one co-
ordinate, that is, |z — y| = > |#; — y;| = 1. The simple random walk on this
graph can be analysed by commutative Fourier analysis on the group {0,1}"
(or otherwise). The corresponding Markov operator has eigenvalues 1 — 2j/n,

7 = 0,1,...,n, each with multiplicity (?) It can be shown that this walk

reaches approximate equilibrium after %nlogn many steps in a precise sense.
Now, fix a sequence a = (a;)} of non-negative numbers and b > 0. Consider

X(a,b) = {x e {0,1}": Zaimi < b}.

This is the hypercube chopped by a hyperplane. Consider the chain K = K,
on this set defined by K(z,y) = 1/nif |z —y| =1, K(z,y) =0if |z —y| > 1
and K(z,z) = 1 — n(x)/n where n(z) = nap(z) is the number of y in X(a,b)
such that |z — y| = 1. This chain has the uniform distribution on X(a,b) as
stationary measure.

At this writing it is an open problem to prove that this chain is close to
stationarity after n©(!) many steps, uniformly over all choices of a,b. A partial
result when the set X'(a,b) is large enough will be described in these notes. See
also [38].

1.2 The Perron-Frobenius Theorem

One possible approach for studying finite Markov chains is to reduce everything
to manipulations of finite-dimensional matrices. Kemeny and Snell [57] is a
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useful reference written in this spirit. From this point of view, the most basic
result concerning the asymptotic behavior of finite Markov chains is a theorem
in linear algebra, namely the celebrated Perron-Frobenius theorem.

1.2.1 Two proofs of the Perron-Frobenius theorem

A stochastic matriz is a square matrix with nonnegative entries whose rows all
sum to 1.

Theorem 1.2.1 Let M be an n-dimensional stochastic matriz. Assume that
there exists k such that M* has all its entries positive. Then there exists a
row vector m = (m;)? with positive entries summing to 1 such that for each
1<i<n,

lim M, =m;. (1.2.1)
{— 00 "
Furthermore, m = (m;)} is the unique row vector such that Y. m; = 1 and

mM =m.
We start with the following Lemma.

Lemma 1.2.2 Let M be an n-dimensional stochastic matriz. Assume that for
each pair (i,7),1 < 4,5 < n there exists k = k(i,j) such that Mf] > 0. Then
there exists a unique row vector m = (m;)7 with positive entries summing to
1 such that mM = m. PFurthermore, 1 is a simple root of the characteristic
polynomial of M.

PrOOF: By hypothesis, the column vector 1 with all entries equal to 1 satisfies
M1 = 1. By linear algebra, the transpose M?® of M also has 1 as an eigenvalue,
i.e., there exists a row vector v such that vM = v. We claim that |v| also satisfies
[v|M = |v|. Indeed, we have ) |v;|M;; > |v;|. If |v|M # |v|, there exists jo
such that 3, [0[Mij, > |vy,l- Hence, Y, o] = ¥, 5, My > 3, lvgl,
contradiction. Set m; = v;/(>_, |vi]). The weak irreducibility hypothesis in the
lemma suffices to insure that there exists ¢ such that A = (I + M)’ has all its
entries positive. Now, mA = 2m implies that m has positive entries.

Let u be such that uM = u. Since |u| is also an eigenvector its follows that
the vector ut with entries uj” = max{u;,0} is either trivial or an eigenvector.
Hence, u™ is either trivial or equal to u (because it must have positive entries).
We thus obtain that each vector u # 0 satisfying uM = wu has entries that are
either all positive or all negative. Now, if m,m’ are two normalized eigenvectors
with positive entries then m — m/’ is either trivial or an eigenvector. If m —m/
is not trivial its entries must change sign, a contradiction. So, in fact, m = m/'.

To see that 1 has geometric multiplicity one, let V' be the space of column
vectors. The subspace Vy = {v : Y, v; = 0} is stable under M: MV, C V; and
V =R1® Vy. So either M — I is invertible on V{ or there is a 0 £ v € Vj
such that Mv = v. The second possibility must be ruled out because we have
shown that the entries of such a v would have constant sign. This ends the proof
of Lemma 1.2.2. We now complete the proof of Theorem 1.2.1 in two different
ways.
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PROOF (1) OF THEOREM 1.2.1: Using the strong irreducibility hypothesis of
the theorem, let & be such that V i, j Mi’fj > 0. Let m = (m;)} be the row
vector constructed above and set M = m; so that M is the matrix with all
rows equal to m. Observe that

MM™ = M®M = M> (1.2.2)
and that MF; > cM?P with ¢ = min; j{M}";/M3} > 0. Consider the matrix

1
1—c

N =

(M" — cM™)

with the convention that N = 0 if ¢ = 1 (in which case we must indeed have
MF = M®>). If0 < ¢ < 1, N is a stochastic matrix and NM>® = M>®N = M.
In all cases, the entries of (N — M>)¢ = N*— M are bounded by 1, in absolute
value, for all £ =1,2,.... Furthermore

MF—M> = (1-¢)(N—-M>)
MF— M = (MF - M>®) = (1-¢)(N - M>)".

[hus
174 fe'e) ¢
|Mi,j - Mi,j| <(1-¢o).

Consider the norm ||A|lo = max; ; |4, ;| on matrices. The function
0= |IME = Mo

is nonincreasing because Mt — M> = M (M* — M>) implies

(M= M=)y = ) Mis(M* = M®),
S

IN

(ZM> 1M = M> oo = | M~ M*||oc.

Hence,
max{|M£j — mj\} <(1- C)ij.
i,

In particular limy_. Mf, ; = my. This argument is pushed further in Section
1.2.3 below.

PROOF (2) oF THEOREM 1.2.1: For any square matrix let
p(A) = max{|\| : A an eigenvalue of A}.

Observe that any norm || - || on matrices that is submultiplicative (i.e., ||AB]|| <
[A[I[|BI[) must satisfy p(A) <Al

Lemma 1.2.3 For any square matrix A and any € > 0 there exists a submulti-
plicative matriz norm || - || such that ||A|| < p(A) + €.
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PrROOF: Let U be a unitary matrix such that A’ = UAU* with A’ upper-
triangular. Let D = D(t), t > 0, be the diagonal matrix with D;; = t. Then
A" = DA'D™" is upper-triangular with A, =t~ G- Z)A’ , 7 > 1. Note that, by
construction, the diagonal entries are the eigenvalues of A Consider the matrix
norm (mduced by the vector norm |[v||y = > |vs|)

1 = max il
Bl = max Y B
i

Then [|A”||; = p(A) + O(t™1). Pick t > 0 large enough so that ||A”|; < p +e.
For U, D fixed as above, define a matrix norm by setting, for any matrix B,

IB|| = [DUBU*D™!|y = [|((UD)B(DU)™ )]s

This norm satisfies the conclusion of the lemma (observe that it depends very
much on A and e).

Lemma 1.2.4 We have lim,_ o, max; ; A- =0 if and only if p(A) < 1.

For each € > 0, the submultiplicative norm of Lemma 1.2.3 satisfies

[A]l < p(A) + ¢

If p(A) < 1, then we can pick € > 0 so that ||A|| < 1. Then lim,_ . ||A¢]| <
limy_ ||A[|¥ = 0. The desired conclusion follows from the fact that all norms
on a finite dimensional vector space are equivalent. Conversely, if

hm (ma_fo]) =0
1,] ?

{—00

then limy_., ||A%||; = 0. Since || - [|; is multiplicative, p(A4) < ||AZ||1/€ < 1for/t
large enough.

Let us pause here to see how the above argument translates in quantitative
terms. Let ||Alloc = max; ;|A4; ;| and |JA[|* = doii |4; j%. We want to bound
| A%||oo in terms of the norm ||A*| of Lemma 1.2.3.

Lemma 1.2.5 For any n X n matriz A and any € > 0, we can choose the norm
Il - |l of Lemma 1.2.3 so that

1A% 0o < nM2(1+ Al /)" | A
PRrROOF: With the notation of the proof of Lemma 1.2.3, we have

|/1CJ| = z{: Lh,s/15¢17j¢

s,t
1/2 1/2
< (ZIA 2) (ZIUi,s2 ',t|2>
s,t s,t
1/2
< (ZlA, 2) <l
s,t
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because U is unitary. It follows that

DAL < p(A) + AN - 1)

K2

Hence, for t = 1+ || A|| /¢, we get
A = 1A"[l1 < p(A) + ¢

as desired. Now, for any ¢, set B = A*, B’ = (A"), B” = (A")%. Then ||AY|| =
|B"||y and A® = U*B'U = U*D~'B"”DU. The matrix B’ = D~'B"D is upper-
triangular with coefficients Bj ; = /= B/, for j > i. This yields

1/2

[A e < | DP9 BYP
i,j:
i<j

n!2(1+ | All/€)"|B" |y
n!2(1+ Al €)™ AY.

IN

With this material at hand the following lemma suffices to finish the second
proof or the Perron-Frobenius theorem.

Lemma 1.2.6 Let M be a stochastic matrix satisfying the strong irreducibility
condition of Theorem 1.2.1. Let M?; = m; where m = (my;) is the unique
normalized row vector with positive entries such that mM = m. Then p(M —
M=) < 1.

PROOF: Let A be an eigenvalue of M with left eigenvector v. Assume that
|[A| = 1. Then, again, |v| is a left eigenvector with eigenvalue 1. Let k be such
that M* > 0. It follows that

1> Mol = Mol
7 7

Since M[; > 0 for all j, this implies that v; = e*|v;| for some fixed 6. Hence
A=1 Let Ay = 1and \;, i = 2,...,n be the eigenvalues of M repeated
according to there geometric multiplicities. By Lemma 1.2.2, |)\;| < 1 for i =
2,...,n. The eigenvalues of M are 1 with eigenspace R1 and 0 with eigenspace
Vo = {v: >, v; =0}. By (1.2.2) it follows that the eigenvalues of M — M are
0=XM—land \;=X;—0,i=2,...,n. Hence p(M — M) < 1.

1.2.2 Comments on the Perron-Frobenius theorem

Each of the two proofs of Theorem 1.2.1 outlined above provides existence of
A >0 and 0 < e <1 such that

|M[; —my| < A(1—e)". (1.2.3)
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However, it is rather dishonest to state the conclusion (1.2.1) in this form without
a clear WARNING:

the proof does not give a clue on how large A and how small € can be. ‘

Indeed, “Proof (1)” looks like a quantitative proof since it shows that
|Mf; —my| < (1—c)l/* (1.2.4)

whenever M* > ¢M>. But, in general, it is hard to find explicit reasonable k
and ¢ such that the condition M* > ¢ M is satisfied.

EXAMPLE 1.2.1: Consider the random walk on Z/nZ, n = 2p+1, where, at each
step, we add 1 or substract 1 or do nothing each with probability 1/3. Then M
is an n x n matrix with M; ; =1/3if |i — j| =0,1, My, = M, 1 =1/3, and all
the orther entries equal to zero. The matrix M has all its entries equal to 1/n.
Obviously, M? > n37% M, hence |M{; — (1/n)| < 2(1 — n3~P)L¢/Pl This is a
very poor estimate. It is quite typical of what can be obtained by using (1.2.4).

Still, there is an interesting conclusion to be drawn from (1.2.4). Let
ko = inf{¢: M* > (1 —1/e)M>}

where the constant ¢ = 1 — 1/e as been chosen for convenience. This kg can
be interpreted as a measure of how long is takes for the chain to be close to
equilibrium in a crude sense. Then (1.2.4) says that this crude estimate suffices
to obtain the exponential decay with rate 1/kq

|M£j —my| < 3o

“Proof (2)” has the important theoretical advantage of indicating what is

the best exponential rate in (1.2.3). Namely, for any norm || - || on matrices, we
have

lim || M* — M|V =p (1.2.5)
where

p=p(M — M) =max{|\| : A # 1, \ an eigenvalue of M}.
Comparing with (1.2.4) we discover that M* > cM° implies
1
p < 1 log(l—c).
Of course (1.2.5) shows that, for all € > 0, there exists C(€) such that

\Mﬁj —m;| < C(e) (p+e)t.
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The constant C(e€) can be large and is dificult to bound. Since ||[M* — M| <
2n'/2 (in the notation of the proof of Lemma 1.2.5), Lemma 1.2.5 yields

o2n1/?

My -yl < (14
’ €

n
) (p+e). (1.2.6)
This is quantitative, but essentially useless. I am not sure what is the best pos-
sible universal estimate of this sort but I find the next example quite convincing
in showing that “Proof (2)” is not satisfactory from a quantitative point of view.

EXAMPLE 1.2.2: Let X = {0,1}". Define a Markov chain with state space X
as follows. If the current state is = (x1,...,2,) then move to y = (y1,...,Yn)
where y; = x;41 for i = 1,...,n—1 and y, = x1 or y, = x1 + 1 (mod 2),
each with equal probability 1/2. It is not hard to verify that this chain is
irreducible. Let M denote the matrix of this chain for some ordering of the
state space. Then the left normalized eigenvector m with eigenvalue 1 is the
constant vector with m; = 27". Furthermore, a moment of thought shows that
M™ = M. Hence p = p(M — M) = 0. Now, max; ; |]\4{f{1 — m;| is of order
27", So, in this case, C(e) of order (2¢)~™ is certainly needed for the inequality
|ij —my| < C(e) (p+ ¢€)¢ to be satisfied for all £.

1.2.3 Further remarks on strong irreducibility

A n-dimensional stochastic matrix M is strongly irreducible if there exists an
integer k such that, for all 4, j, M{fj > (. This is related to what is known as the
Doeblin condition. Say that M satisfies the Doeblin condition if there exist an
integer k, a positive ¢, and a probability measure ¢ on {1,...,n} such that

(D) for alli e {1,...,n}, Milfj > cqg;.

Proof (1) of Theorem 1.2.1 is based on the fact that strong irreducibility
implies the Doeblin condition (D) with ¢ = m (the stationary measure) and
some k,c > 0. The argument developed in this case yields the following well
known result.

Theorem 1.2.7 If M satisfies (D) for some k,c > 0 and a some probability q
then
> IME; —myl < 2(1 - )k
J

for all integer €. Here m = (m;)} is the vector appearing in Lemma 1.2.2, i.e.,
the stationary measure of M.

PrOOF: Using (1.2.1), observe that (D) implies m; > cg;. Let M be the
matrix with all rows equal to m, let @ be the matrix with all rows equal to ¢

and set
1

1—c¢

(MF—eQ), N*= 1 (> — Q).

N:
1—c¢
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These two matrices are stochatic. Furthermore
M¥ — M> = (1-¢)(N—N>)
and
MK M = (MF - M)
= (1-¢f(N-N>®)".

Observe that (N — N°°)2 = (N — N*°)N because N> has constant columns so
that PN = N> for any stochastic matrix P. It follows that (N — N*)¢ =
(N — N®)N*L. If we set ||A]|; = max; >_; [Ai ;| for any matrix A and recall
that [[AB|l, < Al [|B]l» we get

[M5E = MYy < (1= ) IN = N*[ [N H]s.
Since N is stochastic, we have | N||; = 1. Also |[N — N*°||; < 2. Hence

MM — M| <2(1-c).
max Y| |<20-9
j
This implies the stated result because £ — [|M* — M|, is nonincreasing.

1.3 Elementary functional analysis

This section introduces notation and concepts from elementary functional anal-
ysis such as operator norms, interpolation, and duality. This tools turn out to
be extremely useful in manipulating finite Markov chains.

1.3.1 Operator norms

Let A, B be two Banach spaces with norms || - ||4, |- ||lz. Let K : A — B be a
linear operator. We set

17l |

[Kllawp = sup {|Kfllg}= sup {
FeA: seafzo U Iflla

Ffla<t

If A*, B* are the (topological) duals of A, B, the dual operator K* : B* — A*
defined by K*b*(a) = b*(Ka),a € A, satisfies

K[|~ ax < | K| a~B-

In particular, if X' is a countable set equipped with a positive measure 7 and
if A=/¢P(r) and B = ¢9(7) with

1/p
1£llp = [ fller(ry = (Z If(af)lpﬂ(ﬂf)> and || f[loc = sup |f ()],

reX
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we write
IK]lp—q = HKHZP(W)HZ"(W)'

Let

(f,9) = (£,9)= = f@)g(x)m(z)

be the scalar product on ¢?(m). For 1 < p < oo, this scalar product can be used
to identify ¢P(m)* with £9(m) where p, g are Holder conjugate exponents, that is
1/p+1/q = 1. Furthermore, for all 1 < p < oo, ¢4(w) norms ¢P (7). Namely,

||f||P: sup (fvg>7r

g€Ld(m)
llgllg=<1

It follows that for any linear operator K : (P(w) — £"(7) with 1 < p,r < 400,
K lp—r = K" ||s—q
where 1/p+1/¢=1,1/r+1/s = 1. Assume now that the operator K is defined
by
Kf(x) =) K(x.y)f)

yEX

for any finitely supported function f. Then the norm ||K||,— is given by

1/q
1K lp—o0 = max DK () /7(y)|n(y) (1.3.1)
YyeX
where 1/p+ 1/¢q = 1. In particular,
1/2
_ * _ 2
1K ll2—00 = [IE™]|1—2 = max DK () /7 (y)Pr(y) (1.3.2)
yexX
and
o0 = [ 100 = max {|K(2,y)/m(y)l}- (1.3.3)

For future reference we now recall the Riesz-Thorin interpolation theorem
(complex method). It is a basic tools in modern analysis. See, e.g., Theorem
1.3, page 179 in [73].

Theorem 1.3.1 Fiz 1 < p;,q; < 00, ¢ = 1,2, with p1 < p2, ¢1 < qo. Let K
be a linear operator acting on functions by K f(x) = Zy K(z,y)f(y). For any
p such that p1 < p < ps let 0 be such that 1/p = 0/p1 + (1 — 0)/p2 and define
q€lq,q) byl/g=0/q1 +(1—0)/q2. Then

1K llp—q < K5, —g, 1 K12

pP1—q1 p2—q2"°
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1.3.2 Hilbert space techniques

For simplicity we assume now that X is finite of cardinality n = |X| and work
on the (n-dimensional) Hilbert space £2(r). An operator K : (?(7r) — (2(r) is
self-adjoint if it satisfies

(Kf,9)r ={f,Kg)r, ie., K*'=K.
Let K(z,y) be the kernel of the operator K. Then K* has kernel
K*(x,y) = n(y)K(y, z)/7(x)
and it follows that K is selfadjoint if and only if
K(z,y) = n(y)K(y, )/ ().

Lemma 1.3.2 Assume that K is self-adjoint on (*(r). Then K is diagonal-
izable in an orthonormal basis of ¢*(w) and has real eigenvalues By > By ... >

Bn—1. For any associated orthonormal basis (wi)g_l of eigenfunctions, we have
K(z,y)/m(y) = Y Bbi(@)ihi(y). (1.3.4)

1K () /7 (II5 - = Zﬂ?lwi(w)IQ- (1.3.5)
YK @ ) /m()3m(@) = Zﬁ?- (1.3.6)

reX

PRrROOF: We only prove the set of equalities. Let z — 1,(z) be the function
which is equal to 1 at = and zero everywhere else. Then K(z,y) = K1,(x).

The function 1, has coordinates (1,, ;) = 9;(y)7(y) in the orthonormal basis
(¥i)g~*. Hence K1,(x) = n(y) Y., Bitbi(x)¥i(y). The second and third results
follow by using the fact that (1/)1)8_1 is orthonormal.

We now turn to an important tool known as the Courant-Fischer min-max
theorem. Let € be a (positive) Hermitian form on ¢%(r). For any vector space
W C %(r), set

M) =y ) mon = pin {550}

Recall from linear algebra that there exists a unique Hermitian matrice A such
that E(f, f) = (Af, f)» and that, by definition, the eigenvalues of £ are the
eigenvalues of A. Furthermore, these are real.

Theorem 1.3.3 Let € be a quadratic form on £%(r), with eigenvalues
)‘OS)\l SS)\nfl

Then
Ak=min M(W)= max m((W). (1.3.7)
W Ce2(r): WcCe2(x):
dim(W)>k+1 dim(WL)<k
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For a proof, see [51], page 179-180. Clearly, the minimum of M (W) with
dim(W) > k + 1 is obtained when W is the linear space spanned by the k + 1
first eigenvectors v; associated with A;, ¢ = 0,...,k. Similarly, the maximum
of m(W) with dim(W+) < k is attained when W is spanned by the ;’s,
i = k,...,n. This result also holds in infinite dimension. It has the follow-
ing corollary.

Theorem 1.3.4 Let £,&’ be two quadratic forms on different Hilbert spaces H,
H' of dimension n < n'. Assume that there exists a linear map f — f from H
into H' such that, for all f € H,

Ef ) < AE(L,f) and all fl3 < 115 (1.3.8)

for some constants 0 < a, A < co. Then

%Agg)\g for £=1,...,n—1. (1.3.9)
PROOF: Fix ¢ = O7 1,...,n—1 and let 9; be orthonormal eigenvectors associated
to \i, i =0,. — 1. Observe that the second condition in (1.3.8) 1mphes that

f f is one to one. Let W C 'H be the vector space spanned by (1/11) , and let
W C H be its image under the one to one map f — f. Then W has dlmensmn

¢ and by (3.7)
N, < M(W)=max E'(f.f)
‘o W (1F13,

max
few

allfI3 a

1.4 Notation for finite Markov chains

Let X be a finite space of cardinality |X| = n. Let K(x,y) be a Markov kernel
on X with associated Markov operator defined by

=Y K(xy)fy)

yeX

That is, we assume that

K(xz,y) >0 and ZK(m,y) =1.
y

The operator K* has a kernel K*(x,y) which satisfies

= Z K'Yz, 2)K(z,y).

zZEX
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Properly speaking, the Markov chain with initial distribution ¢ associated with
K is the sequence of X-valued random variables (X,,)5° whose law P, is deter-
mined by

Vi=1,2,..., Py(X;=u;,1<1i<¥) =q(xo)K(xo,21) - K(xe—1,20).

With this notation the probability measure K¢(x,-) is the law of X, for the
Markov chain started at x:

PT(XZ = y) = Kf(‘r7y)'

However, this language will almost never be used in these notes.
The continuous time semigroup associated with K is defined by

Hif(z) = e MUK — Z w (1.4.1)

|
0 2!

Obviously, it has kernel

= t'K'(z,y
(o) = e Y0 DY),
g !

Observe that this is indeed a semigroup of operators, that is,

HtJrs - HtHs
limH, = 1.
t—0

Furthermore, for any f, the function u(t,x) = Hy f(z) solves

{ O+ (I —K))u(t,z) = O0on (0,00) x X
u(0,2) = f(x).

