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Exercise 1 (7 MARKS)
For the ABO blood typing system, each person has exactly one of 4 blood types, A, B, O
or AB. Two random people attending a blood donor clinic have their blood type recorded.

1. Explain why this is an example of a random experiment and give the sample space of the
experiment.

SOLUTION: [2 Marks]| This is a random experiment because in any running of the exper-
iment a different set of 2 people from the population could be selected and so the resulting
blood types will be different. We do know, however, that the 2 blood types will each be one
of the four possible types and so there is a well defined sample space.

In defining the sample space we should assume that the two people are distinguishable so
that an outcome is an ordered pair of blood types.

S = {(4,4),(A,B),(A,0),(A AB),(B,A),(B,B),(B,0),(B,AB),
(0,4),(0,B),(0,0),(0,AB),(AB, A),(AB,B),(AB,0),(AB, AB)}

2. Let C be the event that the two people have the same blood type. List the outcomes in
C.

SOLUTION: [1.5 Marks| We have

C = {(A, A),(B,B),(0,0),(AB, AB)}

3. Let D be the event that at least one of the people has blood type AB. List the outcomes
in D.

SOLUTION: [1.5 Marks| We have

D = {(A, AB), (B, AB),(AB, AB), (0, AB), (AB, A), (AB, B), (AB, 0)}

4. List the outcomes in C'U D and hence give the outcomes in the events (C'U D) and
cenDe.

SOLUTION: [2 Marks| Since

CUD = {(A A), (A AB),(B,B),(B,AB),(0,0),(0,AB),
(AB, A), (AB, B), (AB, AB), (AB,0)}

Thus,
(CuD) ={(4,B),(4,0),(B,A),(B,0),(0,4),(0,B)}
Now by the De Morgan's Law we obtain

C°N D = (CUD) ={(A B),(4,0),(B,A),(B,0),(0,A), (0, B)}



Exercise 2 (6 MARKS)
Three married couples have purchased 6 adjacent seats in a row at the theater. The seats

numbers are A10, All, A12, A13, Al4 and Al5. Suppose that they take their seats in a
random fashion.

1. What is the probability that Faisal and his wife Nada sit next to each other in seats A10
and A117

SOLUTION: [1.5 Marks| There are 6 people so there are a total of 6! = 720 different
seating arrangements that can be made.

There are 2 ways that Faisal and Nada can sit such that they are in seats A10 and All
There are 4! = 24 ways the other four can be arranged in the remaining 4 seats.
2x24 48 1

ol _%:Ezo.%?

P (Faisal and Nada in A10, All) =

2. What is the probability that Faisal and Nada sit next to each other?

SOLUTION: [1.5 Marks| There are 5 possible pairs of seats in which Faisal and Nada can
sit and be next to each other. They are (A10, A11), (A11, A12), (A12, A13), (A13, Al4)
and (A14, A15). For any such pair of seats, the probability that John and Paula sit there is
0.067 from part (1). They are clearly mutually exclusive since Faisal and Nada can only sit
in one pair of seats. Hence

~ 0.333

1 1
P (Faisal and Nada sit together) = 5 x T=3



3. What is the probability that every husband sits next to his wife?

SOLUTION: [1.5 Marks]| If all three couples are sitting together then one couple must
be in (A10, A11), one must be in (A12, A13) and one must be in (Al4, A15). There are
3! = 6 ways we can assign the couples to their pair of seats. Once the seats have been
decided there are 2 ways to arrange each couple so there are 23 = 8 arrangements for each
assignment of seats to couples. Hence

4 1
6x8_ 48 1 o067

P (Every couple sits together) = =0 T 1

4. What is the probability that at least one of the wives sits next to her husband?

SOLUTION: [1.5 Marks| Let us number the couples 1, 2, 3 and define B; to be the event
that couple i sits together. The event that we are interested in is the union of these three
events. We can the following property of the probability

P(BiUByUB3) = P(By)+ P(By)+ P(B;s)— P(B,N By)
—P (BN B;)— P(ByNB;)+ P (BN ByN By)

From part (2) we see that
1 .
P(B;) = 3’ fori =1,2,3.
In part (3) we found

1
P(BlmBgmBg):ﬁ

Also it is clear that
P(BiNBy) =P (B,NB;) =P (BN By)

so all that remains for us to do is find P (B N Bsy), the probability that couple 1 and couple
2 both sit together.

For couple 1 and 2 to both sit together there are 6 sets of seats that they can occupy:

[(A10, A11) , (Ar2, A1z)], [(Aro, A1r) , (Arz, Ara)], [(Aro, A1) , (Ara, Ars)], [(Arr, Ara) , (Ars, Ara)],
[(Alla A12) ) (A14> AlS)] and [(A127 A13) ) (A147 AlS)]-

For any such set, there are 2 ways to decide which couple goes in the pair with the lower
numbers. Once that has been decided each couple can rearrange themselves in 2 ways so
there are 23 = 8 ways to arrange the people when we have decided what seats are for which
couple. This means there are 2 x 8 = 16 possible seating arrangements for each of the six
sets of seats listed above and so there are 6 x 16 = 96 possible ways that couple 1 and
couple 2 can both sit together.

