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Summary

Knowledge of the channel is valuable for equalizer design. To estimate the channel, a
training sequence, known to the transmitter and the receiver, is normally transmitted.
However, transmission of a training sequence decreases the system throughput. Blind
channel estimation uses only the statistics of the transmitted signal. Thus, it requires no

training sequence, increasing the throughput.

Most real-life communication systems employ some form of error-control code (ECC)
to improve the system performance under noise. In fact, with the advent of turbo codes
and turbo equalization, reliable transmission at a signal to noise ratio (SNR) close to
capacity is now feasible. However, blind estimators that ignore the code may fail at low
SNR. Recently, blind estimators have been proposed that exploit the ECC and work well
at low SNR. These algorithms are inspired by turbo equalizers and the expectation-

maximization (EM) channel estimator.

The objective of this research is to develop a low-complexity ECC-aware blind
channel estimator. We first propose the extended-window (EW) algorithm, a channel
estimator that is less complex than the EM estimator, and has better convergence
properties. Furthermore, the EM algorithm uses the computationally complex forward-
backward recursion (BCJR algorithm) for symbol estimation. With the EW estimator, any

soft-output equalizer may be used, allowing for further complexity reduction.

X1l



We then propose the soft-feedback equalizer (SFE), a low-complexity soft-output
equalizer that can use a priori information on the transmitted symbols, and is thus suitable
for turbo equalization. The coefficients of the SFE are chosen to minimize the mean-
squared error between the equalizer output and the transmitted symbols, and depend on
the “quality” of the a priori information and the equalizer output. Simulation results show
that the SFE may perform within 1 dB of a system using a BCJR equalizer, and

outperforms other schemes of comparable complexity.

Finally, we show how the SFE and the EW algorithms may be combined to form the
turbo estimator (TE), a linear-complexity ECC-aware blind channel estimator. We show
that the TE performs close to systems with channel knowledge at low SNR, where ECC-

ignorant channel estimators fail.
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CHAPTER 1

I ntroduction

Error-control codes (ECC), or channel codes, allow for reliable transmission of digital
information in the presence of noise. Through this process, an information-bearing
sequence of length K, called a messageis mapped, or encoded, into another sequence of
length N > K, called a codeword This encoding introduces redundancy, but it also restricts
the number of possible transmitted codewords, allowing for reliable communication at a
lower signal-to-noise ratio (SNR) [1]. The codeword is then modulated and transmitted
through the communications channel. The received signal is a distorted version of the
modulated codeword; in particular, communications channels introduce noise, normally
modeled as additive white Gaussian noise (AWGN), and intersymbol interference (ISI),
the effects of which are normally modeled by a linear filter.

The receiver goal can be very clearly and concisely described: the transmitted message
bits should be estimated at the receiver according to a rule that minimizes the bit error rate
(BER). Assuming equally likely message bits, this rule can be implemented with a
maximum-likelihood (ML) detector, which estimates each message bit so as to maximize

the likelihood of observing the received signal conditioned on the message bit [1].



ML detectors jointly and optimally perform all receiver tasks, such as synchronization,
timing recovery, channel estimation, equalization, demodulation and decoding.
Unfortunately, the computational complexity of ML receivers is prohibitive. In some
cases, such as coded systems with interleavers, an ML receiver has to consider every
possible transmitted message independently. For messages of 1,000 bits, this means

considering 21000

messages, much more than the current estimate for the number of
atoms in the universe [2]. Until the promise of quantum computers (which theoretically
could analyze all possible messages simultaneously) is realized [3], or until a better
strategy is discovered, exact ML detection will remain a benchmark and an object of
theoretical investigation.

Traditionally, receivers employ a suboptimal divide-and-conquer approach for
recovering the transmitted message from the received signal. First, timing is estimated [1]
and the signal is sampled. Then the equalizer parameters are estimated [1,4-8]. After that,
the equalizer removes the ISI introduced by the channel [1], so that its output can be seen
as a noise-corrupted version of the transmitted codeword. Finally, the equalizer output is
fed to the channel decoder which, exploiting the beneficial effects of channel encoding,
estimates the transmitted message [2].

The divide-and-conquer approach is clearly suboptimal. Consider, for instance, the
problem of channel estimation. Traditionally, the channel is estimated by transmitting a
known sequence, called a training sequence [1,4,5], and the received samples
corresponding to the training sequence are used for estimation. However, this approach,

known as trained estimation, ignores received samples corresponding to the information

bits, and thus does not use all the information available at the receiver. To improve



performance, the channel may be estimated based on all received samples, in what is
known as semi-blindestimation [6]. Channel estimation is still possible even if no training
sequence is available. In this case, we obtain blind channel estimates [7,8]. When
performing blind or semi-blind channel estimation under the divide-and-conquer
framework, the fact that the transmitted signal is restricted to be a codeword of a given
channel code is not exploited. However, it seems clear that performance would be
improved if the channel encoding were taken into account.