Set HY(y) = Hi(x,y). Then HF(-) is a probability measure on X which repre-
sents the distribution a time ¢ of the continuous Markov chain (X}):~¢ associated
with K and started at x. This process can be described as follows. The moves
are those of the discrete time Markov chain with transition kernel K started at
x, but the jumps occur after independent Poison(1) waiting times. Thus, the
probability that there have been exactly i jumps at time ¢ is e=*?/i! and the
probability to be at y after exactly i jumps at time ¢ is et t* K*(z,y)/il.

The operators K, H; also acts on measures. If p is a measure then K (resp.
wHy) is defined by setting

pK(f) = p(Kf) (vesp. uHy(f) = p(Hif))

for all functions f. Thus

pEK(2) =Y n(y)K(y,z).
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Definition 1.4.1 A Markov kernel K on a finite set X is said to be irreducible
if for any x,y there exists j = j(x,y) such that K’ (x,y) > 0.

Assume that K is irreducible and let 7 be the unique stationary measure
for K, that is, the unique probability measure satisfying 7K = 7 (see Lemma
1.2.2). We will use the notation

=Y f(@)n(z) and Vare(f) =Y |f(x) = x(f)[*n(2).

We also set
e = min{m(x)}. (1.4.2)

reX

Throughout these notes we will work with the Hilbert space £2(r) with scalar

product
= > f@)g(@)r(x)

reX
and with the space ¢P(7), 1 < p < oo, with norm

1£1l, = (Z |f (@

zeX

1/p
(e ) BT N

In this context, it is natural and useful to consider the densities of the probability
measures K, Hf with respect to 7 which will be denoted by

¢ x
k) = k(o) = 2
and HE (y)
xT _ T — t y
ht (y) - ht( 7y) ﬂ_(y) .

Observe that the semigroup property implies that, for all ¢, s > 0,

hits(z,y) th x,z) ,y)m(z).

The operator K (hence also H;) is a contraction on each () (i.e., | K f], <
Il fllp). Indeed, by Jensen’s inequality, |K f(z)[” < K(|f|P)(z) and thus

KI5 <Y K (@ y)lf )P Z F)Pr(y) = £
@y
The adjoint K* of K on ¢2(r) has kernel
K*(x,y) = m(y)K(y, z)/7(x).

Since 7 is the stationary measure of K, it follows that K™ is a Markov operator.
The associated semigroup is H; = e *!=K") with kernel

H{ (z,y) = m(y)H(y, x)/7(x)
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and density

hi(z,y) = he(y, ).
The Markov process associated with H; is the time reversal of the process as-
sociated to H;.

If a measure p has density f with respect to , that is, if u(x) = f(x)n(x),
then pK (resp. pH;) has density K*f (resp. H; f) with respect to m. Thus
acting by K (resp. H;) on a measure is equivalent to acting by K* (resp H;") on
its density with respect to w. In particular, the density h¢(z,-) of the measure
HY with respect to w is H; 6, where 6, = 1, /m(z). Indeed, the measure 1, has
density ¢, = 1, /7(x) with respect to 7. Hence HY = 1, H; has density

. Hi(y,x) .
Ht (533(1/) = ;,(T) = ht (y,[L‘) = ht($7y>
with respect to m.
Recall the following classic definition.

Definition 1.4.2 A pair (K,n) where K is Markov kernel and 7 a positive
probability measure on X is reversible if

m(2)K(z,y) = (y)K(y, z).
This is sometimes called the detailed balance condition.

If (K, 7) is reversible then 7 K = 7. Furthermore, (K, 7) is reversible if and only
if K is self-adjoint on ¢2(r).

1.4.1 Discrete time versus continuous time

These notes are written for continuous time finite Markov chains. The reason
of this choice is that it makes life easier from a technical point of view. This
will allow us hopefully to stay more focussed on the main ideas. This choice
however is not very satisfactory because in some respects (e.g., implementa-
tion of algorithms) discrete time chains are more natural. Furthermore, since
the continuous time chain is obtained as a function of the discrete time chain
through the formula H, = e *U=%) it is often straightforward to transfer in-
formation from discrete time to continuous time whereas the converse can be
more difficult. Thus, let us emphasize that the techniques presented in these
lectures are not confined to continuous time and work well in discrete time.
Treatments of discrete time chains in the spirit of these notes can be found in
[23, 24, 25, 26, 27, 28, 29, 35, 41, 63].

For reversible chains, it is possible to relate precisely the behavior of Hy
to that of K through eigenvalues and eigenvectors as follows. Assuming that
(K, ) is reversible and |X| = n, let (\;)p~" be the eigenvalues of I — K in
non-decreasing order and let (1;)j " be an orthonormal basis of £2(7) made of
real eigenfuntions associated to the eigenvalues (/\i)g_l with ¢y = 1.

Lemma 1.4.3 If (K, x) is reversible, it satisfies
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n—1 n—1
(1) k() =Y (1= il@)vly), ks =15 =D (1= X)) .
0 1
(2) hi(w,y) =Y e Ngi@)ily), b =113 =D e N fgi(a)]*.
0 1

This classic result follows from Lemma 1.3.2. The next corollary gives a useful
way of transferring information between discrete and continuous time. It sep-
arates the effects of the largest eigenvalue \,,_; from those of the rest of the
spectrum.

Corollary 1.4.4 Assume that (K, ) is reversible and set f_ = max{0,—1 +
An—1}. Then

- _ t/2
(1) || =13 < =55et + K — 13,

(2) kY =103 < B2 (14 |h§ = 113) + |h% — 113 for N=m+{+1.
Proof: For (1), use Lemma 1.4.3,

(1 Y )2@ _ e2£10g(1—/\i)

and the inequality log(1 —z) > =2z for 0 <z <1/2. For (2), observe that

n—1

B a,2) = 3 (1= )" () > 0.
0

This shows that

= D A=A @) < Y (1= ) ().
A >1

<1

Hence

S - A @R < Y (1A (@)

iA>1 iAi<1

Now, for those A; that are smaller than 1, we have

so that
S =A@ < k713

A <1

and

Yo =2 il)]® < |Ihf — 13-

10,0 <1
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Putting these pieces together, we get for N =m + ¢+ 1,

n—1

Y =113 = > (=) i)

1

= =M@+ Y (=2 @)

A >1 1#0: ;<1

Cal ( > a- m?“?wi(x)f) Y =P

N >1 1#£0: 2 <1

IN

BEMInE 5 + 1% — 1113
B (14 ||hg — 1)13) + |h% — 1]13.

Observe that, according to Corrolary 1.4.4, it is useful to have tools to bound
1—\,_1 away from —1.

Corollary 1.4.4 says that the behavior of a discrete time chain and of its
associated continuous time chain can not be too different in the reversible case.
It is interesting to see that this fails to be satisfied for nonreversible chains.

EXAMPLE 1.4.1: Consider the chain K on X = Z/mZ with m = n? an odd
integer and

(12 ify=az+1
K(z,y) = { 1/2 ify=z+4n

On one hand, the discrete time chain takes order m? ~ n* steps to be close to
stationarity. Indeed, there exists an affine bijection from X to X that send 1 to
1 and n to —1. On the other hand, one can show that the associated continuous
time process is close to stationarity after a time of order m = n?. See [25].

Lemma 1.4.3 is often hard to use directly because it involves both eigenvalues
and eigenvectors. To have a similar statement involving only eigenvalues one has
to work with the distance

1/2
If =gl = (Z |f(z,y) — g(w,y)l%(w)ﬁ(y)>

T,y
between functions on X x X.
Lemma 1.4.5 If (K, x) is reversible, it satisfies

n—1 n—1

IKE =107 =Y (1= X)* and Jhe — 12 = e 2N

1 1

It is possible to bound ||k* — 1| using only 8, = max{l —A;, =1+ \,_1} and
the eigenvalues A; such that \; < 1. It is natural to state this result in terms
of the eigenvalues 3; = 1 — \; of K. Then . = max{f,|Bn-1|} and \; < 1
corresponds to the condition 3; > 0.
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Corollary 1.4.6 Assume that (K, ) is reversible. With the notation introduced
above we have, for N =m + 0+ 1,

m 4 m
I —1)* < 262 > o5
:0<6; <1
ProOOF: We have

n—1

Z k2 (z, 2) () = Z g > 0.
X

0

Hence
DBy B
Bi<0 B:>0
It follows that
n—1
Y1) = Y g
1

IA

G (nfﬁ%“) <282 | D B

0 :3;>0



Chapter 2

Analytic tools

This chapter uses semigroup techniques to obtain quantitative estimates on the
convergence of continuous time finite Markov chain in terms of various functional
inequalities. The same ideas and techniques apply to discrete time but the details
are somewhat more tedious. See [28, 29, 35, 41, 63, 72].

2.1 Nothing but the spectral gap
2.1.1 The Dirichlet form

Classicaly, the notion of Dirichlet form is introduced in relation with reversible
Markov semigroups. The next definition coincides with the classical notion when
(K, ) is reversible.

Definition 2.1.1 The form

is called the Dirichlet form associated with H, = et ~K)
The notion of Dirichlet form will be one of our main technical tools.

Lemma 2.1.2 The Dirichlet form € satisfies E(f, f) = (I — 2 (K + K*))f, f),

£ ) = 5 S I@) — FWPE (@ )n(e) (211)

and 5
SilH I3 = =2 E(Hof, Hof). (2.1.2)

PROOF: The first equality follows from (K f, f) = (f, K*f) = (K*f, f). For the
second, observe that E(f, f) = || |3 — R((K f, f)) and

5 I @) — Fw)PK @ y))

27
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= 3 (1F@P + F @)~ M@ ) K y)m(a)

= |If15 = RCKS, )

The third is calculus. In a sense, (2.1.2) is the definition of £ as the Dirichlet
form of the semigroup H; since

E0F, £) = = OHFIR], o =~ im (T~ H)F. 7).

Lemma 2.1.2 shows that the Dirichlet forms of Hy, H} and S; = e tU-R)
whith R = (K + K*) are equal. Let us emphasize that equalities (2.1.1) and
(2.1.2) are crucial in most developments involving Dirichlet forms. Equality
(2.1.1) expresses the Dirichlet form as a sum of positive terms. It will allow
us to estimate £ in geometric terms and to compare different Dirichlet forms.
Equality (2.1.2) is the key to translating functional inequalities such as Poincaré
or logarithmic Sobolev inequalities into statements about the behavior of the
semigroup H;.

2.1.2 The spectral gap

This section introduces the notion of spectral gap and gives bounds on conver-
gence that depend only on the spectral gap and the stationary measure.

Definition 2.1.3 Let K be a Markov kernel with Dirichlet form £. The spectral
gap A = MNK) is defined by

Var(f)
Observe that A is not, in general, an eigenvalue of (I — K). If K is self-adjoint on
02(m) (that is, if (K, ) is reversible) then \ is the smallest non zero eigenvalue

of I — K. In general X is the smallest non zero eigenvalue of I — %(K + K*).
Note also that the Dirichlet forms of K* and K satisfy

Ex(f, f) = Ex- ([, ])-
It follows that A(K) = A(K™*). Clearly, we also have
A=min{E(f, f); [ fll2 =1, =(f) = 0}.

Furthermore, if one wishes, one can impose that f be real in the definition of
A. Indeed, let A\, be the quantity obtained for real f. Then A\, > X and, if
f = u+ iv with u,v real functions, then \,.Var,(f) = A.(Var;(u) + Var,(v)) <
E(v,v) + E(u,u) = E(f, ). Hence A, < X and finally A, = A.

V(1) £ 0}

Lemma 2.1.4 Let K be a Markov kernel with spectral gap A = A(K). Then the
semigroup Hy = e *U=K) satisfies

Vfel(n), |Huf —n(f)3 < e 2 Varg(f).
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PROOF: Set u(t) = Varr(Hyf) = |[Hy(f — n(f))[3 = | Hef — 7(f)[|3. Then

u'(t) = =2& (Hi(f = m(f)), H(f = 7(f))) < —2Au(t).
It follows that
u(t) < e 22 u(0)
which is the desired inequality because u(0) = Var,(f).

As a corollary we obtain one of the simplest and most useful quantitative
results in finite Markov chain theory.

Corollary 2.1.5 Let K be a Markov kernel with spectral gap A = M(K). Then
the density hi(-) = HF(-)/w(-) satisfies

[hF — 1|2 < /1/m(x) e .
It follows that
|Hy(z,y) — 7(y)| < V/7(y)/m(z) e

PROOF: Let H; be the adjoint of H; on ¢*(r) (see Section 2.1.1). This is a
Markov semigroup with spectral gap A(K*) = A(K). Set 0.(y) = 1/n(z) if
y = x and . (y) = 0 otherwise. Then

_ HiW)

and, by Lemma 2.1.4 applied to K*,

|Hfd: — 1||§ < 6_2)‘tVar7T(6m).

Hence

1hE = 1l2 <

Of course, the same result holds for H;. Hence

he(w,y) =1 = > (huya(e,2) = D(hya(z,y) — Dr(2)
< Ay = l2llhggy — 12
PR v
— Vr@)n(y)

Multiplying by 7 (y) yields the desired inequality. This ends the proof of Corol-
lary 2.1.5.

Definition 2.1.6 Let w = w(K) = min{R(¢) : ¢ # 0 an eigenvalue of I — K}.

Let S denote the spectrum of I — K. Since H; = e *!=5) the spectrum of H,
is {e7' : ¢ € S}. It follows that the spectral radius of H; — E, in £?(7) is e 7%,
Using (1.2.5) we obtain the following result.
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Theorem 2.1.7 Let K be an irreducible Markov kernel. Then
V1<p<oo, tlirgo _Tllog (mfx”hf — 1Hp> =w.
In particular, X\ < w with equality if (K, ) is reversible. Furthermore, if we set
T, = T,(K,1/e) = min {t > 0 s max |57 = 1], < 1/6} : (2.1.3)

and define 7, as in (1.4.2) then, for 1 <p <2,

g€~

1 1
< < — —_
<T,< X (2—|—10g7r ),

whereas, for for 2 < p < oo,

ExAMPLE 2.1.1: Let X = {0,...,n}. Consider the Kernel K(z,y)) = 1/2
ify=2a=+1, (z,y) = (0,0) or (n,n), and K(x,y) = 0 otherwise. This is a
symmetric kernel with uniform stationary distribution # = 1/(n + 1). Feller
[40], page 436, gives the eigenvalues and eigenfunctions of K. For I — K, we get
the following:

Ao = 0, ¢0($) =1

)\jzl—cosnL_zl, ¥i(x) = V2cos(mj(z +1/2)/(n+1)) for j=1,...,n.

Let H; = e *U=%) and write (using cos(mz) <1 — 222 for 0 <z < 1)

|ht($a y) - 1| = Zdjj (x)w] (y)e—t(l—cos(wj/(n+1)))
j=1

IN

9 Z e—2ti*/(n+1)*
j=1

< 9e2t/(n+1)? (1+ /(n—|—1)2/2t>.

To obtain the last inequality, use

n

D) 1

and
2

2 oo 2 —z o0
ﬁ/z e—uzdu — i/% /Z e—(u—z)2—2(u—z)zdu < 6_22.
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In particular,

1
max [hay(,y) — 1] = max 5 — 13 < 267 for ¢ = (n+17(1+0)
T,y x

and Tp(K,1/e) < 3(n+1)%/4. Also, w = A =1 —cos ;75 < 7°/(n+1)>. Hence
in this case, the lower bound for T5(K, 1/e) given by Theorem 2.1.6 is of the
right order of magnitude whereas the upper bound

2\
is off by a factor of log(n + 1).

1 1 1
Tr < o< <2—|—log ) < Z(n+ 1)%(2 4+ log(n + 1))
T

EXAMPLE 2.1.2: Let X = {0,1}" and K(z,y) = O unless [z —y| = >, |z;—yi| =
1 in which case K (z,y) = 1/n. Viewing X as an Abelian group it is not hard to
see that the characters

Xy - & — (-1¥*, ye{o,1}"

where x.y = Y, z;y;, form an orthonormal basis of ¢2(r), 7 = 27". Also

Kxy(z) = ) K(z,2)x,(2)

- (iE}—n%ﬂxam="jf“xa@.

This shows that x, is an eigenfunction of I — K with eigenvalue 2|y|/n where
ly| is the number of 1’s in y. Thus the eigenvalue 2j/n has multiplicity (?)
0 < j < n. This information leads to the bound

n
n .
=l = 3 () e
N o
g Zfe—ﬁltj/n
1 ‘7'
< eme MM

Hence .
|hf —1]|3 <e'™¢ for tzzn(logn +c¢), ¢>0.
It follows that T5(K,1/e) < in(2 + logn). Also, |A¥ — 1[3 > ne™**/" hence
Ty = T»(K,1/e) > in(1 +logn). In this case, the lower bound
1 1 2

Ty>-=—_==2
=N W n

is off by a factor of log n whereas the upper bound
n

1 1
To < —(24]log— | =2 .
< gy (e = e

is off by a factor of n/logn.
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2.1.3 Chernoff bounds and central limit theorems

It is well established that ergodic Markov chains satisfy large deviation bounds
of Chernoff’s type for

2, (7 [ 10x)ds =) > 1)

as well as central limit theorems to the effect that

2, ([ s00ds = tx(f) < o/27) — 0l 0

where ®(v) is the cumulative Gaussian distribution and o is an appropriate
number depending on f and K (the asymptotic variance).

The classical treatment of these problems leads to results having a strong
asymptotic flavor. Turning these results into quantitative bounds is rather frus-
trating even in the context of finite Markov chains.

Some progress has been made recently in this direction. This short section
presents without any detail two of the main results obtained by Pascal Lezaud
[59] and Brad Mann [61] in their Ph.D. theses respectively at Toulouse and
Harvard universities.

The work of Lezaud clarifies previous results of Gillman [44] and Dinwoodie
[36, 37] on quantitative Chernoff bounds for finite Markov chains. A typical
result is as follows (there are also discrete time versions).

Theorem 2.1.8 Let (K, ) be a finite irreducible Markov chain. Let q denote
the initial distribution and P4 be the law of the associated continuous time process
(Xt)t>0. Then, for all functions f such that w(f) =0 and ||f|le <1,

I ZNt
P, (1 [ £0aas =) < lajalesn (<150,
0

Concerning the Berrry-Essen central limit theorem, we quote a continuous
time version of one of Brad Mann’s result which has been obtained by Pascal
Lezeaud.

Theorem 2.1.9 Let (K, 7) be a finite irreducible reversible Markov chain. Let
q denote the initial distribution and Py be the law of the associated continuous
time process (Xi)i=o. Then, fort > 0, —oco < v < oo and for all functions f
such that w(f) =0 and || flleo < 1,

e 1001|q/= |2 £113
’Pq <0\/£/0 f(Xs)ds < 'Y) - (I)('Y)‘ < W

1 t
0? = lim —Var, (/ f(Xs)ds> .
t—oo t 0
See [41, 61, 59, 28] for details and examples. There are non-reversible and/or dis-

crete time versions of the last theorem. Mann’s Thesis contains a nice discussion
of the history of the subject and many references.

where
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2.2 Hypercontractivity

This section introduces the notions of logarithmic Sobolev constant and of hyper-
contractivity and shows how they enter convergence bounds. A very informative
account of the development of hypercontractivity and logarithmic Sobolev in-
equalities can be found in L. Gross survey paper [47]. See also [7, 8, 15, 16, 46].
The paper [29] develops applications of these notions to finite Markov chains.

2.2.1 The log-Sobolev constant

The definition of the logarithmic Sobolev constant « is similar to that of the
spectral gap A where the variance has been replaced by

T 2
£ = X 1P og (0 ) n(o),

2
2 HE

Observe that £(f) is nonnegative. This follows from Jensen’s inequality applied
to the convex function ¢(t) = t? logt?. Furthermore £(f) = 0 if and only if f is
constant.

Definition 2.2.1 Let K be an irreducible Markov chain with stationary measure
. The logarithmic constant a« = a(K) is defined by

a:min{gé{’f{);ﬁ(f) 740}.

It follows from the definition that « is the largest constant ¢ such that the
logarithmic Sobolev inequality

cL(f) <E(S. f)

holds for all functions f. Observe that one can restrict f to be real nonnegative
in the definition of « since L(f) = L(|f]) and E(|f|, |f]) < E(f, f)-

To get a feel for this notion we prove the following result.

Lemma 2.2.2 For any chain K the log-Sobolev constant o and the spectral gap
A satisfy 2a < A.

ProoFr: We follow [67]. Let g be real and set f = 1 + g and write, for € small
enough

P08l = 21+ 22+ (20— 2+ o)
= 29+ 3<%9)? + O(?)
and
[fPloglIfll5 = (1429 +€%[g*) (2em(g) + €2l|g]l3 — 2¢*(m(g))* + O(<?))

2em(g) + 4e%gm(g) + £°|lg]l3 — 2% (n(9))* + O(?).
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Thus,
2
P log :}””% = 22(g — 7(9)) + 2 (39l — gl12 — dgn(g) +2(r(9))?) + O(%)
and

L) = 22 (lgl* - (n(9)?) + O(=?)
= 2¢%Var(g) + O(e%).

To finish the proof, observe that £(f, f) = €2€(g,g), multiply by 2, use the
variational characterizations of « and A, and let ¢ tend to zero.

It is not completely obvious from the definition that a(K) > 0 for any finite
irreducible Markov chain. The next result, adapted from [65, 66, 67], yields a
proof of this fact.

Theorem 2.2.3 Let K be an irreducible Markov chain with stationary measure
w. Let a be its logarithmic Sobolev constant and X its spectral gap. Then either
a = \/2 or there exists a positive non-constant function u which is solution of

1
2ulogu — 2ulog |julls — —(I — K)u =0, (2.2.1)
a

and such that a = E(u,u)/L(w). In particular a > 0.

PrOOF: Looking for a minimizer of E(f, f)/L(f), we can restrict ourselves to
non-negative functions satisfying m(f) = 1. Now, either there exists a non-
constant non-negative minimizer (call it ), or the minimum is attained at the
constant function 1 where £(1,1) = £(1) = 0. In this second case, the proof of
Lemma 2.2.2 shows that we must have « = A/2 since, for any function g # 0
satisfying w(g) = 0,

2
i e 1teg) o eE(9,9)
e=0  L(1+¢€g) e—0 2e2Var,(g)

A
al

Hence, either o = A/2 or there must exist a non-constant non-negative function
uw which minimizes E(f, f)/L(f). It is not hard to show that any minimizer of
E(Sf, f)/L(f) must satisfy (2.2.1). Finally, if u > 0 is not constant and satisfies
(2.2.1) then u must be positive. Indeed, if it vanishes at z € X then Ku(z) =0
and u must vanishe at all points y such that K(z,y) > 0. By irreducibility, this
would imply v = 0, a contradiction.