P(Bi;UByUB;) = 3P(B;)—3P (BN Bsy)+ P(ByNByN Bsy)
2 1 2
3><15+15 5 0.667



Exercise 3 (6 MARKS)

A worker has asked his supervisor for a letter of recommendation for a new job. He
estimates that there is an 80% = 0.80 chance that he will get the job if he receives a strong
recommendation, a 40% = 0.40 chance if he receives a moderately good recommendation, and
a 10% = 0.10 chance if he receives a weak recommendation. He further estimates that the
probabilities that the recommendation will be strong, moderate, or weak are 0.7, 0.2 and 0.1,
respectively.

1. How certain is he that he will receive the new job offer?

SOLUTION: [1.5 Marks]| Define the events A that she gets the new job, B, that she
gets a strong reference, By that she gets a moderate reference and Bs that she gets a weak
reference. From the question we can write

P(A|B)) =0.8, P(A|By) =04, P(A|Bs)=0.

From the Law of Total Probability we have

P(A) = P(A|By)P(By)+ P(A|By) P(By) + P (A|Bs) P (Bs)
= 08x0.7+04%x02+0.1x0.1
= 0.56 4 0.08 4 0.01
= 0.65

2. Given that he has receive the offer, how likely he feels that the recommendation he has
received s

SOLUTION: [1.5 Marks| Bayes Theorem tells us that

P (A|By) P (B)

P(BIA) = ==

for 1 =1,2,3.

e strong;

SOLUTION: [1.5 Marks| Using Bayes formula we get

P (A|By) P (By)
P(A)
0.8 0.7

0.65
0.56
= —— =~ 0.861
0.65

P(BI|A) =




e moderate

SOLUTION: [1.5 Marks| Using Bayes formula we get

P (By|A)

o weak?

P (A|By) P (Bs)
P (A)
0.4 x 0.2

0.65

0.08
— =~ 0.123
0.65

SOLUTION: [1.5 Marks| Using Bayes formula we get

P (Bs|A)

P (A|B;) P (B;)
P(A)
0.1 x 0.1

0.65

0.01
—— = 0.015
0.65




Exercise 4 (6 MARKS)
A discrete random variable, Y, has probability mass function

pY(y) :C(y_3)27 Yy = _27_1707172-

1. Find the value of the constant c.

SOLUTION: [2 Marks| Writing the probability mass function as a table we have

y —2 ~1 0 1 2

py () 25¢ 16¢ 9¢ 4c c

We need to choose ¢ such that the sum of the probability mass function is equal to 1.

The sum of the probability mass function is

Z py (y) = 55¢

y=-2

and so we have

1
95¢c=1=—=c= — =~ 0.018
c €=

2. Give the cumulative distribution function of Y.

SOLUTION: [2 Marks| First we will write the probability mass function with the appro-
priate value of c.

y 9 1 0 1 9
Wl 2z 16 9 4 1
Priy 55 55 55 | 55 | 55

Thus we get the cumulative distribution function

0 for y < —2

25

% for —2<y<—1

— for —1<y<0
Fy(y) = 2(5)

% for 0<y<1

EE for 1<y<2

(1 for y>2




3. Find the mean and variance of Y.

SOLUTION: [1.5 Marks| The mean (or expected value) of Y is

EY] = Z y x py(y)

25 16 9 4 1
= ()X =4+ (-)X =40xX —4+1x —+2x —

55 55 55 55 55
50— 16+0+4+2
a 55
60
= —— ~ —1.091
55

The variance is best calculated as Var[Y] = E [Y?] — (E[Y])* where

E[Y?] = > v’ xpr(y

y=—2
95 16 9 4 1
= (=2 X =4 (1P x —+0*x —+12x —+ 22 x —
(=2)" X gp + (F1)T X g 07X g X e 427
25 16 9 4 1
= 44X —4+1X —=—4+0X —+1X —+4x —
55 T Xy TN g T s TN 55
100+ 16+0+4+4
N 55
124
_ 22 99545
55

and so

124 60>

124 144

55 121
1364 — 720

605
644
= — ~1.064
605



Exercise 5 (6 MARKS)
Let X posses a density function

_ [ d*(l-2) 0<2<1
Fx(x) = { 0 elsewhere

1. Find the value of the constant d.

SOLUTION: (3 Marks) Since fx is the probability density function of a given random
variable then we need to choose d such that the sum of probability distribution function is
equal to 1, i.e.

“+oo

fx(z)dr =1

The integral of the probability distribution function is
“+oo

fx(x)dx = /Od-xZ(l—x)dx

— 00

1
= d~/ (x2—m3)dx
0

and so we have

d
—=1=d=12
12

Therefore, the continuous random variable X has the probability density function

1222(1—2) 0<z<1
fX(l‘)_{

0 elsewhere



2. Give the cumulative distribution function of X and P (—%

SOLUTION: (3 Marks) By definition the cumulative distribution function is given by

Pxa)= [ fxlt
Then we distinguish the following three situations:

e 1% case: £ <0, s0t <x<0. Thus we have fx(t) =0 and so
Fx(.ilf) =0

e 2" case: 0 < x < 1, then

= /(; fx(t)dt—l—/om fx(t)dt

= 0+/ (12¢* — 12¢%) dt
0

= [4t3 — 3tﬂg = 423 — 324

e 3™ case: x> 1, we have

Fx(z) = / ;fx(t)dt
- /_(; fX(t)dt—i—/Ol fx(t)dtJr/lx fx (t)dt

1
= 0+/ (126> — 12¢%) dt + 0
0

=1
Therefore, the continuous random variable X has the cumulative distribution function
0 for <0
Fx(z) =< 423 —=32* for 0<ax <1
1 for x >1