In this work, we propose the blind turbo estimator (TE), a low computational
complexity technique for exploiting the presence of ECC in blind and semi-blind channel
estimation. This work has four facets: channel estimation, blind and semi-blind
techniques, the exploitation of ECC, and low computational complexity. The importance

of each facet is discussed below:

e Channel estimation. Channel estimates are required by the ML equalizer, and can
be used to compute the coefficients of suboptimal but lower-complexity equalizers
such as the minimum mean-squared error (MMSE) linear equalizer (LE) [1], or the
MMSE decision-feedback equalizer (DFE) [1]. Even though the MMSE-LE and
the MMSE-DFE can be estimated directly, having the channel estimates allows us
to choose which equalizer is more appropriate for the channel. For instance, in

channels with deep spectral nulls, DFE is known to perform better than LE.

e Blind and semi-blind techniques. By using every available channel output for

channel estimation, semi-blind techniques perform better than techniques based
solely on the channel outputs corresponding to training symbols and thus can use a

shorter training sequence [6]. Therefore, semi-blind and blind techniques increase



the throughput of a system by requiring a small training sequence or none whatso-
ever. Eavesdropping is another application of blind channel estimation. The eaves-
dropper may not know what the training sequence is and hence has to rely on blind

estimation techniques.

Exploitation of ECC. Most of the existing blind channel estimation techniques

operate within the divide-and-conquer framework, ignoring the presence of ECC,
and normally assuming that the transmitted symbols are independent and identi-
cally distributed (iid). This approach works well at high signal-to-noise ratio
(SNR). However, the last decade has seen the discovery of powerful ECC tech-
niques such as turbo codes and low-density parity check codes [9-11] that, with
reasonable complexity, allow reliable transmission at an SNR only fractions of a
dB from channel capacity. When powerful codes are used and systems operate at
low SNR, blind and semi-blind estimation techniques that ignore ECC are doomed
to fail. This observation motivated the study of blind ECC-aware channel estima-

tors in [12-17].

Low computational complexity. The per-symbol computational complexity of

existing ECC-aware channel estimators is exponential in the memory of the chan-
nel. However, in applications such as xXDSL and high-density magnetic recording,
the channel impulse can have tens or even hundreds of coefficients. For channels
with long memory, existing ECC-aware channel estimators are prohibitively com-

plex, which motivates the study of low-complexity techniques.



Examples abound that show that it is possible to improve the performance of the
divide-and-conquer approach simply by having the receiver components cooperate
through an iterative exchange of information. For instance, in turbo equalizers [18,19]
(which assume channel knowledge), the decoder output is used by the equalizer as a priori
information on the transmitted symbols. This produces improved equalizer outputs, which
in turn produce improved decoder outputs, and so on. By iterating between the equalizer
and the decoder, turbo equalizers achieve a BER much smaller than that of the divide-and-
conquer approach, with reasonable complexity. Iterative channel estimators [6,20-28] are
another important class of iterative algorithms that perform better than their noniterative
counterparts. In these algorithms, an initial channel estimate is used by a symbol estimator
to provide tentative estimates of the first- and/or second-order statistics of the transmitted
symbol sequence. These statistics are then used by a channel estimator to improve the
channel estimates. The improved channel estimates are then used by the symbol estimator
to improve the estimates of the statistics, and so on.

Turbo equalizers and iterative channel estimators normally rely on the forward-
backward algorithm by Bahl, Cocke, Jelinek and Raviv (BCJR) [29] for equalization. This
algorithm computes the a posterioriprobabilities (APP) of the channel inputs given the
channel output, channel estimates, and a priori probabilities on the channel inputs, and
assuming that the channel inputs are independent. In other words, if an ECC is present,
this presence is ignored.

The BCIJR algorithm is well-suited for iterative systems, since it can use the a priori
information at its input to improve the quality of its output and since it computes soft

symbol estimates in the form of APP. However, its per-symbol computational complexity



increases exponentially with the channel memory, and hence is prohibitive for channels
with a long impulse response. This has motivated the development of reduced-complexity
alternatives to the BCJR algorithm, such as the equalizers proposed in [30-38]. The
structures proposed in [30-35] use a linear filter to equalize the received sequence. The
output of this filter contains residual ISI, which is estimated based on the a priori
information, and then cancelled. Reduced-state algorithms are investigated in [36-38];
however, these are more complex than the structures based on linear filters.