2.2.2 Hypercontractivity, «, and ergodicity

We now recall the main result relating log-Sobolev inequalities to the so-called
hypercontractivity of the semigroup H;. For a history of this result see Gross’
survey [47]. See also [7, 8, 16, 46]. A proof can also be found in [29].
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Theorem 2.2.4 Let (K, 7) be a finite Markov chain with log-Sobolev constant
a.

1. Assume that there exists B > 0 such that |[Hi|2—q < 1 for allt > 0 and
2 < q < +oo satisfying e*¥t > q — 1. Then BL(f) < E(f, f) for all f and
thus o > (3.

2. Assume that (K, ) is reversible. Then ||Hi|la—q <1 for allt > 0 and all
2 < q < +oo satisfying et > q — 1.

IA

3. For non-reversible chains, we still have |Hy||a—q <1 for all t > 0 and all

2 < g < +oo satisfying €2t > q — 1.

We will not prove this result but only comment on the different statements.
First let us assume that (K, ) is reversible. The first two statements show that
« can also be characterized as the largest 3 such that

| Hill2—q <1 forall t >0 and all 2 < ¢ < +o00 satisfying e > ¢ — 1. (2.2.2)

Recall that H; is always a contraction on ¢?(7) and that, in fact, |H;|a—2 = 1
for all £ > 0. Also, (1.3.2) and (1.3.5) easily show that ||H¢|2—cc > 1 for all
t > 0 and tends to 1 as ¢ tends to infinity. Thus, even in the finite setting, it is
rather surprising that for each 2 < ¢ < oo there exists a finite ¢, > 0 such that
|Htll2—q < 1 for t > t,. The fact that such a t, exists follows from Theorem
2.2.3 and Theorem 2.2.4(2).

Statements 2 and 3 in Theorem 2.2.4 are the keys of the following theorem
which describes how « enters quantitative bounds on convergence to stationarity.

Theorem 2.2.5 Let (K, 7) be a finite Markov chain. Then, for e,0,0 > 0 and
t=ec+0+o0,

||h§||§/(1+6409) e if (K, ) is revesible

hY —1lls <
e Tt
1>

(2.2.3)
i general.

In particular,
B — 1|2 < e'™° (2.2.4)

for all ¢ >0 and
L (4a)~tlog, log(1/m(x)) + A~te  for reversible chains
] (2a)7! log, log(1/m(z)) + A~ ¢ in general
where log t = max{0,logt}.

PROOF: We treat the general case. The improvement for reversible chains
follows from Theorem 2.2.4(2). For § > 0, set ¢(f) = 1 + ¢**?. The third
statement of Theorem 2.2.4(3) gives |[Hgll—q@) < 1. By duality, it follows
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that ||Hgllg/9)—2 < 1 where ¢'(0) is the Hélder conjugate of ¢(0) defined by
1/4'(0) +1/q(0) = 1. Write

I(Hgyo — )2l < [[Hgh |2l Hg — 22

T * * z112/9(0) —\o
W g 0 1 Hg g 0y 2 | HE: — l|oz = [[BE]J5/ 4@ e

1Az tro+o — 12

IA

Here we have used 1 < ¢’ < 2 and the Holder inequality

1-2 2
11l < I £1157

with f = hZ, ||hZ]|1 = 1 to obtain the last inequality.
Consider the function d, defined by d,(x) = 1/7(z) and 0,(y) =0 for z #y
and observe that h = 6, ||h&|l2 = ||0.]]2 < 1/7(z)'/2. Hence, for t = 0 + o,

1 1/(1+62a0)
ht — 1 < —Ao
I =1l < (=) e
Assuming 7(z) < 1/e and choosing
1 1 c
§=_—loglog——, 0 =<
2a 08108 mw(x)’ 77

we obtain ||hs — 1]|2 < e!7¢ which is the desired inequality. When w(z) > 1/e,
simply use 6§ = 0.

Corollary 2.2.6 Let (K, 7) be a finite Markov chain. Then
Ht(xa y) ‘ 2—
——== — 1| = |h(x,y) — 1| <e*"€ 2.2.5
R e.s) ~ 1) (2:25)
for all ¢ >0 and
. (4a)~! (log, log(1/m(x)) + log, log(1/m(y))) + A"t e (reversible)
] (2a)7! (log log(1/m(z)) + log log(1/m(y))) + X' ¢ (general).
PRrROOF: Use Theorem 2.2.5 for both H; and H; together with
hers(z,y) — 1 < |[BE = 12l|A5Y = 1]2-
The next result must be compared with Theorem 2.1.7.

Corollary 2.2.7 Let (K, 7) be a finite reversible Markov chain. For1 <p < oo,
let T,y be defined by (2.1.3). Then, for 1 <p <2,

1 1
— <T,<——(4+1 log —
apa(+0g+0g7r*>

and for 2 < p < oo,

where m, = min, w(x) as in (1.4.2). Similar upper bounds holds in the non-
reversible case (simply multiply the right-hand side by 2).
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This result shows that « is closely related to the quantity we want to bound,
namely the “time to equilbrium” T5 (more generally T),) of the chain (K, ).
The natural question now is:

can one compute or estimate the constant o ‘

Unfortunately, the present answer is that it seems to be a very difficult problem
to estimate a. To illustrate this point we now present what, in some sense, is
the only example of finite Markov chain for which « is known explicitely.

EXAMPLE 2.2.1: Let X = {0,1} be the two point space. Fix 0 < 0 < 1/2.
Consider the Markov kernel K = Ky given by K(0,0) = K(1,0) =6, K(0,1) =
K(1,1) =1 — 6. The chain Kjy is reversible with respect to my where my(0) =
(1-10), m(1) = 0.

Theorem 2.2.8 The log-Sobolev constant of the chain (Kg,m9) on X = {0,1}
18 given by
1—26

“ = Togl(1 - 6)/0]

with 041/2 = 1/2

PrOOF: The case § = 1/2 is due to Aline Bonami [10] and is well known since

the work of L. Gross [46]. The case § < 1/2 has only been worked out recently

in [29] and independently in [48]. The present elegant proof is due to Sergei

Bobkov. He kindly authorized me to include his argument in these notes.
First, linearize the problem by observing that

L(f)=sup{(f*g):9#0, 71 =1}.

Hence
a=inf{alg): g £0, o =1)
with E0(f )
—infd S0
olo) = f{ ey 17 O}

where & is the Dirichlet form & (f, f) = 0(1 —0)|£(0) — f(1)|*>. This is valid for
any Markov chain.

We now return to the two point space. Fix g # 0 and set g(0) = b, g(1) = a
with fe® + (1 — 0)e® = 1. Observe that this implies ab < 0. To find ay(g) we
can assume f >0, f(0) = \/z, f(1) = \/y = 1 with > 0. Then

(00 =0)(/F —1)?
@o(g) = i@o{ fza+ (1—0)b }

One easily checks that the infimum is attained for z = [(1 — 0)b/6a]?. Therefore

6 1-946

ap(g) = g‘i‘ a



38 CHAPTER 2. ANALYTIC TOOLS

It follows that

0 1-06
a9:1nf{b—|—:96“+(1—9)eb:1}
We set
t=e% s=¢°
and 9 1_o
h(t) = — with 0t+(1—60)s=1
®) logs+logt W + Js=1
so that

ag =inf {h(t): ¢t € (0,1) U (1,1/6)}.
By Taylor expansion at t = 1,

1 20 — 1 02+ (1 —0)3
M) =35+ 12(1—0)(“1” 24(1 — 0)2

(t—1)*+0((t — 1)%).
So, we extend h as a continuous function on [0,1/6] by setting

h(0) = —6/log(1 —0), h(1)=1/2, h(1/0) = —(1—0)/logé.
Observe that A(1) is not a local minimum if § # 1/2. We have

02 (1-0)

H(t) = (1—0)sflogs]?  t[logt]?”

This shows that neither h(0) nor h(1/6) are minima of h since h'(0) = —oo,
h'(1/6) = 4o0.

Let us solve h/(t) = 0 and show that this equation has a unique solution in
(0,1/6). The condition h’(t) = 0 is equivalent to (recall that (log s)(logt) < 0)

{ Ov/tlogt = —(1 —0)/slog s
Ot +(1—0)s =1

Since 0t + (1 —0)s = 1, we have 0 = (1 —s)/(t —s), 1 —0 = (1 —t)/(s — t).
Hence »/(t) = 0 implies s =t =1 or

Vitlogt  /slogs

1—¢t  1—s

The function ¢t — wv(t) = % satisfies v(0) = v(+o00) = 0, v(1) = —1 and
v(1/t) = v(t). Tt is decreasing on (0,1) and increasing on (1,400). It follows
that h/(t) = 0 implies that either s =t =1ort = 1/s = (1 — 6)/0 (because
Ot+(1—0)s =1). If 0 £ 1/2 then h'(1) # 0, the equation A'(t) = 0 has a unique
solution ¢t = (1 — 0)/0 and

. _ 3 __ =20
ety M0 = (A =0)/0) = o =gy /)
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If & = 1/2, then A'(1) = 0 and 1 is the only solution of A'(t) = 0 so that
minge o,2) A(t) = h(1) = 1/2 in this case. This proves Theorem 2.2.8.

EXAMPLE 2.2.2: Using Theorems 2.2.3 and 2.2.8, one obtains the following
result.

Theorem 2.2.9 Let 7 be a positive probability measure on X. Let K(x,y) =
7(y). Then the log-Sobolev constant of (K, ) is given by

o — 1—2m,
= logl(1— m)/m.]

where T, = miny .

PRrROOF: Theorem 2.2.3 shows that any non trivial minimizer must take only two
values. The desired result then follows from Theorem 2.2.8. See [29] for details.
THeorem 2.2.9 yields a sharp universal lower bound on « in terms of .

Corollary 2.2.10 The log-Sobolev constant o and the spectral gap A of any
finite Markov chain K with stationary measure m satisfy

o> 1— 2m,
— log[(1 — m.)/m.]
ProoOF: The variance Var;(f) is nothing else than the Dirichlet form of the
chain considered in Theorem 2.2.9. Hence
1—2m,
log[(1 — m.)/m.]

The desired result follows.

A

Lof) < Var(f) < 1€kl )

2.2.3 Some tools for bounding o from below

The following two results are extremely useful in providing examples of chains
where o can be either computed or bounded from below. Lemma 2.2.11 com-
putes the log-Sobolev constant of products chains. This important result is due
(in greater generality) to I Segal and to W. Faris, see [47]. Lemma 2.2.12 is a
comparison result.

Lemma 2.2.11 Let (K;,m;), i = 1,...,d, be Markov chains on finite sets X;
with spectral gaps \; and log-Sobolev constants a;. Fiz u = (u;)¢ such that
wi >0 and > p; = 1. Then the product chain (K,m) on X = Hf X; with Kernel

Ku(x’ y) = K(l‘,y)

d
= > wb(@,yn) - 6(wio1, Yy 1) Ki(@i, v:)3(ign, vis1) - - 0(2a, ya)
1
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(where 6(x,y) vanishes for x # y and 6(z,x) = 1) and stationary measure
= ®;l m; satisfies

A=min{p;\;}, a=min{ya;}.

PROOF: Let &; denote the Dirichlet form associated to K;, then the product
chain K has Dirichlet form

d
EL D= | D & HH)ri(’)
1 TjijFL
where ' is the sequence (r1,...,24) with z; omitted, ¢ = ®M# mp and

E(f, @) = &(f(z1,...,2q), f(x1,...,24)) has the obvious meaning: &; acts
on the i*" coordinate whereas the other coordinates are fixed. It is enough to
prove the Theorem when d = 2. We only prove the statement for «. The
proof for M\ is similar. Let f : X7 x X5 — R be a nonnegative function and set

Fla) = (X, f(a1,22)?mi(21)) ">, Write

2
L(f) = Z |f (21, 22)[* log (|=|T;|’|:2) m(21,22)
Z| T2 | og ||F||271—2 ( )

Ty,
+ Z |f (21, 22) |210gM7T(331,!E2)
= F(22)?

< [ugag]_luggg(F,F + [poa]” ZM151 2), f(-;22)) T2(22).

Now, the triangle inequality

|F(z2) — F(y2)|

G a)llom = (1F (5 y2)llom |
1 (5 x2) = f(y2)ll2m

IN

implies that
E(F,F) <Y E(f(x1,), f(a1,-) m(wr).

1

Hence

ﬁ(f) 2CY2 ZM252 (x1,- af(xlf))ﬂ-l(xl)

+proa]” ngl 2), f(-, 22))ma(2)
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which yields
£(f) < max{1/ [ YE(f, ).

This shows that « > min;[u;«;]. Testing on functions that depend only on one
of the two variables shows that o = min;[p; ;).

ExXAMPLE 2.2.3: Fix 0 < § < 1. Take each X; = {0,1}, p; = 1/d, K; = Ky as
in Theorem 2.2.8. We obtain a chain on X = {0, 1}¢ which proceeds as follows.
If the current state is x, we pick a coordinate, say 4, uniformly at random. If
x; = 0 we change it to 1 with probability 1 — # and do nothing with probability
0. If x; = 1 we change it to 0 with probability 8 and do nothing with pobability
1 — 0. According to Lemma 2.2.11, this chain has spectral gap A = 1/d and
log-Sobolev constant
1—26
o= —-—"-.
dlog[(1—6)/6)]
Observe that the function F(t) : t — ¢(1 — 0 — t) with ¢ = (§(1 — 0))"'/2 is an

eigenfunction of K; (for each ¢) with eigenvalue 0 = 1—\ satisfying || F;|ls = 1. It
follows that the eigenvalues of I — K are the numbers j/d each with multiplicity

(j) The corresponding orthonormal eigenfunctions are

Fr:(@){ — [ Fi=)
el

where I C {1,...,d}, F;(z) = F(z;) and #I = j. The product structure of the
chain K yields

d
1h§ =113 = hao(z,2) — 1= [J(1 + |Fi(2)Pe /) — 1.
1

For instance,

1h? = 1113

d
<1 + % th/d) -1

(1 — G)d 672t/d6(1_69)d e—2t/d

IN

In particular

RO — 1|y < ez ¢ for t= = (log[(1—0)d/0] +2¢), ¢>0.

N

Hence
TQ(KQa 1/6) S

N

(3+1log[(1—6)d/0]), ¢>0.

Also, we have
1—-6)d
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which shows that the upper bound obtained above is sharp and that
d
Ta(K,1/e) 2 5 (2 + log[(1 — 6)d/]).

It is instructive to compare these precise results with the upper bound which
follows from Theorem 2.2.5. In the present case this theorem yields

. d 1 19
19— <= tore = § (Gt (085 Josa +2c).

For any fixed § < 1/2, this is slightly off, but of the right order of magnitude.
For 6 = 1/2 this simplifies to

d
|hO —1||s < e'™¢ fort= 5(

which is very close to the sharp result described above. In this case, the upper
bound

logd + 2¢)

1 1 d
Ty =T5(Kq /9,1 < —14+1 log— | < =(4+1
= Ta(Fuyaife) < g (44 1og,Tog - ) < § 4+ 1oga
of Corollary 2.2.7 compares well with the lower bound

d
Ty > 5(2+logd).

EXAMPLE 2.2.4: Consider now |z| = Zil x;, that is, the number of 1’s in
the chain in the preceding example, as random variable taking values in Ay =
{0, ...,d}. Clearly, this defines a Markov chain on Xj with stationary measure

) =01 -0 ()

and kernel
0 if i —j| > 1
L (1—0)(1—i/d) ifj=i+1
Ko(i,j) = 0i/d ifj=i—1
(1—0)i/d+06(1—i/d) ifi=j.
All the eigenvalues of I — K are also eigenvalues of I — K. It follows that
Ao > 1/d. Furthermore, the function F : i — ¢o[d(1 — 0) — ¢] with co = (dO(1 —
6))~1/? is an eigenfunction with eigenvalue 1/d and || F|| = 1. Hence, Ao = 1/d.
Concerning ay, all we can say is that
o > 1—20
= dlog[(1-0)/6]

When 6 = 1/2 this inequality and Lemma 2.2.2 show that oy = 1/(2d) = A/2.

The next result allows comparison of the spectral gaps and log-Sobolev con-
stants of two chains defined on different state spaces.
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Lemma 2.2.12 Let (K, 7), (K',7") be two Markov chains defined respectively
on the finite sets X and X'. Assume that there exists a linear map

CX,m) - CX 7Y f - ]
and constants A, B,a > 0 such that, for all f € (?(X,7)

E'(f, ) < AE(f,f) and  aVarg(f) < Varw (f) + BE(f. f)

then

aX
— < \.
A+ BN —

Simalarly, if
Ef, ) SAE(f, f) and  aLq(f) < Lo (f) + BE(S, ),

then
aa/ <
—— < a.
A+ Ba' —
In particular, if X = X', &' < AE and ar < 7', then
aXN aa/
— <), —<a.
A A=

PRrRoOOF: The two first assertions follow from the variational definitions of A and
«. For instance, for A we have

aVarr(f) < Varw (F)+BE(S. f)
< L& H+BECLD
<

A
< (A, B (1),
The desired inequality follows.

To prove the last assertion, use am < 7’ and the formula

Var,(f) = mlnz |f(z) — cf*n(z

to see that aVar, (f) < Var, (f). The inequality between log-Sobolev constants
follows from £logé — Elog( — &+ ¢ >0 for all £,¢ > 0 and

La(f) = Z(If( ) log |f (2)* = |f (@) log | £115 — 1 (@)]* + I£13) ()

mlnz [f(2)Plog | £ ()] = |f(z)[*log e — [ f()]* + ¢) m(x).

This useful observation is due to Holley and Stroock [50].
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EXAMPLE 2.2.5: Let X = {0,1}" and set [z —y| =, |z; —y|. Let 7: X - X
be the map defined by 7(x) = y where y; = 2;_1, 1 < i <n, y; = x,,. Consider
the chain
1/(n+1) ifjlz—yl=1
K(z,y)=< 1/(n+1) ify=7(z)
0 oherwise.

It is not hard to check that the uniform distribution © = 27" is the stationary
measure of K. Observe that K is neither reversible nor an invariant chain on
the group {0,1}". We will study this chain by comparison with the classic chain
K’ whose kernel vanishes if |x — y| # 1 and is equal to 1/n if |x — y| = 1. These
two chains have the same stationary measure m = 27". Obviously the Dirichlet
forms £ and & satisfy

n+1

n

&<

E(f, 1)

Applying Lemma 2.2.12, and using the known values X' = 2/n, o’ = 1/n of the
spectral gap and log Sobolev constant of the chain K’, we get

2 1
= a> )
“n+1 n+1

To obtain upper bounds, we use the test function f = " (z; — 1/2). This has
7(f) =0. Also

n
n+1

n

2
E(f.f) = = €], f) = —— = Vary(f).
The first equality follows from the fact that f(7(x)) = f(z). The second follows
from the fact that f is an eigenvalue of I — K’ associated with the eigenvalue
2/n (in fact, one can check that f is an eigenfunction of K itself). Hence

A <2/(n+1). This implies

Applying Theorem 2.2.5 we get

1
|hE — 1| < e'™¢ for t:%(Zc—l—logn), c>0.

The test function f used above has | f|w = n/2 and ||f||3 = n/4 and is an
eigenfunction associated with A. Hence

H — n
max 47 = Ula = [Hy — 7l > W loe _ p1/2g-at/nn),

— ISz

This proves the sharpness of our upper bound. A lower bound in ¢! can be ob-
tained by observing that the number of 1’s in z, that is |x|, evolves has a Markov
chain on {0, ...,n} which is essentially the classic Ehrenfest’s urn Markov chain.
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This example generalizes easily as follows. The permutaion 7 can be replaced
by any other permutation without affecting the analysis presented above. We
can also pick at random among several permutations of the coordinates. This
will simply change the factor of comparison between £ and £’.

We end this section with a result that bounds « in terms of max, [|hf — 1|2 =
|H: — 7||2—o0- See [29] for a proof. Similar results can be found in [8, 16]

Theorem 2.2.13 Assume that (K, ) is reversible. Fiz 2 < g < 400 and as-
sume that ty, My satisfy ||[H;, — 7|o—q < My. Then

(1—2)\
a > d =7 -
Q(Atq + log Mq + T)

In particular, if ¢ = co and t is such that max, ||hf — 1|2 < M, we have

A
> .
“ = 50\ + log M)
EXAMPLE 2.2.6: Consider the nearest neighbor chain K on {0, ...,n} with loops
at the ends. Then A =1 — cos ;7. At the end of Section 2.1 it is proved that

| Hy = 3o = max |5 — 113 < 2e74/0D° (14 /ln + 1)2/4E )

Thus, for t = 2(n +1)%, |H; — 7||2—00 < 1. Using this and A > 2/(n +1)? in
Theorem 2.2.13 give

1 1 s w2
—  _<a<=(1- = 1/n%).
2(n +1)2 —a—2< Cosn+1) Iy TOWn

The exact value of « is not known.

2.3 Nash inequalities

A Nash inequality for the finite Markov chain (K, ) is an inequality of the type

vre @, IAEY < 0 (80,0 + 1) I

where d,C,T are constants depending on K. The size of these constants is of
course crucial in our applications. This inequality implies (in fact, is equivalent
to)

Hy(z,y) < B(d)n(y) (C/t)Y? for 0<t<T

where B(d) depends only on d and d,C,T are as above. This is discussed in
detail in this section. Nash inequalities have received considerable attention in
recent years. I personally learned about them from Varopoulos [78]. Their use
is emphasized in [11]. Applications to finite Markov chains are presented in [28],
with many examples. See also [69]
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2.3.1 Nash’s argument for finite Markov chains I

Nash introduced his inequality in [64] to study the decay of the heat kernel
of certain parabolic equations in Euclidean space. His argument only uses the
formula 2.1.2 for the time derivative of u(t) = |H.f||3 which reads u'(t) =
—2E(H:f, Hy). This formula shows that any functional inequality between the
£? norm of g and the Dirichlet form £(g,g) (for all g, thus g = H;f) can be
translated into a differential inequation involving u. Namely, assume that the
Dirichlet form £ satisfies the inequality

Vg, Vare(g)' ! < C€(g,9) gl
Then fix f satisfying ||f||1 = 1 and set u(t) = ||[H.(f — 7 (f))||3 = Var,(H,f). In
terms of u, the Nash’s inequality above gives

Vi, ()< S,

since ||f||1 = 1 implies |[H;f||; < 1 for all t > 0. Setting v(t) = Cu(t)=2/4
this differential inequality implies v’(t) > 1. Thus v(t) > ¢ (because v(0) > 0).
Finally,

at
Taking the supremum over all functions f with ||f]j; = 1 yields
dC)d/ !

Ve N - rlhe < (G

/2
Vit>0, u(t) < <dC> .

