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Throughout this unit, the Standards for Mathematical Practice
are used.

MP1: Making sense of problems & persevere in solving them.
MP2: Reason abstractly & quantitatively.

MP3: Construct viable arguments and critique the reasoning of
others.

MP4: Model with mathematics.

MPS5: Use appropriate tools strategically.

MP6: Attend to precision.

MP7: Look for & make use of structure.

MP8: Look for & express regularity in repeated reasoning.

Additional questions are included on the slides using the "Math
Practice" Pull-tabs (e.g. a blank one is shown to the right on
this slide) with a reference to the standards used.

If questions already exist on a slide, then the specific MPs that
the questions address are listed in the Pull-tab.
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Circles are a type of Figure

A figure lies in a plane and is contained by a boundary.

Euclid defined figures in this way:

Definition 13: A boundary is that which is an extremity of anything.

Definition 14: A figure is that which is contained by any boundary or
boundaries.

A boundary divides a plane into those parts that are within the
boundary and those parts that are outside it. That which is within the
boundary is the "figure."

Circles and Their Parts

Another way of saying this is that a circle is made up of all
the points that are an equal distance from the center of the
circle.

radius.
center

circumference

Radii
A radius (plural, radii) is a line segment drawn from the center

of the circle to any point on its circumference.

It follows from the definition of a circle that all the radii of a
circle are congruent since they must all have equal length.

An unlimited number of radii can be drawn in a circle.

That all radii of a circle are
congruent will be important to
C solving problems.

In this drawing, we know that
line segments AC, AD and AB
B are all congruent.

Circles

Euclid defined a circle and its center in this way:

Definition 15: A circle is a plane figure contained by one line
such that all the straight lines falling upon it from one point
among those lying within the figure equal one another.

Definition 16: And the point is called the center of the circle.

This states that all the radii (plural of radius) drawn from the
center of a circle are of equal length, which is a very
important aspect of circles and their radii.

Circles and Their Parts

The symbol for a circle is @ and is named by a capital letter
placed by the center of the circle.

The below circle is named: Circle A or @A

" s a radius of @A

A radius (plural, radii) is a line
segment drawn from the center of the
circle to any point on the circle.

Diameters

Definition 17: A diameter of the circle is any straight line drawn
through the center and terminated in both directions by the
circumference of the circle, and such a straight line also bisects
the circle.

Since the diameter passes through the center of the circle and
extends to the circumference on either side, it is twice the length
of a radius of that circle.



Diameters

There are an unlimited number of diameters which can be drawn
within a circle.

They are all the same length, so they are all congruent.

That all diameters of a circle
are congruent will be important
to solving problems.

In this drawing, we know that
line segments BE, CG and DF
are all congruent.

Chords

A ch . 2 th
cir%u?r A radius starts at thecenter " "C

and has one endpoint on the
So,a circle.

-
o

Whgi A chord has 2 endpoints on
& the circle, w/ the center not
being one of the endpoints.

Question on this slide
addresses MP7.

nents in this drawing

G
E
C
Chords
There are an ur” an be
drawn in a cir
Chords are r ot

E:, the diameter, is

necessarily ¢
g the longest chord.

3
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< The question on this

B slide addresses MP7.
ngthup to a
rmeerearenenigeod chord that can be

G E drawn in a circle?

Chords

A chord is a line segment whose endpoints lie on the
circumference of the circle.

So, a diameter is a special case of a chord.

Why is a radius not a chord?

All the line segments in this drawing
are chords.

Chords

There are an unlimited number of chords which can be
drawn in a circle.

Chords are not necessarily the same length, so are not
necessarily congruent.

FB.D
Chords can be of any length up to a
maximum.

What is the longest chord that can be
G drawn in a circle?

Semicircles

Definition 18: A semicircle is the figure contained by the
diameter and the circumference cut off by it. And the center of
the semicircle is the same as that of the circle.

diameter
semicircles



Diameters and Radii

The measure of the diameter, d, is twice the measure of
the radius, r.

In this case, CD = 2 AB

Ingeneral,d=2r or r=1/2d

Example: In the diagram to the

D left, AB = 5. Determine AC & DC.

1 A diameter of a circle is the longest chord of the circle.

OTrue

OFalse

2 Aradius of a circle is a chord of a circle.

QO True

OFalse

The measur DC =10 of
the radius, r

In this case, Additional Q's to address MP Standards:

3 What information are you given? (MP1)
In generalgc What is the problem asking? (MP1)

< What do you think the answers will be?
(MP2)
Can you do this mentally? (MP1 & MP5), {5 the
How can you check your answers? AC & DC.
(MP1)

1 A diameter of a circle is the longest chord of the circle.

OTrue

OFalse
True

Answer

2 Aradius of a circle is a chord of a circle.

QTrue

OFalse

False

Answer



3 The length of the diameter of a circle is equal to twice the 3 The length of the diameter of a circle is equal to twice the

length of its radius. length of its radius.
QTrue OTrue
OFalse OFalse g
2 True
<
4 If the radius of a circle measures 3.8 meters, whatis 4 If the radius of a circle measures 3.8 meters, whatis
the measure of the diameter? the measure of the diameter?
g
o 7.6 m
<
5 How many diameters can be drawn in a circle? 5 How many diameters can be drawn in a circle?
QA 1 OA 1
oB 2 oB 2
oC 4 ocC 4 @
o D
OD infinitely many OD infinitely manyg



Arcs

A
g——=_Arc AB or AB
B
Central Angles
& Arcs Arc AB is the path between points A
and B on the circumference of the
circle.
Return to the
table of
contents
Arcs Arcs
— Arc AB or AB A
B 4= Arc AB or AB
Of course, you may have wondered
why we went around the circle the B
way we did (in blue).
This shorter path (blue) is called the Now let's discuss some ways we
minor arc. We use 2 letters to can use arcs, and measure them.
denote minor arcs
Cc
The longer path (green) is called the
major arc. If we want to refer to a
major arc, we will add another point
along that path and include it in the
name.
For instance, we would name the
green arc, Arc ACB to distinguish it
from Arc AB.
Central Angles Central Angles
6 angles:
A central angle of a circle is any <AOB y
B angle which has vertices consisting <AOC sting
of the center of the circle and two <BOC vo
points on the circumference. <«BOD
. .COD
How many different central angles LAOD les

can you find in this diagram?

Question on this slide addresses
MP1.

Name them.
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Central

Angles

The measure of a central angle is

B equa

| to the measure of the arc it

intercepts.

So, the measure of the angle AOB is
the same as the measure of Arc AB,
also denoted by mAB.

In this case, the mAB is 70°, since
that is the m2AOB.

That

also means the mACB is 290°,

since a full trip around the circle is

360°.

Adjacent Arcs

6 Find the measure of Arc.P!

From the Angle Addition Postulate
we know that

m«COT = m«COA + m<AOT

It follows then that the measures
of adjacent arcs can be added to
find the measure of the arc formed
by the adjacent arcs.

In this case that:
mCAT = mCA + mAT
which is the Arc Addition Postulate

mﬁo = mﬁ\? + mVG
= 60° + 80°
= 140°

Adjacent Arcs

Adjacent arcs: two arcs of
the same circle are
adjacent if they have a
common endpoint.

In this case, Arc CA and

Arc AT are adjacent since
they share the endpoint A.

6 Find the measure of Arc RU.

7 Find the measure of Arc RT.




7 Find the measure of Arc RT.

mRT = MRS + MST
=100° + 30°
= 130°

8 Find the measure of Arc RVT.

N — -~
mRVT = mRV + mVU + mUT
= 60° + 80° + 90
= 2300

9 Find the measure of Arc UST.

N feay
mUST =360 - mTU
=360°-90
=270°

8 Find the measure of Arc RVT.

9 Find the measure of Arc UST.

10 Which type of arc is Arc TQR?

QA Minor Arc
OB Major Arc
QC semicircle
OD None of these

809

R



10 Which type of arc is Arc TQR?

QA Minor Arc
QB Major Arc
QC semicircle
OD None of these

'~ Answer

809

11 Which type of arc is Arc QRT?

QA Minor Arc
OB Major Arc
QC Semicircle
QD None of these

-
» Answer

809

12 Which type of arc is Arc QS?

] Minor Arc
(L] Major Arc

] Semicircle

Answer

L] None of these

11 Which type of arc is Arc QRT?

QA Minor Arc
QOB Major Arc
QC semicircle
OD None of these

12 Which type of arc is Arc QS?

(] Minor Arc
] Major Arc
] Semicircle

] None of these

13 Which type of arc is Arc TS?

] Minor Arc
(L] Major Arc
] Semicircle

L] None of these

804

804



13 Which type of arc is Arc TS?

] Minor Arc
(L] Major Arc

] Semicircle

Answer
>

L] None of these

14 Which type of arc is Arc RST?

QA Minor Arc
OB Major Arc
QC Ssemicircle
OD None of these 2
@ C
<
T C
809
R

Congruent Circles and Arcs

- Arcs are similar if they have the same measure

- Arcs are congruent if they have the same measure and
are either part of the same circle or of congruent circles.