In this work, we propose the soft-feedback equalizeSFE), a low-complexity
alternative to the BCJR algorithm based on filters that is similar to those proposed in [30-
35]. One important difference is that the SFE uses a structure similar to a DFE, combining
the equalizer outputs and a priori information to form more reliable estimates of the
residual ISI. A similar system is proposed in [35] that uses hard decisions on the equalizer
output to estimate the residual ISI. However, because hard decisions are used and because
the equalizer output is not combined with the a priori information before a decision is
made, the DFE-like system of [35] performs worse than schemes without feedback.

As in [32-35], the SFE does not rely solely on interference cancellation (IC). Instead,
the SFE coefficients are computed so as to minimize the mean-squared error (MSE)
between the equalizer output and the transmitted symbol. The resulting equalizer
coefficients depend on the quality of the equalizer output and the a priori information. By
assuming a statistical model for the equalizer outputs and the a priori information, we
obtain a linear-complexity, time-invariant equalizer. In contrast, the MMSE structures in

[32-35] have to be computed for every symbol, resulting in a per-symbol complexity that



is quadratic in the length of the equalizer. A similar statistical model is used in [39] to
obtain a time-invariant, linear-complexity, hard-input hard-output equalizer with ISI
cancellation.

We will see that in special cases, the SFE reduces to an MMSE-LE, an MMSE-DFE,
or an IC. We will show that the SFE performs reasonably well when compared to the
BCJR algorithm and the quadratic complexity algorithms in [32-35], while it outperforms
other structures of comparable complexity proposed in the literature.

Iterative channel estimators fit the iterative paradigm depicted in Fig. 1. In this figure,
a symbol estimator produces soft information on the transmitted symbols based on the
channel estimates, k, and the noise variance estimate, 62, provided by the channel
estimator. The channel estimator then uses the soft information on the transmitted symbols
to compute improved channel estimates. The new channel estimates are then used by the
symbol estimator to compute better soft information, and so on. The most important
iterative estimator, on which most other iterative estimators are based, is the expectation-
maximization (EM) algorithm [40,41]. In this algorithm, the symbol estimator in Fig. 1 is
based on the BCJR algorithm and produces soft estimates of the first- and second-order

statistics of the transmitted symbols.

CHANNEL SYMBOL
ESTIMATOR ESTIMATOR

Fig. 1. Blind iterative channel estimation.



The EM algorithm has two sources of complexity. First, it involves the computation
and inversion of a square matrix whose order is equal to the channel length. Second, and
most important, it uses the BCJR algorithm for equalization. In this work, we will obtain a
simplified EM(SEM) algorithm that avoids the matrix inversion without significantly
affecting performance, resulting in a complexity that is proportional to the channel length.
More interestingly, based on the SEM, the soft symbol estimator may be implemented
with any of a number of low-complexity alternatives to the BCJR algorithm, such as the
SFE. Low complexity alternatives to the EM channel estimator are also proposed in
[25,26]. However, in these strategies the complexity is reduced through the use of a low-
complexity alternative to the BCJR algorithm. Therefore, they are intrinsically tied to an
equalization scheme. Furthermore, the estimators proposed in [25,26] do not avoid the
matrix inversion, resulting in a quadratic computational complexity.

In this work, we will also investigate convergence issues regarding iterative channel
estimators. The EM algorithm generates a sequence of estimates with nondecreasing
likelihood. Hence, the EM estimates may converge to the ML solution. However, they may
also get trapped in a nonglobal local maximum of the likelihood function. We will propose
a simple modification, called the extended-window EMEW) algorithm, which greatly
decreases the probability of misconvergence without significantly increasing the
computational complexity.

Finally, by viewing a turbo equalizer as a soft symbol estimator, we combine turbo
equalization with iterative channel estimation. Since turbo equalizers provide soft symbol
estimates that benefit from the presence of channel coding, the resulting turbo estimation

scheme is an ECC-aware channel estimator. Thus, we have proposed the turbo estimator



(TE), a linear complexity blind channel estimator that benefits from the presence of
channel coding. Other ECC-aware channel estimators were proposed [12-16], but they are
all based on the EM algorithm and hence suffer all the complexity and convergence
problems mentioned above.

To summarize, the main contributions of this work are:

The soft-feedback equalizer (SFE), a linear complexity equalizer that produces

soft symbol estimates and benefits from a priori information at its input.

e The simplified EM (SEM) algorithm, an iterative channel estimator that is less
complex than the EM algorithm and is not intrinsically tied to the BCJR equalizer,

which opens the door for further complexity reduction.