The same applies to adjoint H; and thus
doN Y4
V>0, |[Hf —7llamoe < <4t> .

Finally, using Hy — m = (Hyjo — m)(Hy /o — ), we get
dCN\ 42
V>0, [[H — 1m0 < <2t>

which is the same as
[ha(,y) = 1] < (dC/26)"2.

Theorem 2.3.1 Assume that the finite Markov chain (K, ) satisfies

Vg e (n), Var.(9) D < C&(g,9)llg)". (2.3.1)
Then a4
dC
T < (==
Vit>0, b =12 < <4t)
and a2
d
veso ) -1l ()
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Let us discuss what this says. First, the hypothesis 2.3.1 and Jensen’s inequality
imply V g € ¢?(w), Vary(g) < CE&(g,g). This is a Poincaré inequality and it
shows that A > 1/C. Thus, the conclusion of Theorem 2.3.1 must be compared
with

V>0, |[hf =12 < 7(x)"Y2e t/C (2.3.2)
which follows from Corollary 2.1.5 when A > 1/C. This last inequality looks
better than the conclusion of Theorem 2.3.1 as it gives an exponential rate.
However, Theorem 2.3.1 gives ||hf — 1||2 < 1 for ¢t = dC/4 whereas, for the same
t, the right hand side of (2.3.2) is equal to m(x)~*/2e~%4. Thus, if d is small
and 1/m(x) large, the conclusion of Theorem 2.3.1 improves up on (2.3.2) at
least for relatively small value of ¢. Assume for instance that (2.3.1) holds with
C = A/\ where we think of A as a numerical constant. Then, for 8 = dA/(4)\),
|Hg — 7||200 = maxy ||h§ — 1||2 < 1. Hence, for ¢t = s+ 60 = s + dA/(4))

1pf =12 < [[(Hs =m)(Ho = 7)l200
[Hs = 722l Hp — 7|20

e s,

This yields
Corollary 2.3.2 If (K,7) satisfies (2.3.1) with some constants C,d > 0. Then
A>1/C and

Vit>0, [|hf —1[]2 < min {(dc/md/{ef(tf%)x} _

If (K,7) is reversible, then K is self-adjoint on ¢(7) and 1 — X is the second
largest eigenvalue of K. Consider an eigenfunction 1 for the eigenvalue 1 — A,
normalized so that max [¢)| = 1. Then,

HY — = Hy — 1) floo
max || H — [y nfﬁi}élu( ¢ = 7)f]
> [[(He = m)¢lloo
et

Hence
Corollary 2.3.3 Assume that (K, ) is a reversible Markov chain. Then
e M < max WHY — 7|1
Furthermore, if (K, ) satisfies (2.3.1) with C = A/ X then
e < max |[Hf — 7y < 2N
for allt > 0.

This illustrates well the strength of Nash inequalities. They produce sharp
results in certain circumstances where the time needed to reach stationarity is
approximatively 1/\.
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2.3.2 Nash’s argument for finite Markov chains II

We now presents a second version of Nash’s argument for finite Markov chains
which turns out to be often easier to use than Theorem 2.3.1 and Corollary 2.3.2.

Theorem 2.3.4 Assume that the finite Markov chain (K, ) satisfies

d 1 d
Vg e ), gl <o {s<g,g) + Tngn%} lglly"". (2.3.3)
Then a4
ac
vesT il (%)
and 02
Vi<T, ht(:c,y)ge(céf) .

The idea behind Theorem 2.3.4 is that Nash inequalities are most useful to
capture the behavior of the chain for relatively small time, i.e., time smaller
than T. In contrast with (2.3.1) the Nash inequality (2.3.3) implies no lower
bound on the spectral gap. This is an advantage as it allows (2.3.3) to reflect the
early behavior of the chain without taking into account the asymptotic behavior.
This is well illustrated by two examples that will be treated later in these notes.
Consider the natural chain on a square grid G,, of side length n and the natural
chain on the n-dog D,, obtained by gluing together two copies of G,, at one of
their corners. On one hand the spectral gap of G, is of order 1/n? whereas the
spectral gap of D,, is of order 1/[n?logn] (these facts will be proved later on).
On the other hand, G,, and D,, both satisfy a Nash inequality of type (2.3.3) with
C and T of order n?. That is, the chains on G,, and D,, have similar behaviors
for ¢ less than n? whereas their asymptotic behavior as t goes to infinity are
different. This is not surprising since the local structure of these two graphs are
the same. For D,, a constant C' of order n?logn is necessary for an inequality
of type (2.3.1) to hold true.

PROOF OF THEOREM 2.3.4: Fix f satisfying || f||1 = 1 and set
u(t) = e 2T H f13.

Then
u'(t) = —2e7 2T (5(Htf7 Hif) + 711||Htf|§) :

Thus, Nash’s argument yields
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which implies
dC d/4
Hy|l1o < e¥/T [ = .
[Hill1—2 < e 4

The announced results follow since

. ac\“*
w2 = 112 < 7 ()

4t
by the same argument applied to H;".

Corollary 2.3.5 Assume that (K,7) satisfies (2.3.3) and has spectral gap .
Then for allc >0 and all 0 <ty <T,

I =1l < e

and
hat (2, y) — 1] < e*7%¢

t=t —|—l @10 ac + c
TN % '
PROOF: Write t = s + tg with tg < T and
[(Hs — m)Hey ll2—00

[ Hs — mlla—2 | Hio ll2— o0
e(dC/4tg) Ve,

for

1hE =12

IN A CIA

The result easily follows.

In practice, a “good” Nash inequality is (2.3.3) with a small value of d and
C ~ T. Indeed, if (2.3.3) holds with, say d = 4 and C = T, then taking to = T
in Corollary 2.3.5 yields

|hE —1|a < et Cfort =T+ c/\

We now give a simple example that illustrates the strength of a good Nash
inequality.

EXAMPLE 2.3.1: Consider the Markov chain on X = {—n,...,n} with Kernel
K(z,y) = 0 unless |z —y| = 1 or x = y = +n in which cases K(z,y) = 1/2.
This is an irreducible chain which is reversible with respect to 7 = (2n + 1)~ 1.
The Dirichlet form of this chain is given by

e, f) =

n—1
g 2 A+ = fG)P

For any u,v € X, and any function f, we have

[f(v) = fu)] < > [f(i+1) = f@)]-

i,i+1 between u,v
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Hence, if f is not of constant sign,
n—1
I £lloo < D 1FG+1) = f(D)].

To see this take u to be such that ||f||cc = f(u) and v such that f(v)f(u) <0
so that |f(u) — f(v)| > |f(u)]. Fix a function g such that m(g > 0) < 1/2 and
7(g < 0) < 1/2 (i.e., 0 is a median of g). Set f = sgn(g)|g|?>. Then f changes
sign. Observe also that

[f(i+1) = f(0)]

[sgn(g(i +1))g(i +1)* — sgn(g(3))g(i)?|

< gli+1) —g(@)|(lgl@ + 1) + [g()])-
Hence
Wl < STIFG+1) - 0]
< i lg(i +1) — g(@)|(lg(@ + 1)[ + [g(2)])
_:—1 /2 /g 1/2
< (Z lg(i +1) — g(i)2> (Zﬂg(i + 1)+ |9(i)|)2>
< 2'2@2n+1)E(g,9)" 2| gll2-
That is

lgllZ, < 2/2(2n + 1)E(g, 9)"?|lgll2-
It follows that

lgllz < llgllZllgllf
< 2'2@2n+1)&(g,9)"?|lgll2]lgl1-

Hence for any g with median 0,

lglls < 2(2n+ 1)*E(g, 9)lgl5-

For any f with median ¢, we can apply the above to g = f — ¢ to get

If =l < 2@2n+1)%E(f, NIf = cllt < 2@2n+1)%E(f, NI

Hence
Vf, Vara(f)® < 22n+1)%E(f, A1
This is a Nash inequality of type (2.3.1) with C = 2(2n +1)? and d = 1. It

implies that
1

>
= 2(2n 4 1)2
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and, by Theorem 2.3.1 and Corollary 2.3.2

(2n+1)2>1/4

t hi — 12 <
veso, -l (2

and

VC>O, ||hf—1||2geic Wltht:m(4+c)
The test function f(i) = sgn(é)|¢| shows that

12
A ——M—
~ (2n+1)?
(in fact A =1 — cos(w/(2n + 1))). By Corollary 2.3.3 it follows that
_ 12t _ ot 41
e @ni)? <max|hf — 1|1 < 2e @n? 1
X

This shows that a time of order n? is necessary and sufficient for approximate

equilibrium. This conclusion must be compare with
.t
[h — 11 < V2n+1e 2@

which follows by using only the spectral gap estimate A > 1/(2(2n + 1)?) and
Corollary 2.1.5. This last inequality only shows that a time of order n?logn is
sufficient for approximate equilibrium.

2.3.3 Nash inequalities and the log-Sobolev constant

Thanks to Theorem 2.2.13 and Nash’s argument it is possible to bound the
log-Sobolev constant « in terms of a Nash inequality.

Theorem 2.3.6 Let (K, ) be a finite reversible Markov chain.
1. Assume that (K, ) satisfies (2.3.1), that is,
Vg (m), Var(g)'H¥D < CE(g,9) ol

Then the log-Sobolev constant o of the chain is bounded below by

> —.
“=ac
2. Assume instead that (K, ) satisfies (2.3.3), that is,

d 1 d
voe e, I <o et + Hol ) ol

and has spectral gap A\. Then the log-Sobolev constant « is bounded below
by
o> A
T 2[14 Mo + 4108 (2]

forany 0 <ty <T.
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PROOF: For the first statement, observe that Theorem 2.3.1 gives | H;—7||2— 00 <
1 for t = dC/4. Pluging this into Theorem 2.2.13 yields a > 2/(dC), as desired.

For the second inequality use Theorem 2.3.3 with ¢ = t; < T and Theorem
2.2.13.

EXAMPLE 2.3.2: Consider the Markov chain of Example 2.3.1on X = {—n,...,n}
with Kernel K(x,y) = 0 unless [t —y| = 1 or = y = £n in which cases
K(x,y) = 1/2. We have proved that it satisfies the Nash inequality

VS Vare(F)® <2020+ 1%E(5 I
of type (2.3.1) with C' = 2(2n + 1)? and d = 1. Hence Theorem 2.3.6 yields
> 1
“=ont e
2.3.4 A converse to Nash’s argument

Carlen et al. [11] found that there is a converse to Nash’s argument. We now
present a version of their result.

Theorem 2.3.7 Assume that (K, ) is reversible and satisfies

o\ /4
Vt<T, [[Hill1—2 < <t) .

Then )
vgelm), |If0TY < <€(f, N+ 2Tf||§> Fil

with ' = 22+2/d)

ProOF: Fix f with ||f||s =1 and write, for 0 <t < T,

t
1712 = HS2 - / O, fI2ds

HHtfH% + 2/ 5<Hsfa Hsf)ds
0
< (O[22 (S, f).

The inequality uses the hypothesis (which implies ||H;f|l2 < (C/t)%* because
Iflli < 1) and the fact that t — E(H.f, H:f) is nonincreasing, a fact that uses
reversibility. This can be proved by writing

E(Hof Hf) = (I = K)2H f|5 < (1= K)V2fII5 = E(F. /).

It follows that

1918 < /0 + 2 (£07.0) + 5 13)
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for all £ > 0. The right-hand side is a minimum for

dC?/?

Gt 2 (80, + )

and the minimum is

1/(1+2/d)

/)02 1 (@2 ) Lo (05, 5)+ 1618

This yields
d
nﬂ@””><3(<ﬂ> wz)
with

1+2/d

Sy
I

20 [(Q/d)l/(1+2/d) T (d/2)171/(1+2/d)}
= 20(1+2/d)(1+ d/2)¥* < 22+2/d¢.

2.3.5 Nash inequalities and higher eigenvalues

We have seen that a Poincaré inequality is equivalent to a lower bound on the
spectral gap A (i.e., the smallest non-zero eigenvalue of I — K). It is interesting
to note that Nash inequalities imply bounds on higher eigenvalues. Compare
with [14].

Let (K, ) be a finite reversible Markov chain. Let 1 = X\g < A < ... < Ay
be the eigenvalues of I — K and

N(s)=Ngk(s)=#{i€{0,....,.n—=1}: X\; < s}, s>0,

be the eigenvalue counting function. Thus, N is a step function with N(s) =1
for 0 < s < Ay if (K, ) is irreducible. It is easy to relate the function N to the
trace of the semigroup H; = e *!=K). Since (K, ) is reversible, we have

n—1

t) :th(x,x Znht/z”ﬂ Ze_t/\i'-

If \; <1/t then e~** > e~!. Hence

N(1/t) < eC(t).

Now, it is clear that Theorems 2.3.1, 2.3.4 give upper bounds on ¢ in terms of
Nash inequalities.

Theorem 2.3.8 Let (K, 7) be a finite reversible Markov chain.
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1. Assume that (K, ) satisfies (2.3.1), that is,
Vg€ P(n), Vars(g) "t/ < CE(g.9) gl
Then the counting function N satisfies
N(s) <1+ e(dCs/2)%/?
for all s > 0.

2. Assume instead that (K, m) satisfies (2.3.3), that is,

d 1 d
Vgeﬁwx|g?H”>sc{amm+TM@}mmﬂ
Then
N(s) < e*(dCs/2)4?
foralls > 1/T.

Clearly, if M(s) is a continuous increasing function such that N(s) < M(s),
s > 1/T, then
i =max{s: N(s) <i} > M 1(i+1)

for all i > M(1/T) — 1. Hence, we obtain

Corollary 2.3.9 Let (K, ) be a finite reversible Markov chain. Let 1 = Ao <
A <...< A1 be the eigenvalues of I — K.

1. Assume that (K, ) satisfies (2.3.1), that is,
Vg € B(m), Vara() D < CE(g,9)llglly".

Then
2i%/7

)\izewddc
foralliel,....n—1.

2. Assume instead that (K, m) satisfies (2.3.3), that is,
2(142/d 1 4/d
voeem, lo 0 < cfet.o + Hlal} ol

Then
2(i + 1)%/4

N Z = 5Taq0

for all i > €3(dC/(2T))%? — 1.
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EXAMPLE 2.3.3: Assume that (K,7) is reversible, has spectral gap A, and
satisfies the Nash inequality (2.3.1) with C' = A/ and some d, where we think
of A as a numerical constant (e.g., A = 100) and d as fixed. Then, the corollary
above says that

Ai > exi?/d

for all 0 < i <mn—1 with ¢! = e2/4dA.

EXAMPLE 2.3.4: For the natural graph structure on X = {—n,...,n}, we have
shown in Example 2.3.1 that the Nash inequality

Var, (f)® < 2(2n + 1)2E(f, HIIfII

holds. Corollary 2.3.9 gives

Y2 <e2<zi+1>)2'

In this case, all the eigenvalues are known. They are given by

mJ

Ai=1—cos——, 0<j<2n.
g Contr T=I=
This compares well with our lower bound.
EXAMPLE 2.3.5: For a square grid on X = {0,...,n}?, we will show later

(Theorem 3.3.14) that

Var,(f)? < 64(n + 1)2E(f, HIIfI3-

From this and corollary 2.3.9 we deduce

S —
e2’(n +1)2

for all 0 < i < (n+ 1)2 — 1. One can show that this lower bound is of the
right order of magnitude for all ¢, n. Indeed the eigenvalues of this chain are the

numbers ) ' L
T T
1—-—
2<COSn+1+COSn+1>’ 6 ke{0,...,n}

which are distributed roughly like

C+E
m, ﬁ,kG{O,,n}

and we have
#{(t,k)€{0,....n}* P+ k> <j}~j



56 CHAPTER 2. ANALYTIC TOOLS

2.3.6 Nash and Sobolev inequalities

Nash inequalities are closely related to the better known Sobolev inequalities
(for some fixed d > 2)

1f = 7(P)l3a/a—2) < CES, 1), (2.34)

o <€ {00+ 21718} (235)

Indeed, the Hélder inequality

2(14+2/d 4/d
A2 D <1111 a1 117

shows that the Sobolev inequality (2.3.4) (resp. (2.3.5)) implies the Nash in-
equality (2.3.1) (resp. (2.3.3)) with the same constants d,C,T. The converse
is also true. (2.3.1) (resp. (2.3.3)) implies (2.3.4) (resp. (2.3.5)) with the same
d,T and a C that differ only by a numerical multiplicative factor for large d.
See [9].

We now give a complete argument showing that (2.3.1) implies (2.3.4), in
the spirit of [9]. The same type of argument works for (2.3.3)) implies (2.3.5).

For any function f > 0 and any k, we set fr = (f — 2F); A 2% where
(t)4+ = max{0,t} and t As = min{t, s}. Thus, f; has support in {z : f(z) > 2},
fe(x) =2Fifx € {z: f(2) > 2"} and fr = f — 2% on {x: 2F < f < 2k+1}

Lemma 2.3.10 Let K be a finite Markov chain with stationary measure .
With the above notation, for any function f,

> EUS Ik IF1k) < 26(F, 1)-
k

Proor: Since E(|f],|f]) < E(f, f), we can assume that f > 0. We can also
assume that K (z,y)7(z) is symmetric (if not use 3 (K (z,y)m(z) + K (y, z)7(y))).
Observe that |fi(x) — fu(y)] < |f(x) — f(y)| for all z,y. Write

E(fusfi) = D (fule) = fr(®) K (z,y)m(x).

F@ )
Set
By, ={z:2" < f(x) <2M1},
By ={z: f(x) <2},
BY ={z:2M! < f(a)}.
Then

E(fr, fr) =
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226 N K(yr(@) + Y. (ful@) = fr)?K (2, y)w(x)

weBkJr z€BR,yEB,
yEB, f(z)>f(y)
< 2% K@yr(@) + Y (fl@) = ) K(z,y)r(z)
zeB TEBL,yeX
k F@)>f(y)
veBy,

= Ai(k) + As(k).
We now bound >, A;(k) and ), As(k) separately.

S Ak = > > 2%k,

ro i RF@)<2R<f(2)/2

For z,y fixed, let ko be the smallest integer such that f(y) < 2% and k; be the
largest integer such that 21 < f(x). Then

ki—1

Z 92k _ Z 4% — %(4’“1 — 4k0) < (f(z) — f(y))2

kif(y)<2k<f(x)/2 k=ko
The last inequality follows from the elementary inequality
a® —b? < 3(a—b)*ifa > 2b>0.
This shows that
ST AK) EF ).
k

To finish the proof, note that

Y Ak) =) > (f@)— fW)E(z,y)n(x) = E(f.1).
F b Ife(fy;?(evf
Lemma 2.3.10 is a crucial tool for the proof of the following theorem.

Theorem 2.3.11 Assume that (K, ) satisfies the Nash inequality (2.3.1), that
18,
Varz ()2 < CE(g. 9)llg

for some d > 2 and all functions g. Then
lg = 7(9)34)(4—2) < B(d)CE(g, g)
where B(d) = 46+24/(d=2),

PRrROOF: Fix a function g and let ¢ denote a median of g. Consider the functions
f+ = (g — ¢)+ where (¢)3 = max{0, £t}. By definition of a median, we have

m({z: fe(x) =0}) > 1/2.
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For simplicity of notation, we set f = fy or f_. For each k we define f; =
(f —2%)4 A2F as in the proof of Lemma 2.3.10. Applying (2.3.1) to each f;, and
setting m, = 7(fx), we obtain

4/d

< CE(fus fr) [287(f = 29)]

} e (2.3.6)

[22(k_1)7r(|fk _ 7Tk| > 2k—1)
Observe that
m({x: fr(z) = 0}) = 1/2
and that, for any function h > 0 such that w({x : h(z) = 0}) > 1/2 we have

Vs>0,Va, 7({h>s}) <2x({|h—a| >s/2}). (2.3.7)

Indeed, if a < s/2 then w({|h — a| > s/2}) > 7w(h > s) whereas if a > s/2 then
m({|h —a| > s/2}) > w(h = 0) > 1/2. Using (2.3.6) and (2.3.7) with h = fi,
a = 7 we obtain

i|1+2/d 4/d

|:22(k71)7r(fk > 2k) < 21+2/d05(fk,fk) [Qkﬂ(f > Qk)]

Now, set ¢ = 2d/(d — 2), by, = 2% 7({f > 2*}) and § = d/(d + 2). The last
inequality (raised to the power ) yields, after some algebra,

bes1 < 25TICPE(fy, fi)? bi(1_9)~

By Holder’s inequality

Zbk = Zbk-i-l
% &

IN

0 1-6
23+qc«9 (Z g(flm fk)) <Z bi)
k k

2(1—6)
200 (f, )’ (Z m) :
k

IN

It follows that

20—1 2
(Z bk) S 23+q+000 (Z g(fk; fk)) .
k

k

Furthermore 260 — 1 = 20/q and
@ =D b = D 0 —2)m({f 22
i k

= D U n({2b <g <2y > |If)4.
k

Hence
||f||3 < 21+(3+q)/9(2q _ 1)2/ch(f’ f)
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Recall that f = f} or f_ with fi = (g — ¢)+, ¢ a median of g. Note also that
6 > 1/2 when d > 2. Adding the inequalities for f, and f_ we obtain

lg —ellz < 20|+ 17 + I7-117) < 4°T1CE(g, 9)
because E(f4, f+)+E(f-, f=) < E(g,g). This easily implies that
lg —m(g)ll; <4°+1CE(g,9)

which is the desired inequality. The constant 459 can be improved by using a
p-cutting, p > 1, instead of a dyadic cutting in the above argument. See [9].

2.4 Distances

This section discusses the issue of choosing a distance between probability dis-
tribution to study the convergence of finite Markov chains to their stationary
measure. From the asymptotic point of view, this choice does not matter much.
From a more quantitative point of view, it does matter sometimes but it often
happen that different choices lead to similar results. This is a phenomenon which
is not yet well understood. Many aspects of this question will not be considered
here.

2.4.1 Notation and inequalities

Let u, m be two probability measures on a finite set X' (we work with a finite X
but most of what is going to be said holds without any particlar assumption on
X). We consider 7 has the reference measure. Total variation is arguably the
most natural distance between probability measures. It is defined by

I = ey = mas |u(4) — =(4)] = 5 > lute) = w(o).

To see the second equality, use ) (u(x) — 7(x)) = 0. Note also that

e = mllrv = max {|p(f) —=(f)| - [f| <1}

where p(f) =>", f(z)u(z). A well known result in Markov chain theory relates
total variation with the coupling technique. See, e.g., [4, 17] and the references
therein.