We have

10



Exercise 6 (9 MARKS)

PART 1

The probability that a patient recovers from a stomach disease is 0.8. Suppose 20 people
are known to have contracted this disease

1. What is the probability that exactly 14 recover?.

SOLUTION: (3 Marks) Let X be the number of recovered patients from a stomach
disease. Then the distribution of X is

X ~ binomial (n = 20,p = 0.80).
Then the probability that exactly 14 recover is given by

P(X=14) = ( fg ) (0.8)" (1 —0.8)* "

B 20 20! 14 6
- ( 14 ) 14! x 6! (0.8)7(0-2)

20x 19 x 18 x 17 x 16 x 15 14 6
— 0.8 0.2
6Xxbx4x3x2 (0-8)7(02)

= 19x17x8x15(0.8)"(0.2)° ~ 0

2. What is the probability that at least 10 recover?
SOLUTION: (3 Marks) We have

P(X>10) = 1-P(X <10)
— 1-P(X=0)—P(X=2)—--—P(X=9)~1

11



PART 2

A machine is used to automatically fill 355 ml mulk bottles. The actual amount put into
each bottle is a normal random wvariable with mean 360ml and standard deviation of
4ml. What proportion of bottles are filled with less than 355 ml of milk?

SOLUTION: (3 Marks) Let X be the amount of milk in a randomly chosen bottle. Then,
the question tells us that X ~ Normal(yu = 360,0 = 16) and

X —p 355— 360
P(X < 355) = P( s v >
ag

= P(Z<-125) [Z~ Normal(0,1)]
= P(Z>125)

= 1-P(Z<1.25)

— 1—0.8944 = 0.1056

12
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Exercise 1 (9 MARKS)

A. The following data represents the temperature high in degrees Centigrade of 10 consecu-
tive days in April in a certain city:

923, 27, 25, 20, 12, 8, 6, 12, 15, 1T.
Find the followings:
(1) the mean T
SOLUTION: [1.5 Marks| Using the definition of the mean we get

6+8+12+12+ 15+ 17420+ 23 + 25+ 27
10

165
= — =16.5
10

(11) the median .
SOLUTION: [1.5 Marks]| By reordering the data given above we get
6, 8, 12, 12, 15, 17, 20, 23, 25, 27

Then, the median is given

_ 15417

_ 16
v 2

(111) the mode.

SOLUTION: [1.5 Marks] Since the number 12 is repeated two times then the mode
is 12.



B. A sample of three calculators is selected from a manufacturing line, and each calculator
1s classified as either defective or acceptable. Let A, B, and C' denote the events that
the first, second, and third calculators respectively, are defective.

(a) Describe the sample space for this experiment with a tree diagram.

SOLUTION: [1.5 Marks]| Let “D" denote a defective calculator and let “A” denote an
acceptable calculator. Since the experiment consist to select three calculator in ordered way
so we have the following tree diagram

calculator3
calculator2 D
calculator
/ - A
D D
A
/ :
D A
A / D
A

Then the sample space is given by
S ={DDD,DDA, DAD, DAA, ADD, ADA, AAD, AAA}
Use the tree diagram to describe each of the following events:
(b) A.
SoLuTION: [1 Marks| We have

A={DDD,DDA,DAD, DAA}
(c) B.

SOLUTION: [1 Marks| We have
B ={DDD,DDA,ADD, ADA}
(e) AN B.
SoLUTION: [1 Marks| We have

ANB={DDD,DDA}



Exercise 2 (14 MARKS) PARTS A, B AND C ARE INDEPENDENT.

A. The sample space of a random experiment is {a,b,c,d, e} with probabilities 0.1, 0.1, 0.2,
0.4, and 0.2, respectively. Let A denote the event {a,b,c}, and let B denote the event
{c,d,e}. Determine the following:

(a) P(A)
SOLUTION: [0.75 Marks] We have

P(A)=P(a)+ P(b)+ P(c)=0.1+0.1+02=04

(b) P(A%) =P (4A)
SOLUTION: [0.75 Marks] We have

P(A9) =1-P(A)=1-04=0.6

(¢) P(B)
SOLUTION: [0.75 Marks] We have

P(B) = P(c) + P(d) + P(¢) =02+ 04+ 0.2 = 0.8

(d) P(AU B)
SOLUTION: [1 Marks]| Since AU B = {a, b, c,d, e} which is the sample space, then

P(AUB)=1

(e) P(ANB)
SOLUTION: [1 Marks] Since
ANB={c}
thus

P(ANB) =P (c) =02



B. If A, B and C are mutually exclusive events with P(A) = 0.2, P(B) = 0.3, and
P (C) =04, find the following probabilities:

(a) P(AUBUC)
SOLUTION: [1 Marks| Since the events are mutually exclusive, therefore