* The extended window (EW) algorithm, an iterative channel estimator that is less

prone to misconvergence than the EM algorithm.

e The turbo estimator (TE), an iterative channel estimator that benefits from the

presence of ECC to produce reliable channel estimates at low SNR.

This thesis is organized as follows. In Chapter 2, we present the channel model and
describe the problem we will investigate, and provide some background material on turbo
equalization and iterative channel estimation via the EM algorithm. In Chapter 3, we
propose the SEM, a channel estimator that is less complex than the EM algorithm. In
Chapter 4, we propose the EW algorithm, an extension to the SEM algorithm that makes it
is less likely than the EM to get trapped in a local maximum of the joint likelihood
function. In Chapter 5, we propose the SFE, a linear-complexity alternative to the BCJR

equalizer. In Chapter 6, we describe the application of the SFE to turbo equalization.



Please note that Chapters 5 and 6 are not related to Chapters 3 and 4. In Chapter 7, we
propose the TE, a linear complexity ECC-aware channel estimator that combines the EW
algorithm of Chapter 4 with the SFE-based turbo equalizer of Chapter 6. In Chapter 8 we

summarize the contributions of this thesis and present directions for future work.
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CHAPTER 2

Problem Statement and Background

In this chapter, we describe the model we will use for the communications system and
define the problem investigated in this research. We also provide background material on
two iterative techniques that solve parts of this problem: turbo equalization and iterative

channel estimation.

2.1 Problem Statement

We consider the system model shown in Fig. 2, where a binary message m = [m, ...
mg_1] of length K is transmitted across a linear AWGN channel with memory p. The
channel and the noise are assumed to be real. A binary ECC encoder with rate K/N maps
m to a sequence of binary phase-shift keying (BPSK) symbols e = [cy, ... ¢j_1] of length

N. As with wireless systems and systems employing turbo equalization, the codeword ¢ is

AWGN

m ECC c a h % r
™| ENCODER = T k

INTRLEAVER ISI

\i

Fig. 2. Channel model.
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permuted according to the interleaver TT before transmission. Let {rt(0), ... T{N — 1)} be a

permutation of {0, ... N — 1}. Then, the interleaver output is @ = [ay, ... ap3 |, with a, =

Cruk)-

Letr =[rg, ... r;, _ 1] denote the received sequence of length L = N + Y, where

r.=hYay, + ny, (1

where the channel impulse response is k& = [, ... hp]T, where a;, = [ag, ... ak_p]T is the

channel input, and where n; represents additive white Gaussian noise (AWGN) with

variance 0. For notational ease, we restrict our presentation to the BPSK alphabet, where

ay, O {x1}. The results in this work can be extended to other alphabets using the techniques

described in [33].

Ideally, we would like to solve the joint-ML blind channel estimation and symbol

detection problem, i.e., find

(ilML , Oy » My ) = argmax log Ph,c(" Im), 2)

where log pj, o(rim) is the log-likelihood function, defined as the logarithm of the
probability density function (pdf) of the received signal r conditioned on the channel input
m and parametrized by h and o. Intuitively, the ML estimates Fyy Oy > and my,, are
those that best explain the received sequence, in the sense that we are less likely to observe
the channel output if we assume any other set of parameters to be correct, i.€., pj, o(rlm) <
p P, 6ML(rI m,; ) O h, 0, m. Besides this intuitive interpretation, ML estimates have
many interesting theoretical properties [4]. Under fairly general conditions, ML estimates

are asymptotically unbiased and efficient. In other words, under these general conditions

and as the number of transmitted symbols N tends to infinity, the expected value of the ML
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estimates tends to the actual value of the parameters, while the variance of the estimates
tends to the Cramér-Rao bound, which is the lowest variance achievable by any unbiased

estimator.

Unfortunately, the computational complexity of finding the ML estimates is
prohibitive. In this work, we will study iterative approaches that provide approximate
solutions to the maximization problem in (2). The reason for the focus on iterative
approaches is that iterative techniques successfully provide approximate ML solutions to

otherwise intractable problems, such as the following:

* On a coded system with channel knowledge, turbo equalizers produce a good
approximation, with reasonable computational complexity, to the maximization of

log p(rm).

* On an uncoded system, the EM algorithm provides a simple approximate ML
channel estimate for the blind ECC-ignorant problem of maximizing

log pp o(rla). Here, a is not restricted to be a permutation of a codeword, but

instead can be any vector of symbols of length N.