All the others metrics or metric type quantities that we will consider are
defined in terms of the density of p with respect to m. Hence, set h = p/m. The
(P distances

1/p
[h =1, = (Z |h(z) — 1p7f(fﬂ)> » 7 =1l = max|h(z) -1

zeX

are natural choices for the analyst and will be used throughout these notes. The
case p = 2 is of special interest as it brings in a useful Hilbert space structure.
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It is known to statisticians as the chi-square distance. The case p = 1 is nothing
else that total variation since

1h =1 = |h(z) = Um() = D [p(@) = m(@)| = 2|u = |-

zeX reX

Jensen’s inequality yields a clear ordering between these distances since it implies
Ih =1, <||h—=1]|s forall 1<r<s<oc.

If we view (as we may) p,7 as linear functionals p,7 : () — R, f —

M(f)vﬂ(f)v then
[ = 7ller(my—r = sup {[u(f) =7 () = Ifllp <1} =[[h =1l

where ¢ is given by 1/p+1/q = 1 (see also Section 1.3.1). Most of the quantitative
results described in these notes are stated in terms of the £2 and £>° distances.

There are at least three more quantities that appear in the literature. The
Kullback-Leibler separation, or entropy, is defined by

Entr(h) = Y [h(x)log h(z)]m(x).
rzeX
Observe that Ent;(h) > 0 by Jensen inequality. The Hellinger distance is

=l = VA 1| 7@y = 3 |Va@) - V@]

zeX rzeX

2 (1 > MW@)>.

zeX

It is not obvious why this distance should be of particular interest. However,
Kakutani proved the following. Consider an infinite sequence (X;,7;) of prob-
ability spaces each of which carries a second probability measure p; = h;m;
which is absolutely continuous with respect to m;. Let X = [[, i, p =[], m,
m = [[, m. Kakutani’s theorem asserts that p is absolutely continuous with

respect to 7 if and only if the product [], ( S VR dm) converges.

Finally Aldous and Diaconis [4] introduces the notion of separation distance

dsep (1, ) = max{1 — h(z)}
in connection with strong stationary (or uniform) stopping times. See [4, 17, 19].
Observe the absence of absolute value in this definition.

The next lemma collects inequalities between the various distances intro-
duced above. These inequalities are all well known except possibly for the strange
looking lower bounds in (2.4.2) and (2.4.4). The only inequality that uses the
fact that X is discrete and finite is the upper bound in (2.4.1).
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Lemma 2.4.1 Let m and p = hw be two probability measures on a finite set X .

1. Set my, = miny . For1 <r <s < o0,

|h =1, < b= 1]|s < 7>V B = 1)),

Also

(P =15 = lIA = 1]3) < [Ih =1l < [[A — 1|2

2. The Hellinger distance satisfies
1 1
=108 < =l < 10— 1

and

1
g (I =113 = 1A =113) < lln = 7llw < [Ih =113

3. The entropy satisfies

1
37 = 1JT < Entr (k) <

N —

4. The separation dsep(p, ™) satisfies

1
S =1l < dsep(p, ™) < |7 = Lo

(1 = 1lx + {12 = 13) -

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

PRrOOF: The inequalities in (2.4.1) are well known (the first follows from Jensen’s

inequality). The inequalities in (2.4.6) are elementary.
The upper bound in (2.4.5) uses

1
Vu>0, (1+u)log(1+u)§u+§u2

to bound the positive part of the entropy. The lower bound is more tricky. First,

observe that

Yu>0, 3(u—1)*<(4+2u)(ulogu) —u+1).

Then take square roots and use Cauchy-Schwarz to obtain

3l — 13 < 14+ 2h] [[hlog(h) — h+1];.

Finally observe that wlog(u) —u+1 > 0 for u > 0. Hence ||hlog(h) —h+1||; =

Ent,(f) and
3[lh — 1§ < 6Ent(f)

which gives the desired inequality. In his Ph. D. thesis, F. Su noticed the

complementary bound

Entr(h) <log (1 + [|h —1]3) -
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The upper bound in (2.4.3) follows from |y/u—1|? < [yu—1|(yu+1) = Ju—1|,
u > 0. The lower bound in (2.4.3) uses |u—1| = |y/u—1|(y/u+1), u > 0, Cauchy-
Schwarz, and ||[vh + 1|3 < 4.

The upper bound in (2.4.4) follows from |/u — 1] < |u — 1], u > 0. For the
lower bound note that

u? —1<u<
\/mé{l—i—u for —1<u<1

16
1+iu<1+41 u——u +—u3 for 1 < u.
It follows that

> — 1 < I — ul?
Vou>-1, V1+4u 1+2u 16u +16|u\

Now, [lp = wllz =21 = [[Vh]1) = 2(1 = /1 + (A = 1)[l1). Hence
I =l = g(Hh — 1[5 = [~ = 1[[3))-

Finally, the upper bound in (2.4.2) is a special case of (2.4.1). The lower
bound follows from the elementary inequality: Vu > —1, |u| > 3u+u? — [u/>.
This ends the proof of Lemma 2.4.1.

2.4.2 The cutoff phenomenon and related questions

This Section describe briefly a surprising property appearing in number of exam-
ples of natural finite Markov chains where a careful study is possible. We refer
the reader to [4, 17] and the more recent [18] for further details and references.

Consider the following example of finite Markov chain. The state space
X = {0,1}" is the set of all binary vectors of length n. At each step, we pick
a coordinate at random and flip it to its opposite. Hence, the kernel K of the
chain is K(z,y) = 0 unless |z — y| = 1 in which case K(z,y) = 1/n. This Chain
is symmetric, irreducible but periodic. It has the uniform distribution = = 2~
as stationary measure. Let H, = e Y ° '; K be the associated continuous
time chain. Then, by the Perron-Frobenius theorem Hy(z,y) — 27™ as ¢ tends
to infinity. This can be quantified very precisely.

Theorem 2.4.2 For the continuous time chain on the hypercube {0,1}" de-

scribed above, let t,, 4nlogn Then for any € >0,
nhjgo ||H(1—a)t,, —27"lrv =1
whereas
nhngo HH(1+s)tn 27"|lrv =0

In fact, a more precise description is feasible in this case. See [20, 18]. This
theorem exhibits a typical case of the so called cutoff phenomenon. For n large
enough, the graph of t — y(t) = ||HF —27"||rv stays very close to the line y = 1
for a long time, namely for about ¢, = inlog n. Then, it falls off rapidly to
a value close to 0. This fall-off phase is much shorter than ¢,. Reference [20]
describes the shape of the curve around the critical time %,,.
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Definition 2.4.3 Let F = {(X,, Ky, 7n) : n=1,2,...} be an infinite family of
finite chains. Let Hy, ; = e tU=Kn) pe the correspondmg continuous time chain.

1. One says that F presents a cutoff in total variation with critical time (t,)5°

if t, — oo and

nlgl;()rl}(&x\\H (1—e)tn — TnllTv =1
and

lim max [|Hy (14, — TalTv = 0.

n—oo X,

2. Let (tn,b,)5° such that t,,b, >0, t, — 0o, by /t, — 0. One says that F
presents a cutoff of type (tn,b,)5° in total variation if for all real c

lim max|| it tbne — TnllTv = f(c)

with f(¢) — 1 when ¢ = —o0 and f(c) — 0 when ¢ — co.

Clearly, 2 = 1. The ultimate cutoff result consists in a precise description of the
function f. In Theorem 2.4.2 there is in fact a (t,, by, )-cutoff with ¢, = inlogn
and b, = n. See [20].

In practical terms, the cutoff phenomenon means the following: in order to
approximate the stationary distribution m, one should not stop the chain H,, ,
before t = t,, and it is essentially useless to run the chain for more than ¢,. It
seems that the cutoff phenomenon is widespread among natural examples. See
[4, 18]. Nevertheless it is rather difficult to verify that a given family of chains
satisfy one or the other of the above two definitions. This motivates the following
weaker definition.

Definition 2.4.4 Let F = {(X,, Ky, 7n) : n=1,2,...} be an infinite family of
finite chains. Let Hy, ; = e tU=EKn) be the corresponding continuous time chain.
Fiz1 <p<oo.

1. One says that F presents a weak (P -cutoff with critical time (t,)$° if t, —
oo and

ity — Uler(r,) >0 and  lim max ||hn (146)tn — 1w (r,) = 0.

n—oo

lim max |7
n—oo X,

2. Let (tn,b,)5° such that t,,b, > 0, t, — oo, by /t, — 0. One says that F
presents a weak (P-cutoff of type (t,,b,)5° if for all ¢ >0,

lim maxtht veb, — Uler(rny = f(c)

n—oo

with f(0) > 0 and f(c) — 0 when ¢ — oo.

The notion of weak cutoff extends readily to Hellinger distance or entropy. The
advantage of this definition is that it captures some of the spirit of the cutoff
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phenomenon without requiring a too precise understanding of what happens at
relatively small times.

Observe that a cutoff of type (¢,0,)$° is equivalent to a cutoff of type
(tn,ab,)$® with @ > 0 but that ¢, can not always be replaced by s, even if
tn ~ Sp.

Note also that if (¢,,)7° and (s,,)$° are critical times for a family F (the same
for t, and s,) then lim, o t,/$, = 1. Indeed, for any € > 0, we must have
(14 €)ty > sy and (1 +€)sy, > ty, for n large enough.

Definition 2.4.5 Let (K, ) be a finite irreducible Markov chain. For 1 < p <
oo and € > 0, define the parameter T, (K, e) = T,(e) by

T,(e) = inf{t > 0 : max ||y — 1|, < e}

—t(I-K

where Hy = e ) is the associated continuous time chain.

The next lemma shows that for reversible chains and 1 < p < oo the different
T,’s cannot be too different.

Lemma 2.4.6 Let (K, ) be a finite irreducible reversible Markov chain. Then,
for 2 <p <400 and e > 0, we have

Ty(K,e) < Ty(K,e) < Too(K,€) < 2To(K,e'/?).
Furthermore, for 1 <p <2 and mp, =1+ [(2—p)/[2(p — 1)]],
Ty(K.¢) < To(K, ) < my, T,(K, /™).

PRrROOF: The first assertion is easy and left as an exercise. For the second we
need to use the fact that

max [[A2 ., — 1|, < (max |he — 1|\r) (max AT — 1||S) (2.4.7)
forallu,v > 0and 1 < ¢,r,s < +oorelated by 1+1/¢ = 1/r+1/s. Fix1 < p < 2
and an integer j. Set, fori=1,...,5—1, p1 =p, 1 +1/piy1 =1/p; + 1/p, and

u; = 1it/j, v; = t/j. Applying (2.4.7) j — 1 times with ¢ = p;11, r = p;, s = p,
u = u;, v =10, we get

J
max [ = 1y, < (max|g,; — 1],) -
Now, p; =1/p—(j —1)(1 — 1/p). Thus p; > 2 for

Jz1+@2=p)/RFE-1]

The desired result follows.
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Theorem 2.4.7 Fiz 1 < p < oo and ¢ > 0. Let F = {(X, K, 7)) 1 n =
1,2,...} be an infinite family of finite chains. Let H,, = e tU=Kn) pe the
corresponding continuous time chain. Let )\, be the spectral gap of K,, and set
t, = T(Ky,e). Assume that

lim A,t,, = oo.

Then the family F presents a weak (P-cutoff of type (tn, 1/An)5°.

PROOF: By definition maxy, ||k}, ; — 1||, =& > 0. To obtain an upper bound
write

I(Hp,s = mn) (h5 g, = Dl
1Pt = Ul 1Hy s = Tnllp—p

n,ty n,s

€ ||H’rt,s — Tnllp—p-

||hfz,tn+s - 1Hp

IN A

By Theorem 2.1.4

[Hy o = Tallz—n < €753
Also, ||H}; o — Tnll1—1 < 2 and [|H;; o — Tplloo—oo < 2. Hence, by interpolation,
(see Theorem 1.3.1)

|H = Tnllpop < 411/2=1/p| g=sAn(1-21/2-1/p)

It follows that

B2 4 vesn, — Llp < e4l1/2=1/pl p—c(1=2]1/2=1/pl)

This proves the desired result since 1 —2|1/2 —1/p| > 0 when 1 < p < co. This
also proves the following auxilliary result.

Lemma 2.4.8 Fiz 1 < p < co. Let F = {(Xp, Kp,7n) : n = 1,2,...} be an
infinite family of finite chains. Let A\, be the spectral gap of K,,. If
lim A\, T,(K,,€) — o0

n—oo

for some fized € > 0, then

Ty (K,
lim 717( €)

=1
n—o0 T(Kn,n)

for all p > 0.

For reversible chain we obtain a necessary and sufficient condition for weak £2-
cutoff.

Theorem 2.4.9 Fize > 0. Let F = {(X,, Kp,mn) : n=1,2,...} be an infinite
family of reversible finite chains. Let H,, s = e tU=Kn) pe the corresponding con-
tinuous time chain. Let A, be the spectral gap of K,, and set t, = To(K,,e). A
necessary and sufficient condition for F to present a weak (?-cutoff with critical
time t,, is that
lim A,t, = oo. (2.4.8)
n—oo

Furthermore, if (2.4.8) is satisfied then
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1. F presents a weak £>°-cutoff of type (2t,,1/A)5°.

2. For each 1 < p < 00 and each n > 0, F presents a weak P -cutoff of type

PROOF: We already now that (2.4.8) is sufficient to have a weak ¢2-cutoff.
Conversely, if (2.4.8) does not hold there exists a > 0 and a subsequence n(i)
such that A, ;)tn) < a. To simplify notation assume that this hold for all n.
Let ¢, be an eigenfunction of K,, such that ||¢,]lcc = 1 and (I — K,,)dy, = .
Then

max ||y, —1ll2 2 [|(Hy, = 7n)¢nll2 = e .

If follows that, for any n > 0,

max 175 1yt — L2 > e~ (1HEMtadn > o=(14n)a,

Hence
i max (b 1 4y, — 12 720
which shows that there is no weak ¢?-cutoff.
To prove the assertion concerning the weak ¢£°°-cutoff simply observe that

g [, — 1)loc = maix 2, — 113,

Hence a weak ¢2-cutoff of type (t,,b,)3° is equivalent to a weak ¢*°-cutoff of

type (2ty,,by,).
For the last assertion use Lemmas 2.4.6 and 2.4.8 to see that (2.4.8) implies
AT, (K, m) — oo for any fixed n > 0. Then apply Theorem 2.4.7.

The following theorem is based on strong hypotheses that are difficult to
check. Nevertheless, it sheds some new light on the cutoff phenomenon.

Theorem 2.4.10 Fiz e > 0. Let F = {(X,, Ky, m,) : n=1,2,...} be an infi-
nite family of reversible finite chains. Let H, ; = e tU=Kn) pe the corresponding
continuous time chain. Let A, be the spectral gap of K,, and set t, = To(K,,¢).
Let v, be the log-Sobolev constant of (K,,m,). Set

An =max {||¢]lc : ]2 =1, Kno = (1 - An)o}.
Assume that the following conditions are satisfied.
(1) tpA, — 0.
(2) inf, {a,/An} =c1 > 0.
(3) inf, {A, e in} =3 > 0.

Then the family F presents a weak (P-cutoff with critical time (t,)5° for any
1 < p < oo and also in Hellinger distance.



2.4. DISTANCES 67

PRrROOF: By Theorem 2.4.9 condition (1) implies a weak ¢P-cutoff of type

(Tp(Knﬂ?),/\n)

for each 1 < p < oo and 7 > 0. The novelty in Theorem 2.4.10 is that it
covers the case p = 1 (and Hellinger distance) and that the critical time (¢,)5°
does not depend on 1 < p < co. For the case p > 2, it suffices to prove that
T,(Kn,e) < tn+c(p)/An. Using symmetry, (2.2.2) and hypothesis (2), we get

Hhi,tn—i-sn - 1Hp < ||Hn75nH2"P||h$7.,tn -1z <e

with s, = [log(p — 1)]/(4an) < [log(p — 1)]/(4c1Ay), which yields the desired
inequality. Observe that condition (3) has not been used to treat the case 2 <
p < o0.

We now turn to the proof of the weak ¢'-cutoff. Since

[hne — s < [[Ane — 12

it suffices to prove that
liminf ||hy, ., — 1|1 > 0.
n—oo

To prove this, we use the lower bound in (2.4.2) and condition (3) above. Indeed,
for each n there exists a normalized eigenfunction ¢, and z, € A, such that
K., = (1 —X,)¢n and ||on]|co = On(zn) = Ay,. It follows that

1B s =l = sup {(Hntots = ™) lloc}
llbll2<1
Z An e_)\n(tn"!‘s) Z Cy e_>\n3-

Also, for o, = (log2)/(4a,), we have

thl,thranJrs - 1”3 < ”hfl,thrs - 1w||2
< ”hz,tn - 11/)||2||Hn,s - 7Tn||2ﬁ2
< ge M,

Hence, since \,0, < [log2]/4c;,

Hh’rxLTtn+0'n+S - 1”1 > ||h‘:7in+0'n+s - 1“% - ||hf,"tn+an+s - 1||§
2 =2\, (on+s) 3 _—3Ans

> che —c“e
Z (Cg e—QAn,an _ 53 e—Ans) 6—2)\n,s
Z (03 o 83 67)\”8) 672/\"5

1/4e1 | For each fixed n, we now pick s = s, = A1 log(cs/(2¢%)).

where c3 = 32~
Hence

1Pt — o = 1, 4, 1s, — Ll 2> €3/2.
The weak cutoff in Hellinger distance is proved the same way using (2.4.3) or
(2.4.4). Finally the case 1 < p < 2 follows from the results obtained for p = 2

and p=1.
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Chapter 3

Geometric tools

This chapter uses adapted graph structures to study finite Markov chains. It
shows how paths on graphs and their combinatorics can be used to prove Poincaré
and Nash inequalities. Isoperimetric techniques are also considered. Path tech-
niques have been introduced by M. Jerrum and A. Sinclair in their study of a
stochastic algorithm that counts perfect matchings in a graph. See [72]. Paths
are also used in [79] in a somewhat different context (random walk on finitely
generated groups). They are used in [35] to prove Poincaré inequalities. The
underlying idea is classical in analysis and geometry. The simplest instance of
it is the following proof of a Poincaré inequality for the unit interval [0, 1]:

[ 156 -mpas < % [ 17 Pas

where m is the mean of f. Write f(s) = f(t) = [ f'(u)du for any 0 < ¢ < s < 1.
Hence, using the Cauchy-Schwarz inequality, | f(s)— f(t)[* < (s—t) [ | f/(u)|?du.
It follows that

/ol|f(s)m|2d5 = /01/01|f(5)f(t)2dtds
/01 | (w)]? {/01 /01(8 - t)ltgugs(u)dtds} du
- /Ollf'(u)|2{u(l2_u)}du

1
5| 1fwPkan

The constant 1/8 obtained by this argument must be compared with the best
possible constant which is 1/72.

This chapter develops and illustrates several versions of this technique in the
context of finite graphs.

IN
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3.1 Adapted edge sets

Definition 3.1.1 Let K be an irreducible Markov chain on a finite set X. An
edge set A C X X X is say to be adapted to K if A is symmetric (that is
(r,y) € A= (y,z) € A), (X,A) is connected, and

(z,y) € A= K(z,y) + K(y,z) > 0.
In this case we also say that the graph (X, A) is adapted.

Let K be an irreducible Markov kernel on X with stationary measure . It is
convenient to introduce the following notation. For any e = (z,y) € X x X, set

and define )

Qle) = 5 (K(z,y)m(z) + K(y, 2)m(y)).

We will sometimes view @) as a probability measure on X x X. Observe that,
by Definition 2.1.1 and (2.1.1), the Dirichlet form & of (K, ) satisfies

N =5 O P,

ec XXX

Let A be an adapted edge set. A path v in (X, .A) is a sequence of vertices
v = (xo,...,2x) such that (z;—1,2;) € A, ¢ = 1,...,k. Equivalently, v can
be viewed as a sequence of edges v = (e1,...,ex) with e; = (z;_1,7;) € A,
i=1,...,k. The length of such a path 7 is |y| = k. Let I be the set of all paths
v in (X, A) which have no repeated edges (that is, such that e; # e; if i # j).
For each pair (z,y) € X x X, set

I(z,y) ={y= (zo,...,xr) €T :x =20, y = x1}.

3.2 Poincaré inequality
A Poincaré inequality is an inequality of the type

V[, Varz(f) < CE(S, f).

It follows from the definition 2.1.3 of the spectral gap A that such an inequality
is equivalent to A > 1/C. In other words, the smallest constant C' for which the
Poincaré inequality above holds is 1/A. This section uses Poincaré inequality
and path combinatorics to bound A\ from below. We start with the simplest
result of this type.
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Theorem 3.2.1 Let K be an irreducible chain with stationary measure T on a
finite set X. Let A be an adapted edge set. For each (x,y) € X x X choose
exactly one path v(x,y) in T'(x,y). Then A > 1/A where

1
A =max{ —— x,y)|m(x)m
m 4\ 50y ;X (@, y)lm(@)m(y)
v(w,y)de
PRrROOF: For each (z,y) € X x X, write
fo) = fl@) =) df(e)
e€v(z,y)
and, using Cauchy-Schwarz,
[f(y) = @) < (@ y)| D ldf(e).
e€v(z,y)

Multiply by $(z)m(y) and sum over all ,y to obtain

3 W) — @ Pr@n(y) < 3 S byl Y Pl

e€y(z,y)

The left-hand side is equal to Var,(f) whereas the right-hand side becomes

1 1 )
22100 2 M@V lderaee

v(z,y)de

which is bounded by

1
M 00 ; (@, y)lm(x)m(y) o E(F, f)-

y(z,y)de

This proves the Poincaré inequality

V[, Var(f) < AE(f, )
hence A > 1/A.

EXAMPLE 3.2.1: Let X ={0,1}", 7 =27" and K(z,y) = O unless [t —y| =1 in
which case K(x,y) = 1/n. Consider the obvious adapted edge set A = {(x,y) :
|z —y| = 1}. To define a path y(x,y) from x to y, view x,y as binary vectors
and change the coordinates of x one at a time from left to right to match the
coordinates of y. These paths have length at most n. Since 1/Q(e) = n 2™ we
obtain in this case

A

IN

209—n
n“ 27" max 1
ec A Tz:

v(z,y)de

= n?27" max#H{(z,y) 1 (2,y) 3 e}
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Hence every thing boils down to count, for each edge e € A, how many paths
~v(x,y) use that edge. Let e = (u,v). Since e € A, there exists a unique 7 such
that w; # v;. Furthermore, by construction, if y(z,y) > e we must have

r = (x17"')xi—17ui7ui+17"'7un)

= (’U17-~~7’Ui717vi7 yi+17"'ayn)~

It follows that ¢ — 1 coordinates of x and n — ¢ coordinates of y are unknown.
That is, #{(x,y) : v(z,y) 2 e} = 2"~ 1. Hence A < n?/2 and Theorem 3.2.1
yields A > 2/n2. The right answer is A = 2/n. The above computation is quite
typical of what has to be done to use Theorem 3.2.1. Observe in particular the
non trivial cancellation of the exponential factors.