P(AUBUC) =P(A)+ P(B)+ P(C) =0.24+ 0.3+ 0.4 = 0.9

(b) P(ANBNC)
SOLUTION: [1 Marks] Since AN BN C = (), therefore

P(ANnBNC)=0

(¢) P(ANB)
SOLUTION: [0.75 Marks] Since AN B = (), therefore

P(ANB)=0

(d) P((AUB)NC)
SOLUTION: [0.75 Marks| We recall that
(AUB)NC =(AnC)U(BNC) =1
Thus,

P((AuB)NC) =0

(e) P(A°NBYNCY)
SOLUTION: [0.75 Marks] We have

P(A°nB°nc?) = P((auBUC))
= 1-P(AUBUC)
1= (0.2+0.3+0.4) = 0.1



C. Samples of a cast aluminum part are classified on the basis of surface finish (in mi-
croinches) and length measurements. The results of 100 parts are summarized as follows:

LENGTH

excellent good
SURFACE excellent 80 2
FINISH good 10 8

Let A denote the event that a sample has excellent surface finish, and let B denote the
event that a sample has excellent length. Determine:

(a) P(A)

SOLUTION: [0.75 Marks| A denote the event that a sample has excellent surface
finish, therefore

P (A) =0.80 +0.02 = 0.82

(b) P(B)
SOLUTION: [0.75 Marks| B denote the event that a sample has excellent length,
therefore
P(B)=0.80+0.10=0.90
(¢) P(A]B)

SOLUTION: [1 Mark] Using the definition of the conditional probability we get

P(ANB) 080 _8 oo

P(A]B) = P(B) 090 9




(d) P(B|A)
SOLUTION: [1 Mark]| Using the definition of the conditional probability we get

P(ANB) 080 _80

PB4 = P(A) 082 82

(e) Are the events A and B independent or not? Justify your answer
SOLUTION: [1 Mark]| Since we have from the previous
P(A|B)=0889 AND P (B]|A)=0.0.9756.

Thus P(A| B) # P (B | A) and so the events A and B are not independent.

(e) If the selected part has good length, what is the probability that the surface finish is
excellent?

SOLUTION: [1 Mark] Let
— (' denote the event that the selected part has good length;

— D denote the event that the surface finish is excellent.
Thus,

2
P(D|C) =15 =020



Exercise 3 (9 MARKS)

A. The following table shows the probabilities of 0 through 4 companies that will be running
out of business in a given year:

x 0 1 2 3 4

fx(@)=P(X =2)]025{03]015]02]0.1

1. Verify that this is a probability distribution.

SOLUTION: [2 Marks] Since

025+03+015+02+01=1

2. Find the mean and standard deviation of the distribution.

SOLUTION: [2 Marks| We have
x 0 1 2 3 4

zfx(z) 0 0.3 0.3 0.6 0.4

22 fx (z) 0 0.3 1.2 5.4 6.4

Then by using the previous table we get

po= Y afx(r)=0+03+03+06+04=16

xT

o = y/Var(X)
— \/szfx(ﬂf) — 2

= (0+03+0.6+ 1.8+ 1.6) — (1.6)2
— V4.3 —2.56 = V2.7 = 1.643168




B. Let X posses a density function

kx?(1—2%) 0<2z<1
fx(x):{

0 elsewhere

1. Find the value of the constant k.

SOLUTION: (1.75 Marks) Since fx is the probability density function of a given
random variable then we need to choose k such that the sum of probability distribution
function is equal to 1, i.e.

+o0
fx(z)dr =1
—00
The integral of the probability distribution function is
“+oo

fx(z)dxr = /Olk-x2(1—x3)dx

1
= k/ (a:z—a;5)dx
0

Il
™
N\
Wl =
|
=
~_

o

and so we have
k
—=1=k=06.
6

Therefore, the continuous random variable X has the probability density function

622(1—2%) 0<x<1
fx(x) =

0 elsewhere



2. Give the cumulative distribution function of X.

SoLuTION: (1.75 Marks) By definition the cumulative distribution function is
given by

Fy(z) = /_ " et

Then we distinguish the following three situations:

— 1% case: x <0, sot <z <0. Thus we have fx(t) =0 and so
Fx(ZL') =0

— 2" case: 0 < x < 1, then

Fy(z) = /OO Fr()dt
_ /_iofx(t)dt+/;fx(t>dt

= o+/ (6t — 6t°) dt
0
= [2t° —1°]; = 22° — af

— 3 case: x > 1, we have
— d d ' d
| mswars [ psars [ o

1

= 0+/ (6t — 6t°) dt + 0
0

=1

Therefore, the continuous random variable X has the cumulative distribution function

0 for £ <0
Fx(z) =% 22 —2% for 0<az <1
1 for v >1

10



3. Give the mean and the variance of the random variable X .

SoLUTION: (1.5 Marks) Since X is a continuous random variable then the mean
is given by

Bx) = et

o0

1
= /t6t2 (1—¢%)dt
0
1
= /6(t3—t6)dt
0

The variance is given by

Var[X] = /+Oot§((t)dt—(E[X])2

5 t8 1 9 2
= 6|— — — [
55, ()
1 1 81
5 8 196

3 9 81 36 9

40 20 196 980 245

11
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Exercise 4 (8 MARKS)
Imagine that, it is collected data about the weights for 500 students from Al-Imam Muham-

mad Bin Saud Islamic University. It is found that the mean weight for that sample data p = 68
kilogram and standard deviation o = 219 kilogram. After testing the data, the study shows
that the weights of the students are normally distributed, find how many students weight