NAVAY
\__/

Arc CD and Arc EF are congruent because they are in the
same circle and have the same measure.

14 Which type of arc is Arc RST?

QA Minor Arc
QOB Major Arc
QC semicircle
OD None of these

Congruent Circles and Arcs

- All circles are similar since they all have the identical shape

- Circles which have the same radius are congruent, since
they will overlap at every point if their centers are lined up.

Congruent Circles and Arcs

Since the measure of an arc is equal to that of the
central angle which intercepts it, arcs within the same
circle which are intercepted by central angles of the
same measure, are congruent.

NAVAY
\__/

Arc CD and Arc EF are congruent because they are in the
same circle and have the same measure.



Congruent Circles and Arcs Congruent Circles and Arcs

- Arcs are similar if they have the same measure . L .
The two circles below are also called concentric circles, since

they share the same center, but have different radii lengths.

- Arcs are congruent if they have the same measure and s L
Concentric circles are similar, but not congruent.

are either part of the same circle or of congruent circles.

T T

Y N

V]
Arc RS and Arc TU are similar since they have the same
measure.
But they are not congruent because they are arcs of circles
that are not congruent.
15 Both Circle F and Circle G have a radius of 2.0 m. 15 Both Circle F and Circle G have a radius of 2.0 m.
Are Arc AB and Arc CD similar? Are Arc AB and Arc CD similar?
OYes OYes
ONo ONo
)
B B 2 Yes
A D A
16 Both Circle F and Circle G have a radius of 2.0 m. Are 16 Both Circle F and Circle G have a radius of 2.0 m. Are
Arc AB and Arc CD congruent? Arc AB and Arc CD congr===*2
OYes OYes
ONo ONo
g
2 Yes
<

AN B
A 75° A @D A A



17 17

QTrue QTrue
QFalse A QFalse A o
N True
B
C C
D D
18 18
QTrue QTrue
QFalse QFalse
M (]
@ False
N N
19 Circle P has a radius of 3 and AB has a measureof 19 Circle P has a radius of 3 and AB has a measureof
90°. What is the length of AB? 90°. What is the )
QA 3V2 A QA 3\2 A
OB 3V3 OB 3V3 Remember the
QCc 6 QCc 6 rule for the hyp.
P in a 45-45-90 A.
oD 9 oD 9




20 Two concentric circles always have congruent radii. 20 Two concentric circles always have conaruent radii.

QTrue QTrue
QFalse QFalse
g
@ False
<
21 If two circles have the same center, they are congruent. 21 If two circles have the same center, they are congruent.
QTrue QTrue
QFalse QFalse
g
@ False
<
22 Tanny cuts a pie into 6 congruent pieces. What isthe 22 Tanny cuts a pie into 6 conaruent nieces What isthe
measure of the central angle of each piece? measure of the centra’
g
@ 360 = 6 = 60°
<
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M

Before we extend our thinking of

central angles and arc measures to
B arc lengths, it's worth reflecting on

the number 11, which will be central

Arc Length & Radians to our work.

A This number was a devastating
discovery to Greek mathematicians.

In fact, the reason that The

Elements was written without relying

on numbers, was because numbers

were considered unreliable to the

Greeks after m was discovered.
Return to the

table of
contents
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I I 3.141592653589793238462643383279502884197169399375105820974944592
30781640628620899862803482534211706798214808651328230664709384460
95505822317253594081284811174502841027019385211055596446229489549
3038196442881 09756659334461 28475648233786783165271 201909145648566
2 8700660631558817488
Until then, Pythagoras, and his followers
f " " 67336244065664
believed that "All was Number. 1 . s i
B § | £ 9609173637178
But when they sought to find the number a459348629" 3 21134
. . H 859 < 5 ( 2522308253344685035261
that is ratio of the circumference to the s : ! B T TseolarananaRTASLD
i i & 8577805321712268066130
diameter of a circle, they found that 2 R57ro08321712280088130

there wasn't one.

The closer they looked, the more
impossible it became to find a number : a1 721843219
solution to the simple expression of 3 7535663698074
C/d: the circumference divided by the : bt
diameter of a circle.

52850222106611863067442786220391949450471231137889609583843719172
87467764657573962413890865832645995813390478027590099465764078951
269468398352590570982582262052248940772671947826848260147699090264
01363944374553050682034962524517493996514314298091906592509372216
964615157098583874105978859597729754989. . .

http://bobchoat.files.wordpress.com/2013/06/pi-day004.jpg

Slide 56 / 255 Slide 57 / 255
1L 1L
T is an example of an irrational number. A In mathematics, it's best to just leave
number that is not the ratio of two integers. answers with the symbol .
So, no matter how far you take it, it keeps
B going without settling down. B In science, engineering and other fields
which need a rational answer, and where 1T
We are comfortable with irrational numbers shows up a lot, the value of 17 is just
now, but the Greeks weren't. estimated with the number of digits
A necessary for the problem.
Now we know that there are many more
irrational numbers than rational numbers. For most problems, 3.14 is close enough.
Rational numbers are like islands in a sea of For others, you might use 3.14159...but you
irrational numbers. will rarely need more than that.
But, we are more familiar with those islands For this course, just leave your answers with

as that's where we grew up. the number T as part of your answer.
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Arc Lengths

The relationship between the
circumference of a circle to its diameter is

C=md
Since d = 2r, this is usually expressed as
C=2mr

We know that a full trip around a circle is
equal to 360°, so if we know the angle of
an arc and the radius, we can determine
the length of the arc.

Arc Lengths

We could do this by first figuring out the
circumference using

C = 21mr = 2m(20 cm) = 401 cm

Then figuring what percentage of the
circumference Arc AB is by the ratio of
AB _ 70°

C 360°
Since 360° is the entire circumference.

=0.1944

So, AB is

(0.1944)(401r cm) = 7.8 cm (about 24 cm)

Arc Lengths

Alternatively, we could just set this up as a
ratio and solve it in one step.

_ Arclength _ Central angle
Circumference 360°
AB - 70°
2mr 360°
= 10%omr
AB _(360° )
= 10° (2m)(20
AB 3600( )(20)
AB =7.8Tcm

o

Math Rractice

P=Y

Arc Lengths

In the figure off to the left, we know that
the measure of Arc AB is equal to that of
the Central Angle...70.

But, if we are also told that the radius of
the circle is 20 cm, we can determine the
length of Arc AB, also denoted as AB.

That's how far you'd have to travel along
that arc to get from Point A to Point B.

Arc Lenaths

out the
Additional Q's to address MP Standards:
What connection do you see between
calculating a percentage & the arc length
of a circle? (MP4)
- Ans: arc length is a part of the f the
circumference; part to whole, similarto  atio of
percentages
Can you find another method to
calculate the arc length? (MP8)
- Ans: a proportion (shown on the next  rence.

slide)

(0.1944)(401r cm) = 7.8 cm (about 24 cm)

Arc Lengths

For any arc, you can find its length by
multiplying the circumference of the circle
(2r) by the angle of arc divided by 360.

B In this case, the measure of the arc is 6,
since it is equal to the central angle.

Then,
AB- 6
2mr  360°
AB=_8 onr

3600



Example

In Circle A, the central angle is 60° and the radius is 8 cm.
Find the length of Arc CT

23 In circle C where AB is a diameter, find the length
of Arc BD. The length of diameter AB is 15 cm.

o

24 In circle C where AB is a diameter, find the length of
Arc DAB. The length of AB is 15 cm.

Example

In Circle A, the central angle is 60° and the radius is 8 cm.

Find the length of Ar~ CT= mCT

360°

= 60° . ory(g)
360°

CT= 83_" =8.38 cm

- 2Tr

Additional Q's to address MP Standards:
What information are you given? (MP1)
What is the problem asking? (MP1)
Create an equation to represent the
problem. (MP2)

60°

23 In circle C where AB is a diameter, find the length
of Arc BD. The length of diameter AB is 15 cm.

135° B

360° 151
= 360DB
DB = 17.67 cm

Angwer,

24 In circle C where AB is a diameter, find the length of
Arc DAB. The length of AB is 15 cm.

e 225° _ DAB
g 360° 151
D 2
< DAB = 29.45 cm



25 In circle C where AB is a diameter, find the length 25 In circle C where AB is a diameter, find the length

of Arc ADB. The length of AB is 15 cm. of Arc ADB. The length of AB is 15 cm.
B
) 180° _ ADB
z 360°  15m
[=
D D < ADB = 23.56 cm
A A
26 In circle C can it be assumed that AB is a diameter? 26 In circle C can it be assumed that AB is a diameter?
QYes QOYes
ONo ONo
o
B @ Yes
<
D D
A A
27 Find the length of AB 27 Find the length of AB
A A
B
@ 45° _ AB
2 360° 6w
< AB = 2.36 cm



28 Find the circumference of circle T.

29 Incircle T, Lines WY & XZ are diameters and have
lengths of 6. The m.XTY = 140°, what is YZ?

2
£
QA 3
QB 6
4
=TT
QC 3
oD 4
Hint:
click to reveal
Radians
Another way of measuring
A angles, as an alternative to
degrees, is radians.
Where degrees are arbitrary
(Why are there 360 degrees in
circle?), radians are very
c natural.