EXAMPLE 3.2.2: Keep X = {0,1}" and consider the following moves: = — 7(x)
where 7(z); = x;-1 and * — o(x) where o(z) =z + (1,0,...,0). Let K(x,y) =
1/2if y = 7(z) or y = o(x) and K(z,y) = 0 otherwise. This chain has 7 =27"
as stationary distribution. It is not reversible. Define v(z,y) as follows. Use
7 to turn the coordinates around from right to left. Use o to ajust x; to y; if
necessary as it passes in position 1. These paths have length at most 2n. Let
e = (u,v) be an edge, say v = o(u). Pick an integer j, 0 < j < n — 1. Then,
if we assume that 7 as been used exactly j times before e, then x; = u;_; for
J<i<n, ¥y = vyp_jy; for 1 < ¢ < jand yj41 = vi. Hence, there are on—1
ordered pair (z,y) such that e € y(x,y) appears after exactly j uses of 7. Since
there are n possible values of j, this shows that the constant A of Theorem 3.2.1
is bounded by A < 4n? and thus A > 1/(4n?).

EXAMPLE 3.2.3: Let again X = {0, 1}". Let 7, 0 be as in the preceding example.
Consider the chain with kernel K (z,y) = 1/n if either y = 77(x) for some
0<j<n-—1ory=o(x), and K(z,y) = 0 otherwise. This chain is reversible
with respect to the uniform distribution. Without further idea, it seems difficult
to do any thing much better than using the same paths and the same analysis
as in the previous example. This yields A < n® and A > 1/n3. Clearly, a better
analysis is desirable in this case because we have not taken advantage of all the
moves at our disposal. A better bound will be obtained in Section 4.2.

EXAMPLE 3.2.4: It is instructive to work out what Theorem 3.2.1 says for simple
random walk on a graph (X,.A) where A is a symmetric set of oriented edges.
Set d(z) = #{y € X : (z,y) € A} and recall that the simple random walk on
(X, A) has kernel

0 iy g A
K(z,y) { Vd() i (o g) € A

This gives a reversible chain with respect to the measure 7 (x) = d(z)/|A|. For
each (z,y) € X2 choose a path ~(x,y) with no repeated edge. Set

_ _ — 2.
d, = maxd(z), 7= Joax, (@)l ne = max#{(z,y) € X7 :(w,y) > e}
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Then Theorem 3.2.1 gives A > 1/A with

A2y,
A<= .
| Al

The quantity 7, can be interpreted as a measure of bottle necks in the graph
(X, A). The quantity v, as an obvious interpretation as an upper bound on the
diameter of the graph.

We now turn to more sophisticated (but still useful) versions of Theorem
3.2.1.

Definition 3.2.2 A weight function w is a positive function
w: A— (0,00).

The w-length of a path v in T is

e =3 275

ecry

Theorem 3.2.3 Let K be an irreducible chain with stationary measure m on a
finite set X. Let A be an adapted edge set and w be a weight function. For each
(z,y) € X x X choose exactly one path y(z,y) in I'(x,y). Then A > 1/A(w)
where

Aw) =max{ 29 S @ plur()n(y)

(z,y):
v(z,y)de

PrROOF: Start as in the proof of Theorem 3.2.1 but introduce the weight w when
using Cauchy-Schwarz to get

Ifly) = f@)? < > we)! > ldf(e)lPw(e)
e€vy(z,y) e€y(z,y)
= @yl Y ldf(e)wle).
e€y(z,y)

From here, complete the proof by following step by step the proof of Theorem
3.2.1. A subtle discussion of this result can be found in [55] which also contains
interesting examples.

EXAMPLE 3.2.5: What is the spectral gap of the dog? (for simplicity, the dog
below has no ears or legs or tail).
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For a while, Diaconis and I puzzled over finding the order of magnitude of
the spectral gap for simple random walk on the planar graph made from two
square grids, say of side length n, attached together by one of their corners.
This example became known to us as “the dog”. It turns out that the dog
is quite an interesting example. Thus, let X be the vertex set of two n x n
square grids {0,...,n}? and {—n,...,0}? attached by identifying the two corners
0= (0,0) € X so that |X| =2(n +1)? — 1. Consider the markov kernel

0 iflz—yl>1
1/4 ifjlz—y|=1
K(z,y) = 0 ifx=yisinsideorz =y =0

1/4 if x =y is on the boundary but not a corner

1/2  if x =y is a corner.
This is a symmetric kernel with uniform stationary measure = = (2(n+1)2—1)~!
and 1/Q(e) = 4(2(n +1)?2 — 1) if e € A. We will refer to this example as the
n-dog.

We now have to choose paths. The graph structure on X induces a distance
d(z,y) between vertices. Also, we have the Euclidean distance |z — y|. First we
define paths from any z € X to o. For definitness, we work in the square lying
in the first quadrant. Let v(z,0) be one of the geodesic paths from x to o such
that, for any z € y(z,0), the Euclidean distance between z and the straight line
segment [x, 0] is at most 1/v/2.

[0}

Let e = (u,v) be an edge with d(o,v) =1, d(o,u) =i + 1. We claim that

4(n+1)?

#{x:v(z,0)de} < P
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By symmetry, we can assume that u = (u1, us) with u; > uy. This implies that
uy; > (i +1)/2. Let I be the vertical segment of length 2 centred at u. Set

{z :v(z,0) 2 e} = Z(e).

If z € Z(e) then the straight line segment [o, 2] is at Euclidean distance at most
1/4/2 from u. This implies that Z(e) is contained in the half cone C(u) with
vertex o and base I (because (u; > ug). Thus

Z(e) C {(z1,22) €{0,...,n}?*: 21 > uy, 20 > ug} NC(u).

/
|

o| 41

Let £(j) be the length of the intersection of the vertical line U(j) passing through
(4,0) with C. Then ¢(j)/j = ¢(k)/k for all j, k. Clearly £(u;) = 3. Hence
£(3) < 3j/uq. This means that there are at most 1+ 3;/u; vertices in U; N Z(e).
Summing over all u; < 7 < n we obtain

3nn+1) _ 4n(n+1)
#Ale)sn+ —5 — ST
which is the claimed inequality.

Now, if x, y are any two vertices in X', we join them by going through o using
the paths y(x,0),v(y,0) in the obvious way. This defines v(x,y). Furthermore,
we consider the weight function w on edges defined by w(e) =i+ 1 if e is at
graph distance ¢ from o. Observe that the length of any of the paths v(x,y) is

at most
2n—1

98 1 < 2loe(2n 4 1).
zo:z'ﬂ* og(2n +1)

Also, the number of times a given edge e at distance i from o is used can be
bounded as follows.

#{(z,y) :v(2,y) 3 e} (2(n+1)* = 1) x #{z : 7(2,0) 3 ¢}

<
< 4n+1)22(n+1)2 = 1)/(i +1).
Hence, The constant A in Theorem 3.2.3 satisfies

dmaxy y, [7(7, Y|w

Q(n 4 1)2 1 Ingx {w(e)#{(xvy) : '7(517724) ) 6}}

16(n + 1)*log(2n + 1).

A

A
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This yields A > (16(n + 1)*log(2n + 1))~*. To see that this is the right order
of magnitude, use the test function f defined by f(x) = sgn(x)log(1l + d(0, z))
where sgn(z) is 1,0 or —1 depending on whether the sum of the coordinates of
x is positive 0 or negative. This function has 7(f) = 0,

Var, (f) = 1713 Wuog(m e
and
(f f) < ! z_: [(i +1) A (2n — i+ 1)]| log(i + 2) — log(i 4 1)|?

22(n+1)2 - 1] =

1 w1
<
= 2(n+1)2—1;i+1
log(n +1)
2n+1)2 -1

Hence, A < [n(n+1)log(n+1)]~!. Collecting the results we see that the spectral
gap of the n-dog satifies
1 1

<AL .
16(n +1)2log(2n +1) — As n(n+1)log(n+ 1)

One can convince oneself that there is no choice of paths such that Theorem
3.2.1 give the right order of magnitude. In fact the best that Theorem 3.2.1
gives in this case is A > ¢/n®. The above problem (and its solution) generalizes
to any fixed dimension d. For any d > 3, the corresponding spectral gap satisfies
c1(d)/n? < X\ < co(d)/n.

In Theorems 3.2.1, 3.2.3, exactly one path y(x,y) is used for each pair (z,y).
In certain situations it is helpful to allow the use of more than one path from z
to y. To this end we introduce the notion of flow.

Definition 3.2.4 Let (K, m) be an irreducible Markov chain on a finite set X.
Let A be an adapted edge set. A flow is non-negative function on the path set T,

¢: T —[0,00]

such that
Vo,ye X, x £y, Y, 6(y)=m()r(y).

v€l(z,y)

Theorem 3.2.5 Let K be an irreducible chain with stationary measure ™ on a
finite set X. Let A be an adapted edge set and ¢ be a flow. Then X > 1/A(¢)
where

A(¢) = max @ S 6 ()

ec A
~ET:
REL
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PRrROOF: This time, for each (z,y) and each v € I'(z,y) write

f(y) = F@) < Iy ldf(e)]*.

ecry

Then
f() = F@)Pr(@)ny) < > WD ldf(e)*é().

yel(z,y) €Y

Complete the proof as for Theorem 3.2.1.

EXAMPLE 3.2.6: Consider the hypercube {0,1}" with the chain K(z,y) = 0
unless |z — y| = 1 in which case K(x,y) = 1/n. Consider the set G(z,y) of all
geodesic paths from x to y. Define a flow ¢ by setting

o(v) = { [22n#g($7y)]71 if v € G(z,y)

0 otherwise.

Then A(¢) = max. A(¢p, e) where

A(pe) =n2" > [16(7).

yel:
y2e

Using the symmetries of the hypercube, we observe that A(¢, e) does not depend
on e. Summing over the n2™ oriented edges yields

Alge) = D> hle(r)

ec A e
e

= > WPy <n®.

This example generalizes as follows.

Corollary 3.2.6 Assume that there is a group G which acts on X and such that

m(gz) = n(z), Qgz,9y) = Q(x,y).

Let A be an adapted edge set such that (z,y) € A = (gz,gy) € A. Let A =
Ulf A;, be the partition of A into transitive classes for this action. Then A\ > 1/A
where

1 2
A= o g T Pt

Here |A;| = #A;, Qi = Q(e;) with e; € A;, and d(z,y) is the graph distance
between x and y.
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PRroOF: Consider the set G(x,y) of all geodesic paths from z to y. Define a flow
¢ by setting

otherwise.

ot = { I < Glo)

Then A(¢) = max. A(¢, e) where

Ag,e) = Z RUE!

YET:
v3e

By hypothesis, A(¢,e;) = A;(¢) does not depend on e; € A;. Indeed, if gy
denote the image of the path v under the action of g € G, we have |gv| = |9/,
?(g7) = ¢(y). Summing for each ¢ = 1,...,k over all the oriented edges in A;,
we obtain

1

Alger) = == > > ()
|Ai|Qi

ecA; WEF

o e y)ra)y)
- |«4i|QzZZ 2 #G(z,y)

ecA; z,y 7€G(z,y):
voe

> Ni(z,y)d(z, y)m(2)m(y)

x7

IN

| Ai |Qz

where
Ni(z,y) = max #{e€ A;:v>e}
vEG(w,y)
That is, N;(z,y) is the maximal number of edges of type i used in a geodesic
path from z to y. In particular, N;(z,y) < d(z,y) and the announced result
follows.

EXAMPLE 3.2.7: Let X be the set of all k-subsets of a set with n elements.
Assume k < n/2. Consider the graph with vertex set X and an edge from z to
y if #(z Ny) = k — 2. This is a regular graph with degree k(n — k). The simple
random walk on this graph has kernel

K(z,y) :{ lkn =k ) = k-2

otherwise

and stationary measure w = (Z)fl. It is clear that the symmetric group S,, acts
transitively on the edge set of this graph and preserves K and 7. Here there
is only one class of edges, |A| = (7)n(n — k), @ = |A|~". Therefore Corollary
3.2.6 yields A > 1/A with

_ @ 3" d(x,y)*m(0)n(y)
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- e ()

- O (I ()
k(n—k:)(n—?) R k)?

(%) k—1 nn—1) "
Hence (n—1)
A> m

Here we have used the fact that the number of pair (z,y) with d(z,y) = ¢ is
(Z) (?) ("2k> to obtain the second equality. Also, the equality

Zk: k—1\ (n—k—1\ [n—2

—\{—1 (-1 ) \k-1
can be proved by counting in two different ways how to draw k — 1 marked balls
from an urn containing n — 2 balls, &k — 1 of them being red, the others black.

Indeed, (Iz:i) (”Zfl_l) = (i:;) (";fl_l) is the number of different ways to
pick k£ — 1 balls, £ — 1 of which are black. The true value of A is n/[k(n — k)].
See [34].

EXAMPLE 3.2.8: Let X be the set of all n-subsets of {0,...,2n — 1}. Consider
the graph with vertex set X and an edge from z to y if #(x Ny) =n — 2 and
0€x®y where z @y =2 Uy \ z Ny is the symmetric difference of x and y.
This is a regular graph with degree n. The simple random walk on this graph
has kernel

J I/n if#zny)=n—-2and0cxdy
K(x,y) = { 0 otherwise

. -1 . . .
and stationary measure m = (2”) . This process can be described informally

as follows: Let z be subset of {0,...,2n — 1} having n elements. If 0 € z,
pick an element a uniformly at random in the complement of x and move to
y = (£ \ {0})U{a}, that is, replace 0 by a. If 0 € x, pick an element a uniformly
at random in z and move to y = (x \ {a}) U {0}, that is, replace a by 0.
It is clear that the symmetric group Sa,,—1 which fixes 0 and actson {1, ..., 2n—

1} also acts on this graph and preserves K and 7. This action is not transitive
on edges. There are two transitive classes A1, Az of edges depending on whether,
for an edge (z,y), 0 € x or 0 € y. Clearly

Al = el = (), Q1= Qu= 417 = ol



80 CHAPTER 3. GEOMETRIC TOOLS

If x and y differ by exactly ¢ elements, the distance between x and y is 2¢ if
0Zx®dyand 20 —1if 0 € x @ y. Using this and a computation similar to the
one in Example 3.2.7, we see that the constant A in Corollary 3.2.6 is bounded
by

A = m ;yd(x,m%(x)w(y)
e ()

4n?
2n—1"

IN

Hence A > (2n—1)/(4n?). This can be slightly improved if we use the N;(z,y)’s
introduced in the proof of Corollary 3.2.6. Indeed, this proof shows that A > 1/A’
with

, 1
A = mlax {W ;U: Ni(z,y)d(z, y)ﬂ(x)ﬂ(y)}

where N;(z,y) is the maximal number of edges of type ¢ used in any geodesic
path from x to y. In the present case, if * @ y = £, then the distance between
x and y is atmost 2¢ with atmost ¢ edges of each of the two types. Hence,
A" <2n?/(2n — 1) and A > (2n — 1)/(2n?). This bound is of the correct order
of magnitude is 1/n. See the end of Section 4.2.

Corollary 3.2.7 Assume that X = G is a finite group with generating set S =
{g1.--,9s}. Set K(z,y) =S| '1s(27'y), 7 =1/|G|. Then

1
> -
AE) 2 5r5ip3

where D is the diameter of the Cayley graph (G,S U S~1Y). If S is symmetric,
ie., S=S71, then
1

> —.
MO 2 1512

PROOF: The action of the group G on its itself by left translation preserves K
and 7. Hence it also preserves (). We set

A= {(z,2s) 12 €G,s€SUS"}.

There are at most s = 2|.5| classes of oriented edges (corresponding to the distinct
elements of S U S™1) and each class contains at least |G| distinct edges. If S is
symmetric (that is g € S = g~ € ) then 1/Q(e) = |S||G| whereas if S is not
symmetric, |S||G| < 1/Q(e) < 2|S||G|. The results now follow from Corollary
3.2.6. Slightly better bounds are derived in [24].
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Corollary 3.2.8 Assume that X = G is a finite group with generating set S =
{91,---,9s}. Set K(z,y) = |S| '1s(z7ty), 7 = 1/|G|. Assume that there is
a subgroup H of the group of automorphisms of G which preserves S and acts

transitively on S. Then
1

>
— 2D2

where D is the diameter of the Cayley graph (G,S U S™Y). If S is symmetric,
i.e., S =871, orif H acts transitively on S U S™!, then

AK)

1

NISER=

These results apply in particular when S is a conjugacy class.

PRrROOF: Let ¢; = (z,28;) € A, ; € G, 5, € SUS™L i = 1,2 be two edges.
If 51,50 € S, there exists 0 € H such that o(s1) = s2. Set o(z1) = y1. Then
z — xgyfla(z) is an automorphism of G which send x; to xo and z1s; to
T2Ss. A similar reasoning applies if 51,55 € S~'. Hence there are atmost two
transitive classes of edges. If there are two classes, (z,xs) — (z,zs~!) establishes
a bijection between them. Hence |A;| = |As| = |.A|/2. Hence the desired results
follow from Corollary 3.2.6.

EXAMPLE 3.2.9: Let X = S, be the symmetric group on n objects. Let
K(xz,y) = 0 unless y = xo; with o; = (1,4) and i = {2,...,n}, in which case
K(z,y) = 1/(n—1). Decomposing any permutation € in to disjoint cycles shows
that 6 is a product of at most n transpositions. Further more, any transposition
(i,4) can be written as (¢,5) = (1,4)(1,7)(1,¢). Hence any permutation is a prod-
uct of at most 3n o;’s and Corollary 3.2.7 yields A > 9n®. However, the subgroup
Sn—1(1) C S, of the permutations that fixe 1 acts by conjugaison on S,,. Set
VYp i — hoeh™, h € S,_1(1) and H = {¢p, : S, — S, : h € S,_1(1)}. This
group of automorphisms of S,, acts transitively on S = {o; : i € {2,...,n}}.
Indeed, for 2 < 4,5 < n, h = (i,j) € Sp—1(1) satisfies ¥ (0;) = o;. Hence
Corollary 3.2.8 gives the improved bound A > 9n2. The right answer is that
A = 1/n by Fourier analysis [42].

To conclude this section we observe that there is no reason why we should
choose between using a weight function as in Theorem 3.2.3 or using a flow as
in Theorem 3.2.5. Furthermore we can consider more general weight functions

w:T'xA— (0,00)

where the weight w(y,e) of an edge also depends on which path v we are con-
sidering. Again, we set |y], = Zee'y w(y,e)~L. Then we have

Theorem 3.2.9 Let K be an irreducible chain with stationary measure ™ on a
finite set X. Let A be an adapted edge set, w a generalized weight function and
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¢ a flow. Then X\ > 1/A(w, ¢) where

A(w, ¢) = max o0

> wv,e)weé(r)

~yeT:
y3e

3.3 Isoperimetry

3.3.1 Isoperimetry and spectral gap

It is well known that spectral gap bounds can be obtained through isoperimet-
ric inequalities via the so-called Cheeger’s inequality introduced in a different
context in Cheeger [12]. See Alon [5], Alon and Milman [6], Sinclair [71, 72],
Diaconis and Stroock [35], Kannan [56], and the earlier references given there.
See also [58]. This section presents this technique. It emphasizes the fact that
isoperimetric inequalities are simply ¢! version of Poincaré inequalities. It follows
that in most circumstances it is possible and preferable to work directly with
Poincaré inequalities if the ultimate goal is to bound the spectral gap. Diaconis
and Stroock [35] compare bounds using Theorems 3.2.1, 3.2.3, and bounds using
Cheeger’s inequality. They find that, most of the time, bounds using Cheeger’s
inequality can be tightned by appealing directly to a Poincaré inequality.

Definition 3.3.1 The “boundary” OA of a set A C X is the set
0A={e=(z,y) e X xX: ze€Ayec A orz e A% ye A}.

Thus, the boundary is the set of all pairs connecting A and A°.
Given a Markov chain (K, ), the measure of the boundary 0A of A C X is

QWA = ¥ (K@ yr() + Ky, 2)n()
(x,y)€0A

= Y (K@) + Ky z)m(y)) .
€A ,ycAc

The “boundary” 0A is a rather large boundary and does not depend on the chain
(K, ) under consideration. However, only the portion of JA that has positive
@Q-measure will be of interest to us so that we could as well have required that
the edges in 0A satisfy Q(e) > 0.

Definition 3.3.2 The isoperimetric constant of the chain (K, ) is defined by

)

I'=I(K,m)= min {
w(AS21)2

(3.3.1)

Let us specialize this definition to the case where (K, ) is the simple random
walk on an r-regular graph (X, A). Then, K(x,y) = 1/r if z, y are neighbors and
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m(z) = 1/|X|. Hence Q(e) = 1/(r|X|) if e € A. Define the geometric boundary
of a set A to be
OA={(z,y) e A:x e Ay e A°}.

I = min {Q(@A)}_2 min {#8*A}
T ACK: 7T(A) oy AcA #A ’

T(A)<1/2 H#ASH#X /2

Then

Lemma 3.3.3 The constant I satisfies

S 1df(0)]Q(e)
= mm{mmaz @ )—a|7r<x>}'

Here the minimum is over all non-constant fonctions f.

It is well known and not too hard to prove that
min ) _ | f(z) — aln( Z |f(x) — ol ()
€T

if and only if oy satisfies
m(f > ap) <1/2 and 7(f < ag) < 1/2
i.e., if and only if g is a median.

PROOF: Let J be the right-hand side in the equality above. To prove that I > J
it is enough to take f = 14 in the definition of J. Indeed,

Y ldLa(e)lQ(e) = Q(4), Y La(w)w(z) = m(A).

We turn to the proof of J > I. For any non—negative function f, set Fy = {f >t}
and f; = 1p,. Then observe that f(z) = [;° fi(x

n(f) = / (Rt

and

> ldf(e) / Q(OF,)d (3.3.2)

€
This is a discrete version of the so-called co-area formula of geometric measure
theory. The proof is simple. Write

Yl EIQe) = 2 Y (fly) - f(2)Qe)

e=(z,y)
Fy)>f(=)

:22/

e=(z,y)
Fy)>f(=)

= / > Qe

e=(x,y)

Fy)zt>f(x)

/O T QoF)dt

f(y
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Given a function f, let @ be such that 7(f > a) < 1/2, 7n(f < a) < 1/2 and
set fr = (f—-a)VvO0, fo- = —[(f —a)A0]. Then, f + f- = |f — «a| and
|df (e)| = |df+(e)| + |df-(e)|. Setting Fy, = {x : fx(x) > t}, using (3.3.2) and
the definition of I, we get

> ldf(e)|Q(e)

D ldf+(e)|Qe) + > ldf—(e)|Q(e)

= [T QR+ [ or i
0 0

> 1 [ (P + (P

= I+ @)

= IZ|f ) — alm(z

This proves that J > I.