1. Between 54 kilogram and 70 kilogram.

SOLUTION: (3 Marks) Let X be the students weight in a randomly chosen. Then, the
question tells us that X ~ Normal(u = 68,0 = 219) and by using the normal distribution
table we obtain

4- X - -
P(s4< X <70) = P(5 68 _ 68 _ 70 68)

219 219 T 219

= P(-0,06<Z<0,01) [Z ~ Normal(0, 1)]
)
)

= P(Z<0,01)—P(=0,06 < Z
= P(Z<0,01)—P(=0,06> Z
= 0.5040 — 0.4761 = 0.0639

2. More than 84 kilogram.

SOLUTION: (3 Marks) We have
P(X>8) = 1-P(X<84)

_q4_p X—68<84—68
219 219

= 1-P(Z<0,07) [Z ~ Normal(0,1)]

= 1-0.5279 =0.4721

13



Exercise 5 (8 MARKS)
A store sells clothes for men. It has 3 different kinds of jackets, 7 different kinds of shirts,

and 5 different kinds of pants. Next to the store, there is a Library which sells books, it has 8
different mystery books and 4 different history books.
Find the number of ways, a costumer can buy:

1. One of the items from the store.

SOLUTION: (3 Marks) The number of ways is

3+7+5=15

2. One of each of the items from the store.

SOLUTION: (3 Marks) The number of ways is

3xT7Tx5=105

3. 3 books from the Library.

SOLUTION: (3 Marks) The number of ways is

121 12x11x1
12) R

C<12’3):<3 T 3ixo 6

14



Exercise 6 (8 MARKS)
The probability that a lab specimen contains high levels of contamination is 0.10. Five

samples are checked, and the samples are independent.

1. What is the probability that none contains high levels of contamination?

SOLUTION: [4 Marks| Let H; denote he event that the ii" sample contains high levels
of contamination. Thus, since the samples are independent we get

P(HYNHY NHS NH{ NHY) = P(H{)P(Hy)P(HS)P(H{)P(HY)
= (0.90)° = 0.59

(11) What is the probability that exactly one contains high levels of contamination?

SOLUTION: [4 Marks| We have five possibilities for this situation:

e Ay =H, NHYNHSY NH NHY;
e Ay =HYNHyNHS NH{ NHY;
o Ay =H{NHY NHyNH NHY;
e Ay=HCNHSYNHS NH,NHY;
o As = HY N HS N HS N HS N Hs.

The requested probability is the probability of the union A; U Ay U A3 U Ay U A5 and these
events are mutually exclusive. Also, by independence

P (A;) = (0.90)*(0.10) = 0.0656
Therefore,

P (A1 UA UA;U Ay U As) = 5((0.90)*(0.10)) = 5(0.0656) = 0.328

15
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MAT 301 & MAT 141 & STA 141 | FINAL EXAM

| EXERCISE 1. (7marks)

The following display gives the number of Friday newspapers published in each of the 11
district of Kingdom of Saudi Arabia during 1430.

39 25 28 10 14 93 25 22 19 31 33

1) (.75 marks) Find the sample mean.

. . 2 ..
2) 25marks) Find the variance S~ and standard deviation s .

3) 3 marks) Find the quartiles Oy, 0,.

SOLUTIONS

1. MEAN = 30.82
2. s°=494.76 s=22.24

3.Q1=19 ,Q2=25

|| EXERCISE 2. (10 MARKS)

PART A. Suppose that a parking contains 24 cars where only six cars are BMW and 4
cars are Mercedes. Four cars are selected at random and without replacement for daily use.
1) owarxs What is the probability that exactly one car in the sample is a BMW one?
2) cwarxs) What is the probability that at least one car is BMW in the sample?
3) eowarxs) What is the probability that exactly one car is BMW in the sample and exactly
one car 1s a Mercedes?

SOLUTIONS
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MAT 301 & MAT 141 & STA 141 I FINAL EXAM

PART B. At a certain gas station, 40% of the customers use regular gasoline

91 (event 4,), 35% use super gasoline 95 (event 4,), and 25% use diesel (event
As3). Of those customers using regular gasoline 91, only 30% fill their tanks
(event B). Of those customers using super gasoline 95, 60% fill their tanks,
whereas of those using diesel, 50% fill their tanks.

a. (.75 marks) What is the probability that the next customer will request super
gasoline 95 and fill the tank (Az NB ) ?.

b. (.75 marks) What is the probability that the next customer fills the tank?

c. @s0 marks) If the next customer fills the tank, what is the probability that
regular gasoline 91 is requested? Super gasoline 95 is requested? Diesel
1s requested?

SOLUTIONS
SOLUTION

4x3=.12=P(4 " B)=P(4,) P(B| A)

35%x.6=.21=P(A, "B)

25%.5=.125=P(4, N B)

a. P(A,NB)=.21

b. P(B)=P(A; " B)+P(A, N B)+ P(A; N B) =.455

P(4,NB) .12
P(B) 455

c. P(A(|B)= =.264

P(A;|B) = A =.462,P(A;|B)=1-.264 - .462 =.274
455

IMAMU Page 3 of 6



MAT 301 & MAT 141 & STA 141 | FINAL EXAM

H EXERCISE 3. (8 MARKS)

PART A. An oil exploration company currently has two active projects, one

in KSA and the other in Kuwait. Let 4 be the event that the event the Saudi
project is successful and B be the event that the Kuwaiti project is successful.
Suppose that 4 and B are independent events with P(4) = 0.4 and P(B) =0.7.

a. ¢ marks) If the Saudi project is not successful, what is the probability that
the Kuwaiti project is also not successful? Explain your answer.

b. 2 marks) What is the probability that at least one of the two projects will
be successful?