Radians are the ratio of an arc
length divided by the radius of
the arc.

28 Find the circumference of circle T.

5 75 6.82
2 3600 C

T ¢
< C =32.736¢m

29 Incircle T, Lines WY & XZ are diameters and have
lengths of 6. The m.XTY = 140°, what is YZ?

QA Zm

QB 6 N A
(3

QC 4w : .

oo 2 20 _¥Z

Q 360° o6r

Hint:

click to reveal

Radians
So, the radian measure of angle
A AOC is just the length of Arc AC
divided by the length of radius
(AO or CO).

The circumference of a circle is
given by C = 2.

So, the radian measure of a full
trip around a circle is 21rr/r = 2.



Radians Radians

There are no units for radians, adians,

A since the lengths cancel out, but out, but
you can write "rads" or "radians" adians”
just to indicate what you are o are
doing. g MP6: Attend to precision

Q . .
Since there are no units, these s Emphasize the correct unit of these
angle measures are much easier c measurement (the use of "rads" or 1 easier
to use when you study g "radians") as the students answer the
trigonometry, physics and examples & SMART Response Q's i
calculus.
All scientific calculators allow you dlow you
to use degrees or radians. Just ans. Just
make sure it is set to the correct iiaKe sure it 1s set 10 the correct
one when you are entering angle one when you are entering angle
measurements. measurements.

Radians Radians

Since a full trip around a circle xund a circle

A is 360°, and is also 21 radians, 2171 radians,

Additional Q's to address MP Standards:

they must be equal.
What connection do you see between

So, to convert from one to the o Calculating a percentage & radian ne to the
other, just multiply by the % measure of a circle? (MP4) / the
appropriate conversion factor. & - Ans: the number of radians is a part of on factor.
c & 2m; part to whole, similar to percentages
2 _ 360° _ 1 ® Can you find another method to b _ 1
360° ~ " om = | calculate the radian measurement? =
(MP8)
Since 21 = 360°, each of these i A__ns. a proportion (shown on the next :h of these
; S slide)
fractions is just equal to 1. ulto 1.
Multiplying anything by them pegemgeeyraiing by them
doesn't change it's value, since doesn't change it's value, since
multiplying by 1 has no effect. multiplying by 1 has no effect.
Radians Radians
2 _ _360° _ 1
A 360° 2m
A
Alternatively, you could write a
proportion and use the cross- For instance. mzAOC = 125°
product property to find your ’ ’
missing measurement. .
It is also equal to
degrees - radians Cc m<AOC = (1250) 21T

360°
m<AOC = 0.69 1 radians

360° 2m

Both methods will be shown in
the next example. Use
whichever method is easier for
you.



Radians 30 How many radians is 180 degrees?
(Round 1 to 3.14 in your answer.)

If you are using the proportion and
the cross-product property, you
could set up & solve the problem
with the work shown below.

degrees _ radians
360° T 2m

125° _ X

360° 2m
2501 = 360x

= 25_“ = i
X 36 0.691 radians

30 How many radians is 180 degrees? 31 How many radians is 90 degrees?
(Round 1 to 3.14 in vour answer.) (Round T to 3.14 in your answer.)

q;’ The approximate answer is
é’ 3.14 The exact answer is .
31 How many radians is 90 degrees? 32 How many radians is 140°?
(Round 1 to 2 A4 inamnur anewar.) (Round T to 3.14 in your answer.)

The approximate answer is 1.57
The exact answer is /2.

Answer



32 How many radians is 140°? 33 How many degrees is 1 radians?
(Round 11 to 3.14 in your answer.)

The approximate answer is 0.81
The exact answer is 711/9.

Answer

33 How many degrees is 1 radians? 34 How many degrees is 21 radians?

180°

Answer

34 How many degrees is 21 radians? 35 How many degrees is 1.0 radian?

360

Answer



35 How many degrees is 1.0 radian?

The approximate answer is 57.3
The exact answer is 180/1r.

Answer

36 How many degrees is 1.6 radians?

The approximate answer is
91.67
The exact answer is
(1.6)(180 )/r.

Answer

37 Circle F has a radius of 3.

AN

What is the arc length f~~

L
OAT
OB m

Q 2w

o 3m
4

Answer
(@)

PARCC Released Question - EQY - Question #3 - Non-Calculator

36 How many degrees is 1.6 radians?

37 Circle F has a radius of 3.
What is the arc length for ZAFB?
oa 1L
A 2
OB
Q 2w
o 3m
4

PARCC Released Question - EQOY - Question #3 - Non-Calculator

38 Circle F has a radius of 3.

What is the arc length for £BFC?
oa I
> A
OB m
Q 2m

o 3m
4

PARCC Released Question - EQY - Question #3 - Non-Calculator



38 Circle F has a radius of 3.

What is the arc length~
oA L

2
OB 1

QO 2m

QO 3m
4

Answer
O

PARCC Released Question - EQY - Question #3 - Non-Calculator

39 Circle F has a radius of 3
What is the arc leng
oA ™
2
OB m

Q 2m
o 3m
4

Answer
>

PARCC Released Question - EQY - Question #3 - Non-Calculator

40 Circle F has a radius of 3.

What is the arc leng¥

QA L
2
OB
Q 2m
o3m
4

Answer
vy)

PARCC Released Question - EQY - Question #3 - Non-Calculator

39 Circle F has a radius of 3.

What is the arc length for ZCFD?
QA T

2

OB
Q 2m
o 3m

4

PARCC Released Question - EQY - Question #3 - Non-Calculator

40 Circle F has a radius of 3.
What is the arc length for ZAFE?

oA I
2
OB
Q 2m
o 3n
4

PARCC Released Question - EQY - Question #3 - Non-Calculator

Question 3/7

The circle with center F'is divided into sectors. In circle F, EBis a diameter. The radius of circle F'is 3
units.

Topic: Angles, Arcs and Arc Lengths

Drag and drop each arc length to its subtended central angle.
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Subtended
Central
Angle

Arc
Length

£LAFB

£BFC

ZLCFD

ZAFE
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Question 3/7 Topic: Angles, Arcs and Arc Lengths

The circle with center F' is divided into sectors. In circle F. E R is a diameter. The radius of circle F is 3

units.
ne

Drag and drop each arc length t arc length(s) = go55%2mr
Subtended
radius = 3units Arc
g T 2 . n = Subtended Central Angle given e:r‘:;lrzl Length C h o rd s y

— - .
o) QS Inscribed Angles
(] s 3 =
IS ey & Triang
& | actemsthisre = Sepxaiem= 3 a rirangies

arc lengthCFD = %X(Z)(S)n = g ZLCFD

LAFE = 180° —120° = 60° LAFE N
arc length£AFE = S x@)@m =

360°
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Click on the link below and complete the Click on the link be!
labs before the Chords lesson. labs before tt

| Lab - Properties of Chords I Lab - Pro

This lab addresses MP3 & MP5

‘ Mgth ]actlce

The Arc of the Chord Chord Bisector Theorem

Definition: When a chord and a minor arc have the same
endpoints, we call the arc The Arc of the Chord.
P

N\

If a diameter or radius of a circle is perpendicular to a chord, then
the diameter or radius bisects the chord and its arc.

PQis the arc of PQ A ‘CS'is a diameter of the circle __

and is perpendicular to chord AE
Therefore, XE = XA & AS = ES
Recall the definition of a chord: E

a line segment with endpoints
on the circle.


page1svg
https://njctl.org/courses/math/geometry/circles/properties-of-chords-lab/
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Proof of Chord Bisector Theorem

Given: CS is a diameter which is

A perpendicular to AE
Prove: CS bisects AE and its
minor arc AE

S

Proof of Chord Bisector Theorem

As a first step, let's draw radii
from the Center O to the points A
A and E to construct AAOE.

Proof of Chord Bisector Theorem
Use the proof below for the next six questions.

Statement Reason

CS is a diameter which is perpendicular

to AE Given

-

Right angles are formed by

2 ? S .
perpendicular lines
3 [OE=0A ?
4 ? Reflexive Property of =
? Hypotenuse - Leg Theorem
6 [XE ="XA and 2XOE = «XOA ?
7lsE = sA Arcs intercepted by = central

«s of a circle are =

8 [CS bisects AE and Minor Arc AE ?

Proof of Chord Bisector Theorem

This example accomplishes MP3.

Math Pragtice

(7]

Proof of Chord Bisector Theorem

Now, we can use the triangles which
have been formed in our proof .