There is an alternative notion of isoperimetric constant that is sometimes
used in the literature.

Definition 3.3.4 Define the isoperimetric constant I' of the chain (K, ) by

P . Q(04)
II(K,w)%x)l({%(A)(l_ﬂ(A))}. (3.3.3)

Observe that I/2 <1 <.

Lemma 3.3.5 The constant I' is also given by

o { T
! {z @) - <f>|7r<x>}

where the minimum is taken over all non-constant functions f.

PROOF: Setting f = 14 in the ratio appearing above shows that the left-hand
side is not smaller than the right-hand side. To prove the converse, set f1 = fVO0,
and Fy = {z : fi(z) > t}. As in the proof of Lemma 3.3.3, we obtain

Z \df+(e)|Q(e) > 21’/0 () (1 — 7 (Fy))dt.
Now,
2r(Fy)(1 —w(F)) = lem —m(lp,)|m(z)
Jmax > g, () g(2)m(x).

ming |[g—a|<1 @
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Here, we have used the fact that, for any function wu,

3 lute) = wwlin(o) = o, 3 ula) g(oim(a)

See [68]. Thus, for any g satifying 7(g) = 0 and min, |g — a| < 1,

Sl = IS < / (@) dt) g(2)(z)
> 'Y i @)g(@)n(a).

The same reasoning applies to f_ = —[f A 0] so that, for all g as above,
> ldf-(e)|Q(e) > I’ Zf ().
e

Adding the two inequalities, and taking the supremum over all allowable g, we

get
Z\df )|Q(e) >I’Z\f |7 ()

which is the desired mequahty.
Lemmas 3.3.3 and 3.3.5 shows that the argument used in the proof of Theo-
rem 3.2.1 can be used to bound I and I’ from below.

Theorem 3.3.6 Let K be an irreducible chain with stationary measure ™ on a
finite set X. Let A be an adapted edge set. For each (x,y) € X x X choose
exactly one path y(xz,y) in T'(z,y). Then I > I' > 1/B where

1
B=max) 505 ZE:X ()7 (y)

y(z,y)de

PROOF: For each (z,y) € X x X, write f(y) — f(z) = Xcc(s,y) df (€) and

F) = F@) < Y ldf(e)l.
e€y(z,y)
Multiply by 7(x)7(y) and sum over all z,y to obtain

DM — f@r@)rly) <Y D ldf(e)|n(@)m(y).

z,y 7,y e€y(z,y)

This yields
Do 1f@) = w(Hln(z) < BY  ldf(e)|Q(e)

which implies the desired conclusion. There is also a version of this result using
flows as in Theorem 3.2.5.
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Lemma 3.3.7 (Cheeger’s inequality) The spectral gap A and the isoperimet-
ric constant I, I' defined at (3.3.1), (3.3.3) are related by

Compare with [35], Section 3.C. There, it is proved by a slightly different argu-
ment that h?/2 < X\ < 2h where h = I/2. This is the same as I?/8 < \ < I.

PROOF: For the upper bound use the test functions f = 14 in the definition of
A. For the lower bound, apply

Z|df(€>|Q >ImlHZ|f ) — alr(z

to the function f = |g—c|?sgn(g—c) where g is an arbitrary function and ¢ = ¢(g)
is a median of g so that > |f(z) — o|m(2) is minimum for o = 0. Then, for

e=(z,y),
|df (e)| < |dg(e)|(lg(z) — c| + |g(y) — c])

because |a? — b%| = |a — b|(|a] + |b]) if ab > 0 and a® + b* < |a — b|(|a| + |b]) if
ab < 0. Hence

Yoldr@IQe) < Y ldg(e)l(lg(x) — el +lg(y) — c)Qe)

e e=(z,y)

1/2
<Z Idg(e)IQQ(e)> X

1/2
<2 > (@) = + |g(y) — cf*)m(z) K (x, y))

1/2
= (8&(g,9)"? (Z g(x)—c|27r(x)> :

Hence
12\9 ) —cf*n(z) = ImmZIf ) — af’n(x)
< Z\dfelQe
’ 1/2
< (8&(g,9))"" (Z Q(I)CIQW(I)> :
and

I*Var,(g IQZ|g ) — cfPm(z) < 8(g, 9).
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for all functions g. This proves the desired lower bound.

EXAMPLE 3.3.1: Let X = {0,...,n}? be the vertex set of a square grid of side
n. Hence, the edge set A is given by A = {(z,y) € X% : [x—y| = 1} where |z —y|
denote either the Euclidian distance or simply >, |z; — ;| (it does not matter
which). Define K(x,y) to be zero if |z —y| > 1, K(z,y) = 1/4 if |z — y| = 1,
and K (z,z) =0, 1/4 or 1/2 depending on whether z is interior, on a side, or a
corner of X. The uniform distribution 7 = 1/(n + 1)? is the reversible measure
of K. To have a more geometric interpretation of the boundary, we view each
vertex in X as the center of a unit square as in the figure below.

Then, for any subset A C X, w(A) is proportional to the surface of those unit
squares with center in A. Call A the union of those squares (viewed as a subset
of the plane). Now @Q(9A) is proportional to the length of the interior part of
the boundary of A. It is not hard to see that pushing all squares in each column
down to the bottom leads to a set A! with the same area and smaller boundary.

Similarly, we can push things left. Then consider the upper left most unit square.
It is easy to see that moving it down to the left bottom most free space does
not increase the boundary. Repeating this operation as many times as possible
shows that, given a number N of unit squares, the smallest boundary is obtained
for the set formed with [N/(n + 1)] bottom raws and the N — (n+ 1)[N/(n+1)]
left most squares of the ([N/(n + 1)] + 1)** raw. Hence, we have

NEL jf #A=N<n+1
= ifn+1<#A= N and #A does not divide n + 1
e M #A=N=Ek([n+1).
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Theorem 3.3.8 For the natural walk on the square grid X = {0,...,n}? the
isoperimetric constants I, I' are given by

s— ifn+1iseven 5 ifn+1 is even
I = { 2(n1+1) I = { 2(n1+1)

= if n+1 s odd. if n+1 is odd.

on 2n(1+(n+1)—2)
Using Cheeger’s inequality yields
1
A>—
~32(n+1)2
This is of the right order of magnitude.

EXAMPLE 3.3.2: For comparison, consider the example of the “n-dog”. That
is, two square grids as above with one corner o identified. In this case, it is clear
that the ratio Q(0A)/m(A) (with m(A) < 1/2) is smallest for A one of the two
squares minus o. Hence

1
2[(n+1)2 —1]°

In this case Cheeger’s inequality yields

I(n-dog) =

-dog) > ————.
Aln-dog) = g1y
This is far off from the right order of magnitude 1/(n?logn) which was found
using Theorem 3.2.3.

The proof of Theorem 3.3.8 works as well in higher dimension and for rect-
angular boxes.

Theorem 3.3.9 For the natural walk on the parallelepiped
X={0,...,n1} x...x{0,...,n4}

with n1 = maxn;, the isoperimetric constants I, I' satisfy

I>I’>¥.
— T dni+1)

In this case, Cheeger’s inequality yields a bound which is off by a factor of 1/d.

The above examples must not lead the reader to believe that, generaly speak-
ing, isoperimetric inequalities are easy to prove or at least easier to prove than
Poincaré inequalities. It is the case in some examples as the ones above whose
geometry is really simple. There are other examples where the spectral gap
is known exactly (e.g., by using Fourier analysis) but where even the order of
magnitude of the isoperimetric constant I is not known. One such example is
provided by the walk on the symmetric group S, with K(z,y) = 2/n(n — 1)
if x and y differ by a transposition and K(z,y) = 0 otherwise. For this walk
A =2/(n—1) and, by Cheeger’s inequality, 2/(n — 1) < I < 4/(n —1)/2.
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3.3.2 Isoperimetry and Nash inequalities
The goal of this section is to prove the following result.

Theorem 3.3.10 Assume that (K, ) satisfies

1
r(A)d-D/d < g (Q(@A) + Rw(A)) (3.3.4)
for all A C X and some constants d > 1, S, R > 0. Then
1
lgllasa—1) <8 (Z ldg(e)|Q(e) + R||9|1> (3.3.5)
and
gl < 1652 (e<g, 9+ 5 ||g|2) gl (3.3.6)

PRrROOF: Since |d|g|(e)| < |dg(e)| it suffices to prove the result for g > 0. Write
g=J, gedt where g, = 1¢,, Gy = {g > t}, and set ¢ = d/(d — 1). Then

o0 o0
lolls < / lgrllodt = / w(G)V/dt

s / ( Q(OG)) + Rn(GQ)dt

s (Z dg(e)|Q(e) + ;g> .

The first inequality uses Minkowski’s inequality. The second inequality uses
(3.3.4). The last inequality uses the co-area formula (3.3.2). This proves (3.3.5).
It is easy to see that (3.3.5) is in fact equivalent to (3.3.4) (take g = 14).

To prove (3.3.6), we observe that

> " ldg?(e)|Q(e) < [8E(g, )] ?[lg]l2-

IN

Indeed,

> ldg*(e)lQ(e)

> ldg(e)llg(x) + g()|Q(e)

e=(z,y)

1/2
<Z|dg<e>|2cz<e>> x
‘ 1/2
<2Z|g )2+ [g(y)P)m <z>K<x,y>>
1/2
(8E(g,9)"? (Z |g<x>|2w(x>> .

IN
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Thus, (3.3.5) applied to g2 yields

1
ol < 5 (I8e0.02lole + lal? )

with ¢ = d/(d — 1). The Hélder inequality

1/(14+d d/(1+4+d
lgll2 < llglly" ¥ gll5r

and the last inequality let us bound ||g||2 by

1/2 1 2 Y] 1/(1+d)
(5 (el 2ol + Hlalz))  lall

We raise this to the power 2(1 + d)/d and divide by | g||2 to get

d 1 d
91§+ < 5 (18800901 + lall ) Lol

This yields the desired result.
There is a companion result related to Theorem 2.3.1 and Nash inequalities
of type (2.3.1) versus (2.3.3).

Theorem 3.3.11 Assume that (K, ) satisfies
m(A)@D/d < 8Q(0A) (3.3.7)
for all A C X such that m(A) <1/2. Then
Vg€ LPm), Vare() Y <85°€(,9) | FI1"

Before proving this theorem, let us introduce the isoperimetric constant associ-
ated with inequality (3.3.7).

Definition 3.3.12 The d-dimensional isoperimetric constant of a finite chain
(K, m) is defined by

- Q04)
I,=Li(K,7)= min ———
52 AN

where ¢ = d/(d —1).

Observe that I > I; with I the isoperimetric constant defined at (3.3.1) (in fact
I>2Y 414). Tt may be helpful to specialize this definition to the case where

(K,7) is the simple random walk on a r-regular connected symmetric graph
(X, A). Then Q(e) = 1/|A| = 1/(r|X|), = 1/|X| and

I 2 . #0,. A
d=——577 min ————
A A

where 0, A ={(z,y) e A:xz € A, y & A}
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Lemma 3.3.13 The isoperimetric constant 14(K, ) is also given by

2. 1df(e)|Q(e)
1 = e(f)llg

where ¢ = d/(d — 1) and c(f) denote the smallest median of f.

Ii(K,7) = inf{ o f non-constant}

PrOOF: For f = 14 with 7(A) < 1/2, ¢(f) = 0 is the smallest median of f.

Hence
> e ldf(e)|Q(e) — Q(IA)

If =c(Plly — m(A)H

)
i { TS0
Pl =ehllg

To prove the converse, fix a function f and let ¢ be such that 7(f > ¢) < 1/2,

m(f <) <1/2. Set fy = (f—¢)VO, f- = —[(f—¢)A0]. Then fy+f_ =|f—c|
and |df (e)| = |df+(e)|+|df-(e)|. Setting Fy ; = {z : f+(x) > t} and using (3.3.2)
we obtain

It follows that
} < Id(K7 7T').

Y

> " ldf(e)|Q(e)

€

Do ldf+(@)lQ(e) + ) 1df-(e)lQ(e)

| aordes [ aor-
0 0

Y

Id/ (W(F+,t)1/q + W(F,,t)l/q) dt.
0

Now

71'(sz,t)l/q = H]'Fi,t”q = H;ﬂa;(lﬂ&,mg)

where 1/r +1/q = 1. Hence, for any g such that ||g||. <1,

SIQE) = a [ (e )+ (A 0)
Ly ((f+,9) +(f-.9))

= la(|lf—cl,9)
Taking the supremum over all g with ||g||,, < 1 we get
ST 1df(e)Q(e) > Tullf — el (3.3.8)

e
The desired inequality follows. Observe that in (3.3.8) ¢ is a median of f.

PROOF OF THEOREM 3.3.11: Fix g and set f = sgn(g — ¢)|g — ¢|? where ¢ is a
median of g, hence 0 is a median of f. The hypothesis of Theorem 3.3.11 implies
that I; > 1/S. Inequality (3.3.8) then shows that

lg = eli3g = l1fllg < 5D ldf(e)lQ(e)]-
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As in the proof of Lemma 3.3.7 we have

> ldf(e)|Q(e) < [BE(g,9)]'*Nlg — cll2-

€

Hence
lg — cli3, < [85%E(g.9)]"*llg — ¢l

Now, the Hoélder inequality ||k < ||h||i/(1+d)Hh||gé(1+d) yields

d/2(1+d)
lg = cll2 < (152 (129 - lz) lg = elly/ .
Thus 2(1+2/d 4/d
lg — 3"/ < 882&(f, £)llg — el
Since c is a median of g, it follows that
Varg (9)+2/7 < 882 E(f, )llgll7".
This is the desired result.

EXAMPLE 3.3.3: Consider a square grid X = {0,...,n}? as in Theorem 3.3.8.
The argument developed for Theorem 3.3.8 also yields the following result.

Theorem 3.3.14 For the natural walk on the square grid X = {0,...,n}? the

isoperimetric constant I (i.e., d = 2) is given by

12:{ W z:fnJrlz:seven

B2 T T) ifn+1 is odd.

By Theorem 3.3.11 it follows that, for all f € (*(7),
Var(f)? < 64(n + 1)?E(f, fIIfII3-

By Theorem 2.3.2 this yields
1A% — 1||2 < min {23/2(71 1)/, ef[t/64(n+1)2]+1/2} .
This is a very good bound which is of the right order of magnitude for all ¢ > 0.
ExXAMPLE 3.3.4: We can also compute I; for a paralellepiped in d-dimensions.
Theorem 3.3.15 For the natural walk on the parallelepiped
X={0,...,n1} x...x{0,...,n4}
with n; < ny, the isoperimetric constant I, satisfies

1
>
4= @i d(ny +1)

with equality if ny + 1 is even. It follows that
Varg (£)1 12/ < 82207V &2 (ny + 1) E(F. H)I £



3.3. ISOPERIMETRY 93

In [28] a somewhat better Nash inequality

142/d _ o4 12 8 2 4/d
15 < st + 12 (0.0 + g A18) 111
is proved (in the case ny = ... =mng = n) by a different argument.

ExaMPLE 3.3.5: We now return to the “n-dog”. The Nash inequality in Theo-
rem 3.3.14 yields

1/2

£ < (64(n +1)2E(F, HIFIT) "+ m(f)?
1

(0160 + 12 (8009 + g 18) |f||§>1/2.

IA

for all functions f on a square grid {0,...,n}2. Now the n-dog is simply two
square grids with one corner in common. Hence, applying the above inequality on
each square grid, we obtain (the constant factor between the uniform distribution
on one grid and the uniform distribution on the n-dog cancel)

1
1713 < 12800+ 1 (£07.0) + gt 18 1R

The change by a factor 2 in the numerical constants is due to the fact that the
common corner o appears in each square grid. Recall that using Theorem 3.2.3
we have proved that the spectral gap of the dog is bounded below by

1
8(n+1)2log(2n +1)°

A>

Applying Theorem 2.3.5 and Corollary 2.3.5, we obtain the following result.

Theorem 3.3.16 For the n-dog made of two square grids {0,...,n}> with the
corners o = 01 = 03 = (0,0) identified, the natural chain satisfies

Vit <32(n41)2  ||h%2 < 8e(n + 1)/t
Also, for all ¢ >0 and t = 8(n + 1)%(5 + clog(2n + 1))

Ihf =12 < e,

This shows that a time of order n?logn suffices to reach stationarity on the
n-dog. Furthermore, the upper bound on A that we obtained earlier shows that
this is optimal since max, ||h¥ — 1||; > e~tA > e—at/(n’logn)

Consider now all the eigenvalues 1 = A\g < A1 < ... < Alx|-1 of this chain.
Corrolary 2.3.9 and Theorem 3.3.16 show that

N > 1074 (i 4+ 1)n 2
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for all 4 > 10%. This is a good estimate except for the numerical constant 10%.
However, it leaves open the following natural question. We know that A = A\
is of order 1/(n?logn). How many eigenvalues are there such that n?); tends
to zero as n tends to infinity? Interestingly enough the answer is that A is the
only such eigenvalue. Namely, there exists a constant ¢ > 0 such that, for i > 2,
i > cn~2. We now prove this fact. Consider the squares

X—:{*n7-~~,0}27 X+:{Oa"'7n}2

and set
Yi(z) =1y, (2), v € X.

These functions span a two-dimensional vector space E C £2(X). On each of the
two squares X_, X, we have the Poincaré inequality

S 1@ < 4+ 1? S ldre)P (33.9)

TEXL

for all function f on A% satisfying > . xp f (z) = 0. In this inequality, the right
most sum runs over all edge e of the grid AL. There are many ways to prove
this inequality. For instance, one can use Theorem 3.2.1 (with paths having only
one turn), or the fact that the spectral gap is exactly 1 — cos(w/(n + 1)) for the
square grid.

Now, if f is a function in £2(X) which is orthogonal to E (i.e., to 1»_ and
¥y ), we can apply (3.3.9) to the restrictions fy, f_ of f to Xy, X_. Adding up
the two inequalities so obtained we get

V feEY, Y If(@)Pn(z) <2(n+1)E(S. f).
reX

By the min-max principle (1.3.7), this shows that

Ny >
=2+ 1)
Let 11 denote the normalized eigenfunction associated to the spectral gap .
For each n, let a, < b, be such that
lim a,n 2 = +oo, lim b,[n*logn]™' =0, lim (b, —a,) = +oc
and set I, = [an, by]. Using the estimates obtained above for A; and A2 together

with Lemma 1.4.3 we conclude that for ¢ € I,, and n large enough the density
hi(x,y) of the semigroup H; on the n-dog is close to

L+ ()¢ (y)-

In words, the n-dog presents a sort of metastability phenomenon.
We finish this subsection by stating a bound on higher eigenvalues in terms
of isoperimetry. It follows readily from Theorems 3.3.11 and 2.3.9.
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Theorem 3.3.17 Assume that (K, ) is reversible and satisfies (3.3.7), that is,
m(4) < 5Q(04)
for all A C X such that w(A) < 1/2. Then the eigenvalues \; satisfy

i2/d

N Z garigge

Compare with [14].

3.3.3 Isoperimetry and the log-Sobolev constant

Theorem 2.3.6 can be used, together with theorems 3.3.10, 3.3.11, to bound the
log-Sobolev constant « from below in terms of isoperimetry. This yields the
following results.

Theorem 3.3.18 Let (K, 7) be a finite reversible Markov chain.
1. Assume (K, m) satisfies (3.3.7), that is,
m(A)V < 5Q(04)

for all A C X such that w(A) < 1/2. Then the log-Sobolev constant o is
bounded below by

> —.
“ = 1S
2. Assume instead that (K, ) satisfies (3.3.4), that is,
(d-1)/d 1
R4V <5 Q@A)+ £r(4)),

for all set A C X. Then

A
> .
“ = 91+ 8R2A + Llog (£2)]

ExAMPLE 3.3.6: Theorem 3.3.18 and Theorems 3.3.14, 3.3.16 prove that the
two-dimensional square grid X = {0,...,n}? or the two-dimensional n-dog have
a ~ \. Namely, for the two-dimensional n-grid, o and \ are of order 1/n?
whereas, for the n-dog, a and A are of order 1/[n?logn)].

EXAMPLE 3.3.7: For the d-dimensional square grid X = {0, ... ,n}d, applying
Theorems 3.3.18 and 3.3.15 we obtain

2
>_ =
“= d3(n+1)2

whereas Lemma 2.2.11 can be used to show that « is of order 1/[dn?] in this
case.
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3.4 Moderate growth

This section presents geometric conditions that implies that a Nash inequality
holds. More details and many examples can be found in [25, 26, 28]. Let us
emphasize that the notions of moderate growth and of local Poincaré in-
equality presented briefly below are really instrumental in proving useful Nash
inequalities in explicit examples. See [28].

Definition 3.4.1 Let (K, ) be an irreducible Markov chain on a finite state
space X. Let A be an adapted edge set according to Definition 3.1.1. Let d(x,y)
denote the distance between x and y in (X, A) and v = max, , d(x,y) be the
diameter. Define

Viz,r)=7({y:d(z,y) <r}).
(1) We say the (K, m) has (M,d)-moderate growth if

Viz,r) > — 7““df lzeX andallr <
Sy 5 or all x and all 7 < 7.

(2) We say that (K, ) satisfies a local Poincaré inequality with constant a > 0

if
\f = frll2 < ar?E(f, f)  for all functions f and all r <~

where

1) = 5 > f)ry).

y:d(z,y)<r

Moderate growth is a purely geometric condition. On one hand it implies (take
r = 0) that m, > M~1y~9 If 7 is uniform, this says |X| < M~%. On the other
hand, it implies that the volume of a ball of radius r grows at least like r?.

The local Poincaré inequality implies in particular (take r = «y) that Var,(f) <
ay?E(f, f), that is A > 1/(ay?). It can sometimes be checked using the following
lemma.

Lemma 3.4.2 For each (z,y) € X2, v # vy, fir a path y(z,y) in T(x,y). Then

If = f-l13 < n(r)E(S, )

where

2 m(z)7(y)
n(r) = max o0 M:d;y)gn (@, y)|~—==

v(z,y)de

See [28], Lemma 5.1.
Definition 3.4.1 is justified by the following theorem.



3.4. MODERATE GROWTH 97

Theorem 3.4.3 Assume that (K, 7) has (M,d) moderate growth and satisfies
a local Poincaré inequality with constant a > 0. Then A\ > 1/ay* and (K,n)
satisfies the Nash inequality

1
1FI20+2/0 < ¢ (s<f, N+ mgnfn%) T

with C = (14 1/d)?(1 + d)*/4M?/%ar?. Tt follows that
|hE — 1|l < Be™® fort=ay*(1+c¢), ¢>0

with B = (e(1 4+ d)M)'/2(2 + d)#/*. Also, the log-Sobolev constant satisfies o >
e/v? with e~ = 2a(2 + log B).