SOLUTION

a. Since the events are independent, then A’ and B’ are independent,
too. (see paragraph below equation 2.7. P(B'|A’)=. P(B')=1-.7=.3
b. P(AU B)=P(A) + P(B)—P(A)-P(B)=.4+.7 +(.4)(.7) = .82

PART B. A total of 46% of the voters in a certain city classify themselves as

Independent, whereas 30% classify themselves as Liberals and 24% as
Conservatives. In a recent local election, 35% of the Independents, 62% of the
Liberals, and 58% of the Conservatives voted. A voter is chosen at random.

a) marks) What fraction of voters participated in the local election?

b) @ marks) Given that this person voted in the local election, what is that he
or she is an Independent.

SOLUTIONS

(d) P{voted} = .35(.46) + .62(.3) + .58(.24) = .4862
That is, 48.62 percent of the voters voted.

P(voted|Ind)P(Ind)

" P(votedjtype)P(type)
_ 35(.46) .
35(.46) +.62(.3) +.58(.24)

(a) P(Ind|voted) =
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MAT 301 & MAT 141 & STA 141 | FINAL EXAM

EXERCISE 4. (15 MARKS)
|

1) The random variable X has a binomial distribution with » = 10 and p = 0.01.
Determine the following probabilities.

a. (25marks) P(X =5)=

b. a2smarks) P (X <2) =

c. aasmarcs) P(X>9)=
SOLUTION

i .’10\ i 3 _8
A P(X =35) =I ; ]0.01‘(0.99) =2.40x10
.5 |

|0 01(0.99 |0 012(0.99)°

(10) -
b)P(X < 2) :l - J0.01°(,0.99}1“
~0.9999

(10
ciP(X = 9)= 3

\

(10) _
]0.019(0.99)1 +] 5 ]0.01”’{0.99)0 = 09T %107

2)  Automobiles arrive at a vehicle equipment inspection station according to a Poisson
process with rate A = 10 per hour. Suppose that with probability 0.5 an arriving
vehicle will have no equipment violations.

a. (1.50 MArRkS) What is the probability that exactly 10 arrive during the hour?

b. .50 marks) What is the probability that exactly 10 arrive during the hour and all
10 have no violations?

SOLUTION
P(y arrive and exactly 10 have no violations)

= P(exactly 10 have no violations / y arrive). P(y arrive)

. ) 10 (10)”
= P(10 successes in y trials when p =.5)-¢"° g

Y 10 »=10 =10 (1O)y —10(5)y
_[1()}(.5) ) y! 104y —10)!
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MAT 301 & MAT 141 & STA 141 | FINAL EXAM

3) Let Z be a standard normal random variable, Z ~ A/

a. (.somarks) Calculate the following probabilities P(1.51<Z <2.25) |

b. (150 marks) Determine the value of the constant ¢ that makes the probability
statement correct: P(O <Z< C) =0.195

4) 3.25 MARkS) Suppose only 40% of all drivers in Florida regularly wear a seatbelt. A
random sample of 500 drivers is selected. What is the probability that fewer than 175

of those in the sample regularly wear a seatbelt? (HINT: consider X the normal
distribution with mean #=np=500x0.4=200 and standard deviation

o = \npq =/500x0.4x0.6 =10.95).
SOLUTIONS
n=>500,p=.4, 1u=200,0=10.9545

P(X <175) = P(X <174) = P(normal < 174.5) = P(Z < -2.33) =.0099

EXERCISE BONUS (3 MARKS)|

Let X = the time between two successive arrivals at the drive-up window of a local bank.
If X has an exponential distribution with 4 =1, compute the following:

a. (Mark) The expected time between two successive arrivals.

b. (1 mark) The standard deviation of the time between two successive arrivals.

c. amark) P(X <5),

SOLUTIONS

2, E(X)=1/2=]
b. o=1/1=]

c. P(X<5)=1-¢" =1-¢"20.9933
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INSTRUCTIONS

Please check that your exam contain 13 Pages total (including the first page!!
& Normal Tables) and 04 EXERCISES.

Please check your test for completeness.
Read instructions for each problem carefully.

NO book, NO notes but you may use a calculator which does not graph and
which is not programmable.

Show all your work to get full credit. You must explain how you get your
answers using techniques developed in this class so far. Answer with no
supporting work, obtained by guess-and-check, or via other methods will result
in little or no credit, even correct.

Place a box around Your Final Answer to each question.

Answer the equation in the space provided on the question sheets. If you need
more room (space), use the backs of the pages and indicate to the reader that
you have done so.

If you are not sure what a question means, raise your hand and ask me.

Check your work!

Good Luck! Lo Ddey
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|| EXERCISE 1. (09.00 Marks)

PART A (450 maksy A multi-choice exam is composed of 10 questions; each question
consists of 4 possible answers such that only one is true. The student chooses randomly an

answer for each question. Find the probability that:

1. ©iusomaky He has exactly 5 correct answers.