A
S Given: CS is a diameter which is
perpendicular to AE
E Prove: CS bisects AE and its minor

arc AE

41 Fill in the statement for step #2.

QO .OXA and -OXE are complementary

O OXA and OXE are right angles

O OX = OX
ob—
OE




41 Fill in the statement f¢
O -OXA and (OXE are
O LOXA and -OXE amg
QO OX = OX

ob— —

OE

Answ

42 Fill in the reason for s
O Radii of circles are s
O Definition of supple3y A
c
QO Corresponding par&
QoD

QE

43 Fill in the statement for
O LOXA and AOXE are
O OXA and OXE are
O Ox = OX

obp— —

OE

Answer
(@]

42 Fill in the reason for step #3.
Q Radii of circles are =
O Definition of supplementary
Q Corresponding parts of = As are =
D

QE
Cc

43 Fill in the statement for step #4.

O LOXA and OXE are complementary

O -OXA and (OXE are right angles

O Ox =0X
oD —
QE

44 Fill in the statement for step #5.
QO .OXA and -OXE are complementary
O OXA and OXE are right angles

Q Ox =0X

ob—

QE

¢ A

7



44 Fill in the statement fo

Q LOXA and OXE are

O OXA and (OXE are

—_ —_ (7]

Q Ox =0Ox

obD— —
QOE

Answ

45 Fill in the reason for ste

Q Radii of circles are =
O Definition of supplen
Q Corresponding par
oD @

QE =

E
46 Fill in the reason for st
O Radii of circles are =
O Definition of supples
Q Corresponding par%
oD z E
QOE
E

45 Fill in the reason for step #6.

Q Radii of circles are =

O Definition of supplementary

Q Corresponding parts of = As are =
oD

QE c

46 Fill in the reason for step #8.

Q Radii of circles are =

O Definition of supplementary

Q Corresponding parts of = As are =
QoD

QOE
C
A
'4
e
E
Proof of Chord Bisector Theorem
— A
_ — 'S
Statement Reason
1 %m a diameter which is perpendicular to Given
. Right angles are formed by
2 |.OXA and +OXE are right angles perpendicular lines
3 [OE= OA Radii of a circle are =
4 [OX=0X Reflexive Property of =
5 |AOXA = AOXE Hypotenuse - Leg Theorem
6 [XE = XA and 2XOE = ~XOA ggrfs"o”d'“g parts of = As
7 Ise= sA Arcs |ntelrcepted kiy = central
2s of a circle are =
8 |CS bisects AE and Minor Arc AE Definition of bisector




Converse of Chord Bisector Theorem

In a circle, if one chord is a perpendicular bisector of another chord,
then the first chord is a diameter.

The chord CS is the perpendicular
bisector of the chord AE.

A
Therefore, CS is a diameter of the
circle and passes through the center
of the circle.

S

Arcs and Chords Theorem

In the same circle, or in congruent circles, two minor arcs are
congruent if and only if their corresponding chords are congruent.

AB = CD iff AB = TD
*iff stands for "if and only if"

Proof of Arcs and Chords Theorem

In the same circle, or in conaruent circlac _twn minar.arce arg
congruent if and only if thei: it

This example accomplishes MP3.

Math Practice

T ST e TS T TTeeg €S

are congruent which means that the
arcs are congruent since arcs
intercepted by congruent central
angles are congruent.

Proof of
Converse of Chord Bisector Theorem

In a circle, if one chord is a perpendicular bisector of another chord,
then the first chord is a diameter.

This proof is very much like that of
the original theorem of which this is
A the converse.

Construct AOAX and AOEX and by
proving them congruent, you show
S  thatOA and OE are radii, which
means that chord CS passes
E through the center, and is a
diameter.

Proof of Arcs and Chords Theorem

In the same circle, or in congruent circles, two minor arcs are
congruent if and only if their corresponding chords are congruent.

This follows from the fact that the
measure of an arc is equal to that of
the central angle which intercepts it.

Since all the radii, BO, A0, TO and
DO are congruent and the sides BA
and CD are congruent, the triangles
ABO and DOC are congruent by
Side-Side-Side.

That means that the central angles
are congruent which means that the
arcs are congruent since arcs
intercepted by congruent central
angles are congruent.

BISECTING ARCS

If XY = YZ, then point Y and any line
segment, or ray, that contains 'Y,
bisects XYZ

This just follows from the

definition of a bisector as

dividing something into two
Y pieces of equal measure.



EXAMPLE

Theorem

In the same, or congruent, circles, two chords are
congruent if and only if they are equidistant from the center.

AB =CD iff EF =EG

Proving this just requires creating
A AEB and ACED and proving
that they are congruent, which
means that their altitudes are
equal, which is their distance

B from the center of the circle.

Example

Given circle C, QR = ST = 16.
Find CU.

EXAMPLE

9x =80 -x
10x =80
x=8
CD=9(8)=72°
DE=80-8=72°
CE =72° + 72° = 144°

This example addresses MP2.

Theorem

In the same, or congruent, circles, two chords are
congruent if and only if they are equidistant from the center.

AB =TCD iff EF =EG

Here A AEB and ACED and their
D congruent sides are shown.

Example

Given circle”

2x=5x-9
9 =3x
3=x

CU=2(3)=6

This example addresses MP 2



47 |n circle R, AB=CD and mAB = 108°. Find mCD. 47 |n circle R, AB=CD and mAB = 108°. Find mCD.

A A
c 1 Y
H
108°
®
R
D D
48 Given circle C below, the length of BD is: 48 Given circle C below, the length of BD is:
Q 5 Q 5
O 10 Q 10
Q 15 Q 15
Q 20 Q 20
A A )
-\ -\33; D
D 10 171 B D 10
Cc Cc
49 _ 49 _
QA 1 R QA 1 5
QOB 7 oB 7 g
Q S A C
oC 20 oC 20 g

oD 8 oD 8



50 AH is a diameter of the circle. 50 AH is a diameter of the circle.

QTrue A OTrue
QFalse 5 QFalse
@
M T 3
3 S @ False
<
I.
Inscribed Angles Inscribed Angles
A Inscribed angles are angles A
whose vertices lie on the circle The minor arc that lies in
and whose sides are chords of the interior of the inscribed
the circle. angle and has endpoints
) o which are vertices of the
Angle ABC is an inscribed angle is called the
angle and Arc AC is its intercepted arc.
intercepted arc.
Arc AC is the intercepted
arc of inscribed angle
B B ABC.
c c

| Lab - Inscribed Angles I

Inscribed Angles Inscribed Angle Theorem

The measure of an inscribed angle is equal to half the
measure of the intercepted arc or central angle

3sin
cribed A
o ints
& the
§ This lab addresses MP3, MP7 & To prove this, we need to
s MP8 find the measure of zABC
b relative to the measure of
Eted the intercepted Arc AC

Cc
| Lab - Inscribed Angles I
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Inscribed Angle Theorem

The measure of £AOC,
shown with green lines, is
the same as the measure
of the minor arc AC, shown
in blue.

@

Inscribed Angle Theorem

This proof (the next 9 slides)
addresses MP1, MP2, MP3 & MP7

51 What are OB, OA, OD and OC?

QA QcC
OB oD
o B
/<<
O,
B

Inscribed Angle Theorem

To prove the theorem, we_
first draw the diameter BD
which creates AAOB and
ACOB

51 What are OB, OA, OD and OC?
OA QcC
OB oD

QA ocC




52 What is true of all radii of the same circle?

QA
QOB

53 What types of triangles are ABOA and ABOC?

~.~

QA
OB

The radii, which are the
same length, are the legs of
our isosceles triangles.

54
QA QC
OB

53 What types of triangles are ABOA and ABOC?

OA QcC
OB QoD

Inscribed Angle Theorem

Equal angles are
marked by x and y.




55 What types of angle are angles a and b of A BOA and
ABOC?

QA
OB

56 Which of the below is true? (Select all that apply.)

Ja=2x
Ub=2y
Ja=b
dx=y

57 To what is the measure of the sum of a + b equal?
OA a+b=arcAD QC a+b=arcAC
OB a+b=arcDC OD a+b=x+y

55 What types of angle are angles a and b of A BOA and
ABOC?

QA
OB

56 Which of the below is true? (Select all that annlv )

Ja=2x
Ob=2y
Ja=b
dx=y

57 To what is the measure of the sum of a + b equal?

QA a+b=arcAD OC a+b=arcAC
OB a+b=arcDC




Inscribed Angle Theorem

So,a+b=m<AOC

Also, a + b = 2x + 2y = 2(x+y)
And x + y = mABC

So, 2(m<ABC) = mAOC
And m<ABC = 1/2(m<AOC)

The measure of the inscribed
angle is equal to half the
measure of the central

angle and, therefore, half the

measure of the intercepted arc.

Inscribed Angle Theorem

A C It's not essential to go
through the proof of the
other two cases, but if you
have time, it's good
practice.

First, if the
inscribed angle does not
include the center.

Inscribed Angle Theorem

Since these triangles
A C overlap so much one side
of the inscribed angle, AB,
and its associated
isosceles triangle and
external angle are shown in
D orange.

The other leg and its
associated isosceles
triangle and external angle
are shown in dark blue.

The proof then follows the
same form.

Inscribed Angle Theorem

A

The measure of an
inscribed angle, such as
2ABC, is equal to half the
measure of the intercepted
arc, which is AC.

Also, it is equal to half the
measure of the central
angle intercepting that arc.