Futhermore, there exist constants ¢;, i = 1,...,6, depending only on M,d,a
and such that X < c1/7?, a < ¢ca/v? and, if (K, ) is reversible,

cze™ /7" < max I1he — 11 < czeeot/7’,
x

See [28], Theorems 5.2, 5.3 and [29], Theorem 4.1.
One can also state the following result for higher eigenvalues of reversible
Markov chains.

Theorem 3.4.4 Assume that (K, ) is reversible, has (M,d) moderate growth
and satisfies a local Poincaré inequality with constant a > 0. Then there exists
a constant ¢ = c¢(M,d,a) > 0 such that \; > ci®/?y=2,
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Chapter 4

Comparison techniques

This chapter develops the idea of comparison between two finite chains K, K'.
Typically we are interested in studying a certain chain K on X. We consider
an auxilliary chain K’ on X or even on a different but related state space X”.
This auxilliary chain is assumed to be well-known, and the chain K is not too
different from K’. Comparison techniques allow us to transfer information from
K to K'. We have already encounter this idea several times. It is emphasized
and presented in detail in this chapter. The main references for this chapter are
23, 24, 30].

4.1 Using comparison inequalities

This section collects a number of results that are the keys of comparison tech-
niques. Most of these results have already been proved in previous chapters,
sometimes under less restrictive hypoheses.

Theorem 4.1.1 Let (K,7), (K',n’) be two irreducible finite chains defined on
two state spaces X, X' with X C X'. Assume that there exists an extention map
f—f that associates a function f:X =R toany function f : X' — R and
such that f(x) = f(z) if x € X. Assume further that there exist a, A > 0 such
that

Vi X =R, Ef,f)<AES, f) and VzeX, ar(z) <7'(z).
Then
(1) The spectral gaps X\, X' and the log-Sobolev constants o, o satisfy
A>aN /A, a>ad /A

In particular

Ac A 1
T 1— .
i — 1|2 < e =¢ forall t:a—X—kmlonglog@ with ¢ > 0.

99
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(2) If (K,7) and (K',7') are reversible chains, and |X| =n, |X'| =n/,
Vi=1,....,n—1, X\ >a\,/A

where (\;)§ 1 (resp ()\g)glfl) are the eigenvalues of I — K (resp. I — K')
in nondecreasing order. In particular, for all t > 0,

n'—1

he =17 < Whipppa =12 = Y 7204
1

where

Ihe = 117 = |hi(z,y) = 1Pr(2)m(y) = D |hf — 15w ().

z,y

(8) If (K,m) and (K',7'") are reversible chains and that there exists a group
G that acts transitively on X with K(gx,gy) = K(x,y) and w(gx) = m(x)
then

n'—1

VeeX, [hf—1)3< Y e
1

(4) If (K,7) and (K',7') are invariant under transitive group actions then
VoeX, o' € X, ||hf =1l < R4 — 1|2

PrOOF: The first assertion follows from Lemma 2.2.12 and Corollary 2.2.4. The
second uses Theorem 1.3.4 and (1.3.6). The last statement simply follows from
(2) and the fact that ||hf — 1||2 does not depend on z under the hypotheses of
(3). Observe that the theorem applies when X' = X’. In this case the extention
map f — f = f is the identity map on functions.

These results shows how the comparison of the Dirichlet forms £, £ allows us
to bound the convergence of h; towards 7 in terms of certain parameters related
to the chain K’ which we assume we understand better. The next example
illustrates well this technique.

EXAMPLE 4.1.1: Let £ = {0,1}". Fix a nonnegative sequence a = (a;)} and
b>0. Set

X(a,b) = X = {w: (@) € Z:) i < b}.
On this set, consider the Markov chain with Kernel

0 if | —y|>1
Kap(z,y) = K(z,y) = 1/n if [z —y| =1
(n—n(x)/n fz=y

where n(x) = nap(z) is the number of y € X such that |x — y| = 1, that is, the
number of neighbors of x in Z that are in X'. Observe that this definition makes
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sense for any (say connected) subset of Z. This chains is symmetric and has the
uniform distibution 7 = 1/|X| as reversible measure.
For instance, in the simple case where a; = 1 for all 7,

X(1,b) = {x €{0,1}": in < b}

and
0 if | —y|>1
Kyp(z,y) = I/n if [r —y| =1
(n—=>5)/n ifx=yand |z| =0

As mentioned in the introduction, proving that a polynomial time ¢t = O(n?)
suffices to insure convergence of this chain, uniformly over all possible choices of
a, b, is an open problem.

Here we will prove a partial result for a, b such that X'(a, b) is big enough. Set
|z| = -7 ;. Set also x <y (resp. <) if z; < y; (resp. <) for z,y € Z. Clearly,
y € X(a,b) and x <y implies that € X'(a,b). Furthermore, if |x —y| = 1, then
either z < y or y < x. Set

Vi(x):{yEZ:\mfy|:1,y<x}.

Now, we fix a = (a;)} and b. For each integer ¢ let X, be the set

XC:XU{zEZ:inSC}.

Hence X.;1 is obtained from X, by adding the points z with >z, = ¢+ 1. On
each X, we consider the natural chain defined as above. We denote by

) = g 2 1)~ TGP
|z —y|=1

its Dirichlet form. We will also use the notation m., Varg, M., .

Define £ to be the largest integer such that ), ; a; < b for all subsets I C
{1,...,n} with #I = £. Observe that X. = X for ¢ < ¢. Also, X,, = Z = {0,1}".
We claim that the following inequalities hold between the spectral gaps and log-
Sobolev constants of the natural chains on X¢, X°*1,

Aep1 < (1 + 2(0n+10)> Ac (4.1.1)
g1 < (1 + 2(07:16)) e (4.1.2)

If we can prove these inequalities, it will follow that

(n—0)2

2

Z < e Mayb) (4.1.3)
n

1 n—20)>2

< 2YET afab) (4.1.4)
n
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where A(a,b) and «(a,b) are the spectral gap and log-Sobolev constant of the
chain K = K, on X = X, ;. To see this use

S nffz +?2.

:Z 14

M ]

To prove (4.1.1), (4.1.2) we proceed as follows. Fix ¢ > £. Given a function
f: X, — R we extend it to a function f : X.;; — R by the formula

Foy f(x) if z € x°
f(x) B { c-‘:%l ZyEVl(;c) f(y) ifze Xc+1 \ X

(observe that #V(z) = ¢+ 1 if |z| = ¢ + 1). With this definition, we have

Var(f) < 3 1@ —men(DR o

rxeX,
|Xc+1| r 12 1 |XC+1| 3
< |f(z) — meq1(f)] < Vareq:(f
X 2 AR < Ty Veren )

TEXct1

and, similarly, Lo(f) < [|Xeg1]/|X.]] Letr(f). We can also bound E.41(f, f) in
terms of E.(f, f)-

L 1 - -
Eer1(f f) = m Z [f(x) = f(y)?
EE
| X | 1

IN

‘Xc+l1| 2n| X, | Z f () = f(y)?

cl 2z yexe:
|z—y|=1

bl X X @ s

wilzl=c+1 yeVl(z)

) < | >

= Ef,f)+—R]|.
o] \ 0D+

We now bound R in terms of E.(f, f). If |x — y| = 2, let © Ay be the unique
element in V1 (x) N Vi(y).

R= > > o-iwP

z:|z|=c+1yeVi(z)

= Y gm X e-rwr

z:|z|=c+1 y,z€Vi(z)

> L |£(2) = Fe A+ If (= A y) — PP

z:|z|=c+1 c+l

IN
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2
< D g 2 H-rwpP
z:|z|=c+1 ¢ vE‘\ij((:r))
2n(n — ¢)|X.|
Tgc(f7f)~

Hence

P oo el 2(n—c)
c+1(f f) |Xc+1| (1+ c+1 ) (f?f)

Now, Lemmma 2.2.12 yields the claimed inequalities (4.1.1) and (4.1.2). We
have proved the following result.

Theorem 4.1.2 Assume that a = (a;)}, b and ¢ are such that a;,b > 0 and
doicr@i < b forall I C {1,...,n} satisfying #1 < n — n'/2. Then the chain

Kayp on
X(a,b) = {gg = (x;)7 €{0,1}": Zaixi < b}

satisfies

—4

Aa,b) > with e=e

:\l\’

€
b) > —

. a@b) > <
(

The associated semigroup Hy = Hqpy = et —Kap) satisfies

[hf —1||s < e’ for t = (4¢) 'n(logn + 2c).

These are good estimates and I believe it would be difficult to prove similar
bounds for ||hf — 1|| without using the notion of log-Sobolev constant (coupling
is a possible candidate but if it works, it would only give a bound in ¢!).

In the case where a; = 1 for all ¢ and b > n/2, we can use the test function
f(@) =2icnyo(@i —1/2) = 32,5, o(2i — 1/2) to bound A(1,b) and a(1,b) from
above. Indeed, this function satisfies mq 4(f) = 7z(f) =0 (use the symmetry
that switches ¢ < n/2 and i > n/2) and Vary,(f, f) > 2\2{ ab)l\/arg(f, f) (use

the symmetry z — x4+ 1 mod (2)). Also Eap < %a’lb)‘gg. Hence \(a,b) < 4/n,
a(a,b) < 2/n in this particular case.

4.2 Comparison of Dirichlet forms using paths

The path technique of Section 3.1 can be used to compare two Dirichlet forms on
a same state space X'. Together with Theorem 4.1.1 this provides a powerful tool
to study finite Markov chains that are not too different from a given well-known
chain. The results presented below can be seen as extentions of Theorems 3.2.1,
3.2.5. Indeed, what has been done in these theorems is nothing else than compar-
ing the chain (K, ) of interest to the “trivial” chain with kernel K’ (z,y) = 7(y)
which has the same stationary distribution 7. This chain K’ has Dirichlet form
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E'(f, f) = Var(f) and is indeed well-known: It has eigenvalue 1 with multiplic-
ity 1 and all the other eigenvalues vanish. Its log-Sobolev constant is given in
Theorem 2.2.9. Once the Theorems of Section 3.2 have been interpreted in this
manner their generalization presented below is straight-forward.

We will use the following notation. Let (K, 7) be the unknown chain of
interest and

(K (z,y)m(x) + K(y, ) (y)) if e=(z,y).

DN | =

Qe) =
Let A be an adapted edge-set according to Definition 3.1.1 and let

I'= Ur(x’y)

where T'(x, y) be the set of all paths from z to y that have no repeated edges.

Theorem 4.2.1 Let K be an irreducible chain with stationary measure ™ on a
finite set X. Let A be an adapted edge-set for K. Let (K',7') be an auxilliary
chain. For each (x,y) € X X X such that x # y and K'(x,y) > 0 choose exactly
one path v(xz,y) in T(x,y). Then & < AE where

1
A = max xz, )| K (z,y)7' (z
1\ Qo) H,Zex Iy(@, )| K" (2, y)7' (2)
v(z,y)de

PRrROOF: For each (z,y) € X x X such that K'(x,y) > 0, write
fo) = fl@)= ) df(e)
e€y(z,y)

and, using Cauchy-Schwarz,

Fw) = F@) < ()l > ldf(e)l*.

e€y(z,y)
Multiply by %K’(x, y)m' () and sum over all z,y to obtain
1 1
3 S ) — F@PE ) @) < 5 S )l Y 1dr)PK (@ y)r()
@,y z,yY e€v(z,y)

The left-hand side is equal to £'(f, f) whereas the right-hand side becomes

1 1
5 e, ) K () (@) |df () PQ(e)
PALEIP I

VY
y(z,y)de
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which is bounded by

Hence
VI, Ef f) < AE(S, f)
with A as in Theorem 4.2.1.

Theorems 4.1.1, 4.2.1 are helpful for two reasons. First, non-trivial informa-
tions about K’ can be brought to bear in the study of K. Second, the path
combinatorics that is involved in Theorem 4.2.1 is often simpler than that in-
volved in Theorem 3.2.1 because only the pairs (z,y) such that K'(z,y) > 0
enter in the bound. These two points are illustrated by the next example.

EXAMPLE 4.2.1: Let X = {0,1}". Let & — 7(x), be defined by [7(z)]; = z;_1,
1<i<n,[r(x)]1 =z, Letz — o(x) be defined by o(z) =z + (1,0,...,0).
Set K(z,y) = 1/n if either y = 77(z) for some 1 < j < n or y = o(z), and
K(z,y) = 0 otherwise. This chain is reversible with respect to the uniform
distribution. In Section 3.2, we have seen that A > 1/n3 by Theorem 3.2.1.
Here, we compare K with the chain K'(x,y) = 1/nif [x—y| =1and K(z,y) =0
otherwise. For (x,y) with | — y| = 1, let 4 be such that x; # y;. Let

v(z,y) = (I’,Tj(di),CTOTj(IL'),Tij oooTi(x)=1y)

where j =4 if i <n/2 and j = n —i if ¢ > n/2. These paths have length 3. The
constant A of Theorem 4.2.1 becomes

A=3max# {(z,y) : K'(z,9) > 0, 7(z,y) > e} .

If e = (u,v) with v = 77(u), there are only two (z,y) such that e € v(x,y)
depending on whether o appears after or before e. If v = o(u), there are n
possibilities depending on the choice of j € {0,1,...,n — 1}. Hence A = 3n.
Since ' = 2/n and o = 1/n, this yields

2

A> 2
_3’)’1/27

. 1
o> 3
Also it follows that

e

for t= ) (2¢+1logn), ¢>0.

max ||h¥ — 1o < !¢
x

EXAMPLE 4.2.2: Consider a graph (X, A) where A is a symmetric set of oriented
edges. Set d(z) = #{y € X : (z,y) € A} and

B 0 if (x,y) ¢ A
K(z,y) —{ V() if (1) € A



106 CHAPTER 4. COMPARISON TECHNIQUES

This is the kernel of the simple random walk on (X,.A4). It is reversible with
respect to the measure 7(x) = d(z)/|A|. For each (z,y) € X? choose a path
~(x,y) with no repeated edges. Set
x = . = « = XQ . .
d. = maxd(z), 7. = max |y(@,y)|, 5. =max#{(z,y) € X*:7(z,y) S ¢}

We now compare with the chain K'(x,y) = 1/|X| which has reversible measure
' (x) = 1/|X| and spectral gap A = 1. Theorem 4.2.1 gives A > a/A with

[ Al Al
A< = .
ST M T g

This gives

Theorem 4.2.2 For the simple random walk on a graph (X, A) the spectral gap
1s bounded by

A X
Compare with Example 3.2.4 where we used Theorem 3.2.1 instead. The present
result is slightly better than the bound obtained there. It is curious that one
obtains a better bound by comparing with the chain K'(z,y) = 1/|X| as above
than by comparing with the IN((:JU7 y) = 7(y) which corresponds to Theorem 3.2.1.

It is a good exercise to specialize Theorem 4.2.1 to the case of two left in-
variant Markov chains K (z,y) = q(z~'y), K'(z,y) = ¢'(x~'y) on a finite group
G. To take advantage of the group invariance, write any element g of G as a
product

= gil ... gzk
with ¢(g;) + q(g; ') > 0. View this as a path y(g) from the identity id of G to
g. Then for each (z,y) with ¢/(z71y) > 0, write

oty =g(x,y) =g gy
(where the g; and ¢; depend on (x,y)) and define

Yz, y) = 2v(9) = (z,291, ..., 291 - - - gr—1,29(7, y) = V).
With this choice of paths Theorem 4.2.1 yields

Theorem 4.2.3 Let K, K’ be two invariant Markov chains on a group G. Set
q(g) = K(d, g), ¢'(9) = K'(id,g). Let m denote the uniform distribution. Fix
a generating set S satisfying S = S™1 and such that q(s) + q(s=1) > 0. for all
s € S. For each g € G such that ¢'(g) > 0, choose a writing of g as a product of
elements of S, g = s1...s, and set |g| = k. Let N(s,g) be the number of times
s € S is used in the chosen writing of g. Then & < AE" and X\ > N /A with

2 /
A= max P g;; l9IN (s, 9)d' ()
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Assume further that K, K' are reversible and let \; (resp. X,), i =0,...,|G|—1
denote the eigenvalues of I — K (resp. I — K') in non-decreasing order. Then
Ai > M JA forallie{l,...,|G| -1} and

Veed, -1l < I, — 1

PrROOF: (cf. [23], pg 702) We use Theorem 4.2.1 with the paths described above.
Fix an edge e = (z,w) with w = zs. Observe that there is a bijection between

{(9,h) € GX G :7(g,h) 3 (z,w)}
and
{(g,u) € G x G : 34 such that s;(u) = s,z =gs1(u) - si—1(u)}

given by (g,h) — (9,97 h) = (g,u). For each fixed u = g~'h, there are exactly
N(s,u) g € G such that (g, u) belongs to

{(z,u) € G x G : 34 such that s;(u) = s,z = zxsi(u)---s;_1(u)}.

) (g ) = 3 [ulN (s, u).

(9,h)EGXG:v(g,h)>(z,w) ueG

Hence

This proves the desired result. See also [24] for a more direct argument.

We now extend Theorem 4.2.1 to allow the use of a set of paths for each pair
(z,y) with K'(x,y) > 0.

Definition 4.2.4 Let (K, m), K', 7’ be two irreducible Markov chains on a same
finite set X. Let A be an adapted edge-set for (K,n). A (K, K')-flow is non-
negative function ¢ : T'(K') — [0, 00[ on the path set

NKE)= [J Ty
K’(ZY,Z:)>0
such that
Vo,y e X, £y, K'(x,y) >0, > ¢() =K'(z,y)7' ().
'yEF(w,y)

Theorem 4.2.5 Let K be an irreducible chain with stationary measure ™ on a
finite set X. Let A be an adapted edge-set for (K,m). Let (K',n’) be a second
chain and ¢ be a (K, K')-flow. Then & < A(¢p)E where

A@) =max{ —— 3 o)

ec A Q(@) e

PED
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PRrROOF: For each (z,y) such that K'(x,y) > 0 and each v € T'(z,y) write

1) = F@)I> < Y ldf(e)?

ecy

Then
1f(y) = f@)PK (@)’ (@) < Y D ldf(e)*s(y)

Vel (z,y) €€y

From here, complete the proof as for Theorem 4.2.1.

Corollary 4.2.6 Assume that there is a group G which acts on X and such that

m(gr) = n(x), 7'(gz) =7'"(x), Qlgz,g9y) = Qz,y), Q' (g9z,9y) = Q'(z,y).

Let A be an adapted edge-set for (K, ) such that (z,y) € A= (gz,gy) € A. Let

A= Ulf A;, be the partition of A into transitive classes for this action. Then
&' < AE where

= mas {MﬁQ S NuCe,y)dic (e, ) K (a, y>w<m>} .
=t= 1 K3 z,y

Here |A;| = #A;, Q; = Q(e;) with e; € A;, di(x,y) is the distance between x
and y in (X, A), and N;(z,y) is the mazimum number of edges of type i in a
geodesic path from x to y.

ProoF: Counsider the set G(z,y) of all geodesic paths from x to y. Define a
(K, K')-flow ¢ by setting

):{ K'(z,y)w'(x)/#G(x,y) if v € G(z,y)
0

otherwise.

By

Then A(¢p) = max. A(¢p, e) where

Alg,e) = Z vl (y

YET:
EED

By hypothesis, A(¢,e;) = A;(¢) does not depend on e; € A;. Indeed, if gy
denote the image of the path v under the action of g € G, we have |gv| = |7/,
?(gy) = ¢(y). Summing for each ¢ = 1,...,k over all edges in A;, we obtain

S hlely

ecA,; ’YEF

‘A |Qz Z Z Z z,y)m' ()

ecA; x,y weg(r y): y>

6. =z

< Ao IQZ > Ni(w,y)d(a,y) K (@, y)7' ().

z,y
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This proves the desired bound.

EXAMPLE 4.2.3: Let X be the set of all the n-sets of {0,1,...,2n — 1}. On
this set, consider two chains. The unknown chain of interest is the chain K of
Example 3.2.8:

_J 1I/n if#@ny)=n—-2and0caxdy
K(z,y) = { 0  otherwise

Zn)_{

This is a reversible chain with respect to the uniform distribution 7 = ( .

Let Ax = {e = (z,y) : K(x,y) # 0} be the obvious K-adapted edge-set.
The better known chain K’ that will be used for comparison is a special case
of the chain considered of Example 3.2.7:

, [ 1n? if#@ny)=n-2
K(z,y) = { 0 otherwise

The chain K’ is studied in detail in [34] using Fourier analysis on the Gelfand
pair (S2y, S, X Sp). The eigenvalues are known to be the numbers

i2n—1+1) | Lo 2n 2n .
— <
2 with multiplicity ( ; > (2 _ 1) , 0<i<n.

In particular, the spectral gap of K’ is A = 2/n. This chain is known as the
Bernoulli-Laplace diffusion model.

As in Example 3.2.8, the symmetric group Sz, _1 which fixes 0 acts on X and
preserves both chains K, K’. There are two classes A;j, Ay of K-edges for this
action: those edges (z,y), * ®y = 2, with 0 € z @ y and those with 0 € z ® y.
Hence, we have £ < AE with

n2 (Qn) El?g 25; .AQ(I,y)d]((I7y)

méé/:2
Now, if x @ y = 2 then

(1 ifoczay
dK(x’y)_{Q ifodzay.

Moreover, in both cases, N;(x,y) = 0 or 1. This yields

< 2

n z,y
TBy=2
Thus
& <4
This shows that
1
A> —
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improving slightly upon the bound obtained in Example 3.2.8.
In their paper [34], Diaconis and Shahshahani actually show that

1
1B = 1ll2 < be™® for t= n(2c+logn).

Using the comparison inequality £’ < 4€ and Theorem 4.1.1(2) we deduce from
Diaconis and Shahshahani result that

lhe — 1| < be ¢ for ¢ =mn(2c+logn).

Furthermore, the group Ss,_1 fixing 0 acts with two transitive classes on X. A
vertex x is in one class or the other depending on whether or not = contains 0.
The two classes have the same cardinality. Since |h¥ — 1||2 depends only of x
through its class, we have

e = 102 = 5 (Ihe* = 1013 + [[Ag* - 1]3)

N |

where 1 2 0 and zo Z 0 are fixed elements representing their class. Hence, we
also have
max ||hY — 1|2 < 2be™¢ for t=n(2c+ logn).
x

This example illustrates well the strength of the idea of comparison which
allows a transfer of information from one example to another.
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