1»31L be H%’ r(/anolom vaw&\qQ cé(enol'nng 7LL€ ~numloer o’f the
Cor/rer)r ANSWEYS . T}W& X ~ (Zm(v\: 10, h) jx:,,

X ¢ B{nommp Q]Lkg# ri LuL;on wﬁerc . 10—k

P (s e () (3 (13
o P(X:5) - ("")U (&)= 0098

2. o150 Maksy He has at most 9 correct answers

V\/@ %o’lv'e

P(x g 1 - (O - 10)
g

~ 6 933.. =1

})

i

3. ©isomaks He has at least 2 correct answers.
We Jﬁ ave

?QX>QB« A - P

- /‘\_.,PEKXQ/A
P (s 0)

. K,\O@\ (%)OXG;\W-Q- (A) % “%33
0.
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PART B (0450 marksy TWo boxes A and B are as follows:
- Box A contains 7 green balls, 3 red balls and 8 black balls,
- Box B contains 4 green balls and 9 black balls,
One ball is taken randomly from box A4 (ball 1) and put in box B and then one ball is taken

randomly from box B (ball 2).
(@) (075 Marky Find the probability that the ball 1 is black.

\NC e\a\/e %%’?9\0@&7\ \'\"ee &/\a %\"‘ém
Bex P\} 5/»“+ From Bex B

(=
4D g Rfack 2P
//C;; \\Em\‘% R, Red RaPP

R Gy G
L4 ke h QP
\/ﬂ\ i $ § & &n Ra
‘ 4,
G Tenok -
/\OI,1L| R Eﬁ-" Raw /L'\.sl?at)

o 9B, RalRz isBh
TR 1 i \DPac\(J“: F o 21 G

(b) (somaks Find the probability that the ball 2 is black. R ) . RdQP 1 ¢ E,,A

We Rave
p, & g 9. 9, 3. XD‘?‘é?;ﬁf-Q:F

T s

= 40, 2 x -
T’:X )¢g~+ 17’)( ‘g"" iL' \‘%7 W
=~ O.6F5
(c) 225 muky Find the probability that the ball 1 is green, given that the ball 2 is black.
We %\a\/(i
(Rl 6,) (6]
Plem) = SRR
1 ° .
_ %"‘ /\L: 8% L 0,374
- g A 30 230

e~ 3§
Iy )
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| EXERCISE 2. (15.00 Marks)

PART A («somais) The waiting time, in hours, between successive speeders spotted by a
radar unit is a continuous random variable X with cumulative distribution function

1—e® ifx>0
F.(x)=
x () { 0 ifx<0

1. (02.00 marks) Find the density distribution function fy of the random variable X.

Sinee ’E’( Yy & Cen_\;LYW\DUS %Mnc\‘iow »% /\erev Vé«D

Huzn X e A4 (’j)nllywaug ransem \/avwa\«wp WL\'\“ \QWOL%‘L’%

)

ACV\ g\ba %m\'\cl“av\ %-5( WEQ (\*’
Je K 250
— !

\'x CX\ - %X QX\ - D
A v (0

2. (oo marks) Find the probability that the waiting time is lesser than 2 hours, P(X<2),

Ve have "
PxgaN- Wl = A -C

)

3. (©1.s0maks) Find the probability that the waiting time is bigger than 1 hour, P(X z1).

Yl\/ Q ﬁ\a\/ <4

= A - F M
I P
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PART B (3.0 maksy A continuous random variable X has the following density distribution
function

kx 0<x<l

0 elsewhere

fX(x):{

Find the followings:

1. (©02.00Marksy The value of the parameter £.

Sipe i’( IS a\% % Fhe v, X then
jiim“ﬁ & \cxc\z = A

A oMo e =2

2. (03.00 Marksy The cumulative distribution function Fly, of the random variable X.

We  Rave ﬁw(ﬂ _ ) 2 ;\%og% <A

O e P&wﬂ?e e

By th e \(\of\ o Qu\% W Yove
é éﬁ M - 5 S ORL

T hen 0 /‘\Q * L0
(v) = ' /L% ol (1

A ‘){ % S
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3. (01.00Marksy P(X <£0.5),

We Sg\m/c' ? (X é 0. \9\> (—;( ((D 5>

4. (01.50Marks) P(-0.4 < X <04),

We Fave ’PCML % CDL\B ?(x {o.1) ..’;_P(XQ-M)

- .16
5. (03.00Maksy The mean and the variance of X. \\
, X yvc a2 Conhrmuswl YLV

M/C i&;)\/e - ILLW Me N

5 F00 ) 2 2
i 2 . N~
t[xj: Jx{fmw = JEW Ax = 35

'Y : 0
4 , Ce
e ﬁd\/? ‘ the  verian

JIx] E[YQ] (EU\)L

J :M d“'(@‘)

\l

9"?:2
. L4 — 7" 3







|| EXERCISE 3. (15.00 Marks)
o+.50 Marksy Let Z be a standard normal random variable and calculate the following

PART A
probabilities:
(@) ©osomaky P(Z <1.32)

e Fave Pz 4_3% = 0. 9066

- 9.4J)