This was proven if the
center is within the angle,
but is true for all cases.

Inscribed Angle Theorem

A C

Math Practice

ou

This proof (the next 2 slides)
addresses MP1, MP2, MP3 & MP7

Inscribed Angle Theorem

a=2x
b =2y
mz<ABC =x -y
m<«AOC=a-b

m<AOC =2x - 2y = 2(x - y)
So,

m<ABC = 1/2(m<AOC)
The inscribed angle equals

half the measure of the
intercepted arc



Inscribed Angle Theorem

The last case is if the a leg
of the inscribed angle
passes through the center.

Inscribed Angle Theorem

m<ABC = x

a=2x

m<AOC = a = 2x

So, m2ABC = 1/2(m «AOC)
The inscribed angle equals

half the measure of the
intercepted arc

Inscribed Angle Theorem

yaleg
3

enter.

This proof (this and the next slide)
addresses MP1, MP2, MP3 & MP7

Example

Find m4T, mTQ and mQR.

Theorem

If two inscribed angles of a circle intercept the same arc,
then the angles are congruent.

A This follows directly from our
prior proofs showing that the
measure of an inscribed angle is
equal to half that of the

B intercepted arc.

By the transitive property of
equality, if two inscribed angles
intercept the same are they must
be equal.

c In this case, m«ADB = m-ACB
since the both intercept Arc AB.
<ADB = /ACB



Theorem 58 Given the figure below, which pairs of angles are

In a circle, parallel chords intercept congruent arcs. congruent?
R
QA _R=.S
. ) ) U= T S
In circle O, if Chord AB is
parallel to Chord CD then Arc QOB _R=.U 1]
CA is equal to Arc DB. _
2S =T
Note that this does NOT mean _
that Arc CD is equal to Arc AB. OC R=.T
U= .8
OD _R=_.T
<R =8
58 Given the figure below, which pairs of angles are 59 Find mzY
congruent?
OA _R=.S X
U= T ,
- 8 Y
OB <«R= .U E A
£S=LT g
QC _R=_T
<U =S
OD _R=_.T Z
<R =S
59 Find mzY 60 In a circle, two parallel chords on opposite sides of the
center have arcs which measure 100° and 120°.
Find the measure of one of the arcs included between
X the chords.
Y 2 90°
<



) o 61 Given circle O, find the value of x.
60 In a circle, two parallel chords on opposite sides of the
center have arcs whick

Find the measure of (

the chords.

g

2 70°

<

c D
\i/
AB || CD
61 Given circle O, find the value of x. 62 Given circle O, find the value of x.
120°
C
(0]
AB || CD
62 Given circle O, find the value of x. Try This
In this circle: Find
mPQ = 52° mz1, me2,
mQsS = 112° m<3 & m<4
mST = 88°
Q
o
190 b
T

S



Try This Inscribed Triangles

ImnFt’rlle_cggLe: A triangle is inscribed if all its vertices lie on a circle.
mQsS = 112° ms1=12°
mST = 88° m.2 = 98°
g m.3 =110°
2 mz4=12°
P

This problem addresses MP2 inscribed

triangle

Corollary to Inscribed Angle Theorem 63 In the diagram, «ADC is a central angle and

= o i ?
If a right triangle is inscribed in a circle, then the m<ADC = 60°. What is m-ABC*

hypotenuse is a diameter of the circle.

QA 15° A
AG is a diameter of the circle if OB 30° B
A DALG is a right A, and ZALG 0C g c
is its right angle, follows 60
directly from the inscribed QD 120°
angle theorem.

Since ZALG has a measure of
\ 90°, it must intercept an arc

whose measure is 180°, this is

half the circle, so AG must be

a diameter
m<ALG = 90°
63 In the diagram, ~ADC is a central angle and 64 What is the value of x? E
m<ADC = 60°. What is m-~P22
QA 5

QA 15° OB 10
QB 30°

g QC 13
QC e0° z B oD 15 F G

OD 120°



64 What is the value of x? c
QA 5
OB 10
ocC 13 H

2 A
oD 15 <

Question 1/25 Topic: Inscribed

Angles
The figure shows AABC jpsnaribadinaizala
65 |fm «CBD = 440, f «DBC = /DCB, so
m«DCB = 44°
mzD = 92°, so
mBC = 92° c
[=
<
m«BAC =
D 1/2(92)°

m4BAC = 46°

PARCC Released Question - EQY - Calculator

Question 17/25 Topic: Inscribed Angles

x+54=90
66 x =36°

C

LN,

B
not to scale

PARCC Released Question - EQY - Calculator

Answer

Question 1/25 Topic: Inscribed

Angles
The figure shows AABC inscribed in circle D.

65 If m <CBD = 44°, find m<BAC.

PARCC Released Question - EQY - Calculator

Question 17/25 Topic: Inscribed Angles

66

not to scale

PARCC Released Question - EQY - Calculator

Question 17/25
67 PARTB
The length of CD is

Topic: Inscribed Angles

because .
10 ] ACPD is equilateral
] less than 10 (] m angle CPD < 60°

(] greater than 10 [J m angle CPD > 60°

PARCC Released Question - EOY not to scale



Question 17/25 Topic: Inscribed Angles

67 PART B

The length of CD is because

10 ] ACPD is equilateral

[ less tk 200
] greater
Part B:
The lengthof CDis C. greater than 10

because f- mzCPD > 60°,

I0 Answer

not to scale
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Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the
circle. Point D is a point on-*' — =t *eand C.
68 PART A
The statement AD >_(
Q Always True % B
O Sometimes True <
QO Never True

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle_and AC is a diameter of the

circle. Point D is a point 1 C.

69 PART A
The statement m4< Gl

2
O Always True é C
O Sometimes True
Q Never True

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the
circle. Point D is a point on the circle different from A and C.
68 PART A
The statement AD > CD is:
Q Always True

Q Sometimes True
O Never True

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the
circle. Point D is a point on the circle different from A and C.

69 PART A
The statement m<CBD = 1/2 (m<CAD) is:
O Always True

Q Sometimes True
Q Never True

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the
circle. Point D is a point on the circle different from A and C.

70 PART A
The statement that m<CBD = 90° is:
QO Always True
Q Sometimes True
O Never True

PARCC Released Question - EQY - Calculator



Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle_and AC i a diameter of the
circle. Point D is a point # 1C.

70 PART A

The statement that s
2
Q Always True 2 B
O Sometimes True<
Q Never True

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the

circle. Point D is a point ¢ 4 C.

71 PART A

The statement that m

Q Always True % B
O Sometimes True<

QO Never True

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the

circle. Point D is a point or™ 4 C.

72 PARTB
If m<BDA = 20°, wh
Q 20°
Q 40°

Q 70°
QD 140°

1

0

B 40°

Answe|

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the
circle. Point D is a point on the circle different from A and C.

71 PARTA

The statement that m<ABD = 2(m<CBD) is:
Q Always True

Q Sometimes True

Q Never True

PARCC Released Question - EQY - Calculator

Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, and AC is a diameter of the
circle. Point D is a point on the circle different from A and C.

72 PART B
If m<BDA = 20°, what is m<CBD?
Q 20°
Q 40°

Q 70°
OD 140°

PARCC Released Question - EQY - Calculator

Tangents & Secants

Return to the
table of
contents
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Tangents

A tangent is a line, ray or segment
which touches a circle at just one
point.

All three types of tangent lines are
shown on this drawing.

The point where the line touches the
circle is called the "point of
tangency."

In this case, those points are B, E
and H.

Secants

A secant is a line, ray or segment
which touches a circle at two points.

All three types of secant lines are
shown on this drawing.

Intersections of Circles

Tangent Circles intersect at one point.

The two types of tangent circles are shown below.

P Q)

NOT Tangents
D

Note that for a ray or
segment to be a tangent, it
must not touch the circle in
more than one point even if it
were extended.

The segment and ray shown
to the left areNOT tangents
because if they were
extended they would touch

A the circle in more than one
point.

Intersections of Circles
Coplanar circles can intersect at zero, one, or two points.

Below are shown three ways in which a pair of circles can have
no points of contact.

Circles which are side- Circles within one another may not
by-side may not intersect. intersect.

Remember that:
Circles within one
another and have a

common center are
"concentric."

Intersections of Circles

These circles intersect at two points.

Can two distinct circles intersect at three points?

ar



Intersections of Circles

These circles intersect at*

Can two distinct circles

No. It's not possible.

Ankwer

Common Tangents

Two circles can have between zero and four common tangents.

Two externally tangent circles have three common tangents.

Common Tangents

Two circles can have between zero and four common tangents.

Two non-tangent circles within one another have no common
tangents.

Common Tangents

Two circles can have between zero and four common tangents.

Two completely separate circles have four common tangents.

Common Tangents

Two circles can have between zero and four common tangents.

Two overlapping circles have two common tangents.

73 How many common tangent lines do the circleshave?

o O



73 How many common tangent lines do the circleshave? 74 How many common tangent lines do the circleshave?

g
2 4
<
74 How many common tangent lines do the circleshave? 75 How many common tangent lines do the circleshave?
g
- 1
<
75 How many common tangent lines do the circleshave? 76 How many common tangent lines do the circleshave?
]
2 2



76 How many common tangent lines do the circleshave?

Answ
o

77 Which term best describes-tina.BED

QA Radius
QOB Diameter
QC Chord
OD Secant .
Q Tangent g
O Common Tangent B
Q Point of Tangency
Q Center

78 Which term best descrik

QA Radius
QOB Diameter
QC Chord
OD Secant
Q Tangent
Q Common Tangent
Q Point of Tangency
QO Center

wer

77 Which term best describes Line BE?

QA Radius
QOB Diameter
QC Chord
OD Secant
Q Tangent
Q Common Tangent
Q Point of Tangency
QO Center

78 Which term best describes Line DE?

QA Radius
QOB Diameter
QC Chord
OD Secant
O Tangent
Q Common Tangent
Q Point of Tangency
O Center

79 Which term best describes Line AB?

QA Radius
OB Diameter
QC Chord
OD Secant
Q Tangent
Q Common Tangent
Q Point of Tangency
QO Center



79 Which term best describes Line AB?

QA Radius
QOB Diameter
QC Chord
OD Secant
Q Tangent &
Q Common Tangent D
Q Point of Tangency
QO Center

80 Which term best describes Painte D and (G?

QA Radius
QOB Diameter
QC Chord
OD Secant
O Tangent 9
O Common Tangent @ H
Q Point of Tangency
O Center

81 Which term best describes Line BF?

QA Radius
QOB Diameter
QC Chord
OD Secant
Q Tangent
Q Common Tangent F
Q Point of Tangency
QO Center

er

80 Which term best describes Points D and G?

QA Radius
QOB Diameter
QC Chord
OD Secant
Q Tangent
Q Common Tangent
Q Point of Tangency
QO Center

81 Which term best describes Line BF?

QA Radius
QOB Diameter
QC Chord
OD Secant
O Tangent
Q Common Tangent
Q Point of Tangency
O Center

82 Which term best describes Line AC?

QA Radius
OB Diameter
QC Chord
OD Secant
Q Tangent
Q Common Tangent
Q Point of Tangency
QO Center



82 Which term best describes Line AC? 83 Which term best describes Point F?

QA Radius QA Radius

QOB Diameter QOB Diameter

QC Chord QC Chord

QD Secant OD Secant
Q Tangent 5 Q Tangent
Q Common Tangent E Q Common Tangent
Q Point of Tangency Q Point of Tangency
QO Center QO Center
83 Which term best describes-Paint.E2 84 Which term best describes Segment BA?

QA Radius OA Radius

QOB Diameter QOB Diameter

QC Chord QC Chord

OD Secant e OD Secant
O Tangent g O Tangent
Q Common Tangent G Q Common Tangent
Q Point of Tangency Q Point of Tangency
Q Center Q Center

84 Which term best describes Sanmant RA? Tangents and Radii are Perpendicular

OA Radius A tangent and radius that intersect on a circle are perpendicular.
QB Diameter
QC Chord This is an essential result for mathematics and physics. It appears to
QD Secant be true, but let's prove it.
Q Tangent
Q Common Tangent (03
Q Point of Tangency
QO Center

er




Tangents and Radii are Perpendicular Proof that Tangents and Radii are

A tangent and radius that.intersact an a circle are nerpendicular. PerpendlCUIar

This is an essentia/ appears to Let's use an indirect proof.

be true, but let's pr )
P We'll make an assumption and

see if it leads to a contradiction.

g This proof (this slide and the next 3) Let's assume that another point on
£ addresses MP3 & MP6 AC is where a line from Point O is
= perpendicular to the AC.

Let's name that point D, so the line
perpendicular to AC is OD.

Then AODB must be a right
triangle with"OD and BD being the

A
B D legs.
¢ c Then OB must be the hypotenuse.
Proof that Tangents and Radii are Proof that Tangents and Radii are
Perpendicular Perpendicular

If OD is a leg of the right triangle
and OB is the hypotenuse, then
OB must be longer than OD.

Our assumption was that OB
was not perpendicular toAC.

If that is false, then it must be
that OB is perpendicular to AL,
which is what set out to prove.

But, OD extends from the center
of the circle to beyond the circle.

And OB only extends from the
center of the circle to the
circumference of the circle.

So, OB must be shorter than OD.

This is a contradiction, which

B proves that our original
D c assumption was incorrect. | Lab - Tangent Lines I
Proof that Tangents and Radii are Using an Intersecting Tangents
Perpendicular & Radius to Solve Problems

Whenever you are given, or can
draw, a circle and a tangent, you
can construct a radius to the
point of tangency.

x
This lab addresses MP3, MP5, ) . .
MP7 & MP8 2 The tangent and radius will form

a right angle.

Math Practice

This is often very helpful and
what is needed to solve a

problem.
c = Sometimes, that takes the form
A of creating a right triangle, with

B all the information that is
| Lab - Tangent Lines | (o3 provided.



http://www.njctl.org/courses/math/geometry/circles/tangent-lines/
http://www.njctl.org/courses/math/geometry/circles/tangent-lines/

Using an Intersecting Tangent
& Radius to Solve Problems

Velocity This property of a tangent and

; intersecting radius shows up
Gravity often in physics.

s For instance, it explains why the
»1»'\}'\ force of gravity pulling the moon
E-. into its circular orbit is
perpendicular to the direction of
its orbital velocity.

The force acts along the radius
and the motion is tangent to the
circular orbit.

Using an Intersecting Tangent
& Radius to Solve Problems

Or, the maximum torque that can
be applied on a wheel by a road
when braking, or by a tire on a
road while accelerating.

Applied
Torque

Distance
from Center
of Rotation

Theorem

Tangent segments from a common external point are congruent.

R <R and T are right angles.

PAis congruent to itself by
the Reflexive Property.

PR and PT are congruent
because they are radii.

T APRA and APTA are
congruent due to the
Hypotenuse-Leg Theorem.

Therefore, AR and AT are
congruent since they are
corresponding parts of
congruent triangles.

Using an Intersecting Tangent
& Radius to Solve Problems

Velocit nd

Gravity

&

This slide and the next 2 address 'y the
MP4 noon

Math Practice

on of

udius
geint to the
circular orbit.

Using an Intersecting Tangent
& Radius to Solve Problems

Or, the transfer of force due to a bicycle chain.

—
bicycle moves
to the left
since F; > Fy

— push left on pedal
Fy with force F;
Theorem

Tangent segments from a common external point are congruent.

Mat

' This lab addresses MP3 & MP6

I herefore, AR and Al are
congruent since they are
corresponding parts of
congruent triangles.



Example

Given: RSis tangent to circle C at S and RTis tangent to circle C at

T. Find the value of x.

3x+4

85 ABis a radius of circle A. Is BC tangent to circle A?

QOYes
ONo

86 Sis a point of tangency. Find the radius r of

circle T.
QA 317
OB 60
oc 14
OD 35

Example

Given: RSis tangent to circle
T. Find the value of x.

3x+4=28
5 3x f 24
2 x=8
(]
(=
<
This example addresses MP2
3x +

85 ABis a radius of circle A. Is BC tangent to circle A?

QOYes

B
QONo 67% =25 +60°
5 4489 = 625+ 3600
A § 4489 = 4225
No

86 Sis a point of tangency. Find the radius r of

circle T.
OA 317 (r + 36)2 = 12 + 482
- 12+ 72r + 1296 = r2 + 2304
OB 60 g 72r = 1008
Qc 14 g r=14
oD 3.5 C R



87 Incircle C, DA is tangent at A and DB is tangent at B. 87 Incircle C, DA is tangent at A and DB is tangent at B.

Find the value of x. Find the value of x.
A
cog 3x-8=25
D 2 3x =33
< x=11
88 AB, BC, and CA are tangents to circle O. AD =5, 88 AB, BC, and CA are tangents to circle O. AD =5,
AC = 8, and BE = 4. Find the perimeter of triangle AC = 8, and BE = 4. Find.tha narimatar of trianala
ABC. ABC.
EC=3
B B
. BF =4
o
3 AF =5
F F <
P=3+3+4+4+5+5
E E
P=24
A
ce D ce D
Angles Intercepted by Theorem: A Tangent and a Chord
Tangents and Secants If a tangent and a chord intersect at a point on a circle, then the

measure of each angle formed is one half the measure of its
intercepted arc.
Tangents and secants can form other angle
relationships in circle. Recall the measure of an

This is just a special
inscribed angle is 1/2 its intercepted arc. J P

case of the rule that the

) . measure of an
This can be extended to any angle that has its vertex

. M inscribed angle is equal
Sl to half the measure of
This includes angles formed by two secants, a secant A its intercepted arc.
and a tangent, a tangent and a chord, and two In this case,
tangents.

-1
mz1=— mRM
“72

m.2 = % mMAR



If atangentand a s

Theorem

ecant, two tangents, or two secants

intersect outside a circle, then the measure of the angle
formed is half the difference of their intercepted arcs.