(b) ©roomay P(Z2-1.70)
P(23-170) = 2- ¥ (2K
- A~ ©.04Lb
= 0.85%55¢

(©)  ors0maky P(1.50< Z <2.50) A 5\
P (qusoéz 42.50 ?(zdg bb> ?QZ(
= .93~ 0.3332

We Rave
_ D.0606
(d)  (01.50 Marks) P(IZ’ <2.40)
W@ %&v’c |
D(\z | £2.u0) = (-2.4042 422&5 \
_2(z¢and) - ETAZam
~ p.93A¥ - D. 003R

= 0.9936

MMMMM






) A continuous random variable X has the normal distribution with mean
=1 and standard deviation 0 = 2. Compute the following probabilities by standardizing

a)< Mk) X<35

ﬂ(x XN \N( 4 Ga—“ [F) Hon WfODWSicfer{'Le
gichv\c\awzec\ NOTW\E\QID\S& \w%\ovw Z X/M Xz/ﬁ ’V[}(@o

Pl x {35)= P(z<354) ?Qz(ﬂ.%):@%ﬂqg

b) s P(—2<X <4.4)

A . Rz neyy
A -0.84%L = 0.0526

Won

d) oo P X -8.75<10)

ot C o[-0 ¢ XA 5”‘(5440)
Pix- 8% £ 1) _ Pé/& s (X ¢ 13%5)

:P<425® i ZM)
:?_Q_me ¢ 7 ¢ 9.9%5)
:?L/X’ELZ Q%(X%B

o(7¢ 5 ) . ®(Z2¢- A 13)

A 0732
o~ D%TG?







PART C Suppose only 90% of all drivers in Florida regularly wear a seatbelt. A random
sample of 100 drivers is selected. Let X be the random variable denoting the number of drivers
wearing a seatbelt.

1.  (02.00 marksy What is the probability distribution of the random variable X?
Since any OIver will wear a eal be P} =r not *hen

X a5 a ?{Y\OM@Q :b\c&\‘“\mjvow w Reve

X U (]%im [4[)0/ 90%) with n= 00 Ség);‘i
F 0.Q0 FFO’@&!L«[‘Q%

2. Approximate the probabilities that

(a) (o1.50 Marks) Between 89 and 95 of the drivers in the sample regularly wear a seatbelt?

Cine X ~ Rin C/\OD @%@3 wi Fh Samf{’e 9\5( n= 00>
Fhen X /\/ J‘(ﬂ(/&/@ > w?\ew/xﬂ Elx ]z hp= 90

- QD0
=N 5)C\ 4.@05( D

j’| Norwp aPﬂW\Ma‘ﬁon \B l\ glhomé& 5

4 B (1290, 7 ¢95-%)\ O% = 3
“E(%gxg?ﬁ): (‘——-3-—"47'4“?”) :&NM@,@

=P(-2.33¢ @< Cb) 3
= P(z¢au) - ¥ (Z¢-2 33) - 0_‘35@?’%@33

(b) (o1.00 Marksy Fewer than 93 of those in the sample regularly wear a seatbelt? - 0.% 1@
?(x«33)= P (7 493’%J
3
- 2 (2 ¢ 2]
_ 0343

—
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l) EXERCISE 4. (03.00 Marks)

Assume that each of your calls to a popular radio station has a probability of 0.02 of
connecting, that is, of not obtaining a busy signal. Assume that your calls are independent.

a) (o1.50 Marksy What is the probability that your first call that connects is your tenth call?

Let X be the randem vav]a\fovc du\ox—ing the mm\«oer

O% calle anbil the %%vs‘r Connection.

Lo , » 0OR ; C;reb\ma\'ric s lrri)au)/;on
X nNJ é@OW\ ( O \0\);«\'\\ ?a\(\ab’Y)e“eVé()a <ﬂ

Thue % QX: \CB _ 3@'?>\Q1 %
an

BE QX :/XD) - @-0‘0253 X Dw,@?/ -
- 0.0067

b) ©1.50 Maksy What is the probability that it requires more than three calls for you to
connect?

Pixs3z) = 1~ T (xea)
& > ) o (Ecx:i)% E(x:%})

2 1-0.02 - O.HF x0.0¥
- 0. 3604

(0.92)3 x 0.0
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POSITIVE z Scores

.03 .04 05 .06 07 .08 .09

00 5000 5040 5080 5120 5160 5199 5239 5079 5319 5359

559

e

e S
9265

2. 9B

9793 | 9798

- A’x;;984

997 | 9929 9
9988 | 9989
9997 | 9997

NOTE: For values of z above 3.49, use 0.9999 for the area.
*Use these common values that result from interpolation:

Common Critical Values

Confidence  Critical
zZ score Area

Level Value

1.645 09500 - 0.90 1.645
2.575 0.9950 -- 0.95 1.96

0.99 2.575

An Addison-Wesley product. Copyright © 2004, Pearson Education, Inc.






NEGATIVE z Scores

0

Standard Normal (2) Distribution: Cumulative Area from the LEFT

Z I .00 .01 .02 .03 04 .05 .06 .07 .08

.09

4920

NOTE: For values of z below —3.49, use 0.0001 for the area.
*Use these common values that result from interpolation:

Z score Area
—1.645 0.0500 -
—2.575 0.0050 -

An Addison-Wesley product. Copyright © 2004, Pearson Education, Inc.