This results in three rules for calculating angles, but they are
very similar to one another, so not hard to remember.

Especially, if you see one right after the other.

The Intercepted Arc of

Two Tangents

Q m<2= & (MPQM - mPM)

The Intercepted Arc of Two Chords

If two chords intersect inside a circle, then the measure of each

angle is the average of the two intercepted arcs.

A

M1 = -1 (AT + mMH)

This is equally true for each
T pair of vertical angles.

The other pair of angles is
on the next slide.

The Intercepted Arc of a
Tangent and a Secant

mel = % (MBC - mAC)

The Intercepted Arc of
Two Secants

me3 = % (MXY - mW2)

The Intercepted Arc of Two Chords
If two chords intersect inside a circle, then the measure of each
angle is the average of the two intercepted arcs.

A

me2 = % (MMA + mHT)



Chords vs. Secants and/or Tangents
A way to remember whether to add or subtract the two arcs that
the segments intersect is to visualize the segments rotating on
their intersection point to see which operation sign they are close

89 Find the value of x.

A to resembling.
X
M D
W, Cc
B
H Y
In the diagram above, if you
In the diagram above, if you manipulate the 2 rays at their
manipulate the 2 segments at the intersection point, they overlap

intersection point, they make an each other, making a subtraction
addition sign, so add the arcs sign, so subtract the arcs before

together before taking 1/2. taking 1/2.
89 Find the value of x. 90 Find the value of x.

/BCD = - (mAD - mBD
o mZBCD=_(mAD-mBD)
a _ l 0 _ 7,0
c gz x= 2 178" -76")
_ <10
B x=51

90 Find the value of x. 91 Find the value of x.

5 x =1/2 (130° + 156°)
c = 0 H
g x =143




91 Find the value of x. 92 Find the value of x.

1

= (78— 42
x 2( )
1
=236
x=—(36)
x=18

92 Find the value of x. 93 Find mAB.

34=%(3x—2—(x+6))

1
34=—(2x-8
,(2x-%)

68=2x-8
76 =2x
38=x
A

93 Find mAB. 94 Find m«1.

m

mAB = 130°

Answer



94 Find m<1. 95 Find the value of x.

@
3 mZ1=130
<
Example
95 Find the value of x. P
To find the angle, you need the measure of both intercepted arcs.
First, find the measure of the minor arc mAB. Then we can calculate
the value of the variable
O |
. 57.5° =—(45+x)
2 2
3
L 115=45+x
70° =x B
A
Example 96 Find the value of x.

To find the angle, you need the measure of both intercepted arcs.
First, find the measure o** can calculate Swde,,%e their answers hore
the value of the varial !

First find the minor arc.

360° —247° =113°

x= %(2477113)

1
x==(134
;134

Answer

x=67

This example addresses MP2



96 Find the value of

Students First find the minor arc.

360° —220° =140°

x= %(220—140)

1
x= 5(80)

x =40°

97 Find the value of x.

Students type their answers here
P |

First find the major arc.
360° -100° = 260°

97 Find the value of x.

.
QO
Ik !
] x:5(260—100)
< 1
=—(160
x 2( )
x=80"

98 Find the value of x

Students type their 3

Find the major arc.
(360 —x)°

50:%(3607x7x)

50= %(360 ~2x)

50=180"-x
x=130°

Students type their answers here

98 Find the value of x

Students type their answers here

99 Find the value of x.

Students type their answers here




g

99 Find the value of x

Find the major arc.
360-120=240

5x+10:%(2407120)

S
o
]
)
=
<

5x+]0:%(120)

5x+10=60
5x=50

(5x + 10)° x=10

—

Question 5/25 Topic: Tangents
The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B, and D is tangent to both semicircles at
FandE.

D

If PB= BC = 6 ,whatis ED ?

A

O A B

100 Find the value of x.

(2x - 30)°

30° ﬁ

Released PARCC Exam Question

The following question from the released PARCC EOY
exam uses what we just learned and combines it with
what we learned earlier to create a challenging question.

Please try it on your own.

Then we'll go through the process we used to solve it.

101 What have we learned that will help solve this problem?
QA A tangent and intersecting radius are perpendicular
OB Al radii of a circle are congruent
QC Similar triangles have proportional corresponding parts
QD All of the above

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point 8, and DF is tangent to both semicircles at
FandE. PB=BC=6

.:,
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101 What have we learned that will help solve this problem?
QA A tangent and intersecting radius are perpendicular

QB Al radii of a circle a

QC Similar triangles ha s

QD All of the above .
D All of the above

The figure shows two semicir:le%m
tangent to each other at point Béul

FandE. PB=BC=6

Slide 222 / 255

Question 5/25 Topic: Tangents

Now draw AFDP and AEDM.

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B, and DF is tangent to both semicircles at
FandE. PB=BC=6

Slide 223 (Answer) / 255

102 What can you see from this drawing?

QA AFDP and AEDM 2
OB AFDP and AEDM |
QC The corresponding
proportional =
QD Al of the above D
The figure shows two semicircles

tangent to each other at point B ,
FandE. PB=BC=6

m
® D
A B C

Question 5/25

Slide 221 / 255

Topic: Tangents

First, draw a radius from the center of each circle
to the point where the given tangent meets the
circle, points F and P.

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B , and DF is tangent to both semicircles at
FandE. PB=BC=6

Slide 223/ 255

102 What can you see from this drawing?

QA AFDP and AEDM are right triangles
QB AFDP and AEDM are similar
QC The corresponding sides of FDP and EDM are
proportional
QD Al of the above
The figure shows two semicircles with centers P and M . The semicircles are

tangent to each other at point B, and D F is tangent to both semicircles at
FandE. PB=BC=6

A B =

Slide 224 / 255

103 What are the lengths of FP and EM?

QAFP=6andEM=6
OBFP=3andEM=3
OCFP=6andEM=3
OD They can't be found from this

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B, and DF is tangent to both semicircles at
FandE. PB=BC=6

m
® D
A B G
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103 What are the lengths of FP and EM?

QAFP=6andEM=6
OB FP=3and EM =
QC FP=6and EME=1
OD They can't be fo@

(7]

c
<

The figure shows two semicircles with ¢
tangent to each other at point B8, and I
FandE. PB=BC=6

A B £

Slide 225 (Answer) / 255

104 What is the ratio of proportionality, k, between AFDP and
AEDM?

S
[
The figure shows two semicircid | 2

tangent to each other at point E&z
FandE. PB=BC=6

Slide 226 (Answer) / 255

105 Write an expression for the length of PD.

QAPD=12

OB PD =12 +x

QOC PD=6+x

OD It can't be found gl

@ B

c
The figure shows two semicirc®e

tangent to each other at point 8 , |
FandE. PB=BC=6

Slide 225 / 255

104 What is the ratio of proportionality, k, between AFDP and
AEDM?

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point 8, and D F is tangent to both semicircles at
FandE. PB=BC=6

Slide 226 / 255

105 Write an expression for the length of PD.

QA PD=12
OB PD=12+x
QC PD=6+x

QD |t can't be found from this

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B, and D E is tangent to both semicircles at
FandE. PB=BC=6

Slide 227 / 255

106 Write an expression for the length of MD.

QA MD=12
OB MD =3 +x
QOC PD=6+x

QD It can't be found from this

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B , and DF is tangent to both semicircles at
FandE. PB=BC=6
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106 Write an expression for the length of MD.

QA MD =12

OB MD =3 +x

QOC PD=6+x

QD It can't be found gl

@ B

c
The figure shows two semicirckl
tangent to each other at point B , |
FandE. PB=BC=6

Slide 228 / 255

107 Write a proportion relating MD and PD.
QA 8 =12+x
3 3+ X

3 =212+x
OBF =
OC 6 =12+x

3

3
QD It can't be found from this

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B , and DF is tangent to both semicircles at
FandE. PB=BC=6

Slide 228 (Answer) / 255

107 Write a proportion relat*

6 =12+ x
QOB 3 =12+X
6 3+ X

QC 6 =12+x ]

The figure shows two semicircles
tangent to each other at point B, :
FandE. PB=BC=6

Slide 229 (Answer) / 255

108 What is the length of MP2

6 - 12+x
3 3+x

6(3 + x) = 3(12 + x)

S
g 18 + 6x = 36 + 3x
The figure shows two semicircgs 3x=18
tangent to each other at poimtg, Xx=6
FandE. PB=BC=6 MD =3 + x
MD=3+6

MD =9

Slide 229 / 255

108 What is the length of MD?

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B, and DF is tangent to both semicircles at
FandE. PB=BC=6

Slide 230 / 255

109 Write an equation to find ED.
QA ED2=32+92
OB 92=ED2- 32
OC 92=ED? + 32
QD It can't be found from this

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B , and DF is tangent to both semicircles at
FandE. PB=BC=6
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109 Write an equation to find ED.
QA ED2=32+92
OB 92=ED2- 32
OC 92=ED? + 32
OD It can't be found gt
(]

@ C
The figure shows two semicirct&
tangent to each other at point 8., ¢
FandE. PB=BC=6
F
3
L g D
A B c9

Slide 231 (Answer) / 255

110 What is the length of F~

OA 6 D
OB 48

Qc s g gz++y)f==8912
QD V72 < Lo i

The figure shows two semi.
tangent to each other at pc
FandE. PB=BC=6

Slide 232 (Answer) / 255

111 What would be a good way to check your answer.
QA Solve for FD and s/

OB Solve for PD and ¢ 6+ 22 =18
QC Solve for FD and ¢ 226:2288_ %24
OD Solve for FD antge FD =288
2 C
The figure shows two semicirc®s FD/ED = \288/N72
tangent to each other at point 8, FD/ED = \]Z
FandE. PB=BC=6 FD/ED =2

Slide 231 / 255

110 What is the length of ED?
QA 6

QOB 48

QOc 8

Op V72

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B, and D F is tangent to both semicircles at
FandE. PB=BC=6

Slide 232 / 255

111 What would be a good way to check your answer.

QA Solve for FD and see if it is equal to ED.
OB Solve for PD and see if it is equal to ED.
QC Solve for FD and see if it is double ED.
OD Solve for FD and see if it is half ED.

The figure shows two semicircles with centers P and M . The semicircles are
tangent to each other at point B, and D E is tangent to both semicircles at
FandE. PB=BC=6

Slide 233 / 255

Segments & Circles

Return to the

table of
contents
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Theorem

If two chords intersect inside a circle, then the products of the

measures of the segments of the chords are equal.

EAe EB=ECeED

112 Find the value of x.
4ex=5e5
' 4x =25
x:6l
4

114 Find the length of JK.

M K
J

Answer

112 Find the value of x.

113 Find the length of ML.

M K
J
114 Find the length of JK.

&)

P

Answer

(x+2)(x+1) =x(x+4)
X’ +3x+2=x" +4x
3x+2=4x

2=x

JK=2+(2+4)=8

Answer



115 Find the value of x. 115 Find the value of x.

Ix16=18xx
144 =18x
8=x

Answer

116 Find the value of x. 116 Find the value of x.
P
QA -2 QA -2
QB 4 QB 4
QC 5 QC 5 _ B
oD 6 oD 6 2
c (2x + B)(x + 1) = 2(x2 + 19)
< 2X2 + 8x + 6 = 2x2 + 38
8x +6 =238
8x =32
xX=4

117 Find the value of x. 117 Find the value of x.

Answer
b3
||
o



Secant Segment Theorem 118 Find the value of x.

If two secant segments are drawn to a circle from an external point,
then the product of the measures of one secant segment and its
external secant segment equals the product of the measures of the
other secant segment and its external secant segment.

EAeEB=ECeED

(

119 Find the value of x.

6(9+6) = 5(x+5)
6(15) = 5x + 25
90 =5x + 25
5x =65

x=13

120 Find the value of x.

118 Find the value of x.

119 Find the value of x.
(x+D(2x)=3(x+5)

2%’ +2x=3x+15
2x* —x-15=0
(x=3)(2x+5)
x=3
Note: x = -2.5 (other
algebraic solution) is not
SN~—'"

Angwer

possible in Geometry
because you can't have
negative segment lengths.



120 Find the value of x.

4(9) = (x-2)(2x+2)
36=2x"—4x+2x—4
36=2x"-2x—4
0=2x> —2x—40
0=2(x—-5)(x+4)

x=5
Note: x = -4 (other algebraic
solution) is not possible in
Geometry because you can't
have negative segment
lengths.

Ans

121 Find the length of RS.

Q

-

§ N—"

122 Find the value of x.

Tangent-Secant Theorem

If a tangent segment and a secant segment are drawn to a circle
from an external point, then the square of the measure of the
tangent segment is equal to the product of the measures of the
secant segment and its external secant segment.

A
EA*=ECeED
E b C\—/D
122 Find the value of x.
14)=x"

g. 4=x°

(2]

< +2=x

x=2
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123 Find the value of x.

P X
12

Slide 249 / 255

Questions

from

Released

PARCC

Examination

Return to the

table of
contents
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Question 3/7

(7]
[=
<
Drag and drop eac

to its subtended c«

mw
2 n 2m

Topic: Angles, Arcs and Arc Lengths

o
arc length(s) = gz x2ar

radius = 3units
n = Subtended Central Angle given

121

40
arclength£AFB = ——x(2)@)m = 21

360°

w

Subtended

Central
Angle

Arc
Length

ZAFB

45° T
_45° o= B ZBFC
arclength£BFC = o5 x @)@ = -
30° ™
_ 30 | e
arclengthtCFD = 22X (@)@ = 5
LAFE =180° — 120° = 60 ZAFE

60°

] [
EHHI

arclengthAFE = ——x()@)m = =

360°

5

ZAFE

Slide 248 (Answer) / 255

123 Find the value of x.

24 .
12012+ x) = 24
& 144 +12x =576
12 |g 12x = 432
x =36

Slide 250 / 255

Question 3/7 Topic: Angles, Arcs and Arc Lengths

Subtended | ,
Central
Drag and drop each arc length A8
to its subtended central angle. e
T 3n
2 ® ™ 7 ZCFD
CAFE

Slide 251 / 255

Question 1/25 Topic: Inscribed Angles

The figure shows A ABC inscribed in circle D.
‘ C

B

A

fm/ZCBD = 44" ,findm/BAC'.

Enter your answer in the box.

degrees


page1svg
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. uestion 5/25 Topic: Tangents
Question 1/25 . ; Q pic: Tang
TOPIC. Inscribed Angles The figure shows two semicircles with centers P and M . The semicircles are
The figure shows A ABC inscribed in rirle N tangent to each other at point B, and DE is tangent to both semicircles at
FandE.
F
S
g E
2  m«BAC =46 degrees
< P M
- - D
A B &
If PB= BC = 6,whatis ED ?
O A8
fmZCBD = 44° ,findm2. -
O B. V48
Enter your answer in the box.
O C.8
degrees
© D /72
Slide 252 (Answer) / 255 Slide 253/ 255
Question 5/25 Topic: Tangents Question 17/25 Topic: Inscribed Angles
The figure shows two semicircles with centers P and M . The semicircles are The figure shows a circle with center P, a diameter BD , and inscribed
tangent to each other at point B, and DF is tangent to both semicircles at ABCD.PC = 10. LetmZCBD = (z)" andm£BCD = (= +54)°
FandE. '
c
- if PB= BC = 6, whatis ED ? l\
O A8 £ °
H © B. 48
P 0
® . = Part A obts sl
A <1 O C. 8 Find the value of x . Enter your answer in the box.
If PB= BC = 6, whatis ED ? : sl
O A6 ® D 72
Part B
o B \/E Select from the drop-down menus to comrectly complete the sentence.
The length of CDis because .
O Gc.8 a. 10 d. ACPD is equilatgral
b. less than 10 e. mCPD < 60°
O D Y72 c. greater than[10 | f. mCPD > 60°
Slide 253 (Answer) / 255 Slide 254 / 255
Question 17/25 Topic: IEcribed Angles Question 22/25 Topic: Inscribed Angles
The figure shows a circle with center P, a diameter BD , and inscribed o
ABCD.PC = 10. LetmZCBD = (z)° andm/BCD = (z + 54)" Point B is the center of a circle, and AC' is a diameter of the circle. Point D is a point on the circle
different from A and C .
c
Part A
B Drag and drop the following choices into the boxes to indicate which statements are always true,
Part A: Y= 36 sometimes true or never true.
. Always True U Sometimes True | Never True
Part A 3
Find the value of x . Enter your answer in the @x Part B. Statements
. < )
X= —
Thelengthof CDis C. greater than 10 AD > CD |:|
PartB because f. m2zCPD > 60°
Select from the drop-down menus to correctly co - m Z CBD = % (m Z CAD) |:|
The length of CDis becausu
a. 10 d. ACPU Is equilatgral m £ CBD =90° |:|
b. less than 10 e. mCPD < 60°
c. greater thanf10 | f. mCPD > 60° m / ABD = 2(m / CBD) |:|
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Question 22/25 Topic: Inscribed Angles Question 22/25 Topic: Inscribed Angles

Point B is the center of a circle, andA_C’ is a diameter of the circle. Point D is a point on the circle
different from A and C .

Part B
PartA FmsZBDA = 20" ,whatismZCBD?
Drag and drop the following choices i Part A:
sometimes true or never true. 0 A 20°
[m] =] Statements

— AD>CD Sometines T o R
Statemen® v GD = i B ovr e B. 40

< S om
AD > 0L ——
© ¢ 70°

mZCBD =} (m ¢

O D. 140°
m /£ CBD =90

m £ ABD = 2(m £ CBD) ‘ ﬂ

Slide 255 (Answer) / 255

Question 22/25 Topic: Inscribed Angles
Part B
lfmZBDA = 20 Part B:
O A 20°
o A 20
)
O B 40° S
7 ® B 40
c
<
0 c. 707 © ¢ 70

O D. 140° © D 140°