These techniques are formulated in a framework that makes it almost straightforward to
combine them in a more general iterative algorithm that performs channel identification

and decoding, as we will see in chapter 7.

One key ingredient of a successful iterative algorithm is the use of soft symbol
estimates in the form of APP’s. For a general alphabet 4, the APP is a function from 4 to
the interval [0,1] given by Pr(a;, = alr), for a O 4. For a BPSK constellation, the APP is

fully captured by what is loosely referred to as the log-likelihood ratio (LLR), defined as
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Pr(a, = +1|r)

Lk = logm .

3)

The LLR has some interesting properties. For a BPSK alphabet, the sign of Lj, determines
the maximum a posteriori(MAP) estimate of a;, which minimizes the probability of a
decision error, and its magnitude provides a measure of the reliability of the decision.
Furthermore, L;, can be used to obtain the MMSE estimate of aj, which, for a BPSK

alphabet, is given by tanh(L;, / 2).

Unfortunately, exact evaluation of the APP is computationally hard. In the next two
sections, we will briefly review turbo equalizers and the EM algorithm, which are iterative
techniques that address simpler problems and are the building blocks for the system

proposed in this work.

2.2 Turbo Equalization

Assuming channel knowledge, the goal of the decoder is to estimate Pr(m, = 11r) for
each message bit my, which is a computationally hard problem. Turbo equalizers, first
proposed in [18], provide a low complexity approximate solution to this problem. In this
section, we review the turbo equalization algorithm.

Turbo equalizers consist of one soft-input soft-output (SISO) equalizer, one interleaver

TT, one deinterleaver Tt , and one SISO channel decoder, as shown in Fig. 3 for a BPSK

|| ECC
DECODER
d
L

Tt

—» EQ.

apriori

)\eT

Fig. 3. Turbo equalizer.
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alphabet. Key to the low complexity of turbo equalizers is the fact that the SISO equalizer
ignores the presence of ECC, and the SISO decoder ignores the presence of the channel.
The resulting complexity is thus of the same order of magnitude as that of the divide-and-
conquer approach employing the same equalizer and decoder.

Turbo equalization is an iterative, block-processing algorithm whose first iteration is
the same as a divide-and-conquer detector. Indeed, the vector of a priori information at the
equalizer input, A = [)\%, )\‘;V_ 1), 1s initially set to zero. The SISO equalizer then
computes the LLR vector L = [Lf), L?V_l] of the codeword symbols a; given the
channel observations r. These LLRs are computed exploiting only the structure of the ISI
channel; the ECC encoder is ignored. The equalizer output is then deinterleaved by the
deinterleaver Tt! and passed to the decoder. Finally, using the deinterleaved values of L
and exploiting the code structure (the ISI channel is ignored, presumably because the
equalizer has removed its effects), the SISO decoder computes new LLRs of each
codeword symbol, Ld = [Lc(l), L(Jiv_ 1l

The difference between the first iteration and the later ones is that, for later iterations,
information is fed back from the decoder to the equalizer through A°, which is used as a
priori information by the equalizer. This feedback of information allows the equalizer to
benefit from the code structure, which provides improved soft information at the decoder
output. However, A’ does not correspond to the full probabilities at the decoder output.
Instead, as seen in Fig. 3, it is the difference between the LLRs at the input and the output
of the decoder. With this subtraction, )\Z is not a function of LZ, avoiding positive feedback

of information back to the equalizer. The LLRs in A’ are called extrinsic informationand
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can be seen as the information on the transmitted symbols gleaned by exploiting only the
. . . d
structure of the decoder. The extrinsic information at the decoder input, A", can be

similarly defined.

2.2.1 The BCJR Algorithm

Ideally, the equalizer in Fig. 3 should be implemented with the BCJR algorithm, which
computes the APPs of the transmitted symbols given their a priori probabilities and the
channel observations. (Note that the only way ECC affects the BCJR equalizer is through
the a priori information; it is otherwise ignored.) Actually, the BCJR algorithm can be
defined for any trellis, and hence can also be used to implement the decoder for a
convolutional code. In the sequel, we will describe the BCJR algorithm for equalization in
detail and then discuss the differences between the BCJR equalizer and the BCJR decoder.

Let Y, 0 {0, 1, ... @ — 1} denote a state of the channel trellis at time %, where @ = |-4*
is the number of states and | 4] is the number of elements in the alphabet. Note that there is
a one-to-one correspondence between the value of Y, and the vector of symbols in the
channel memory, [a;_1 ... ap_,]. Also, let a?9 be the channel input that causes the

transition from state p to state q. Then, the APP Pr(a;, = a|r) can be computed as [29]

Prap=aln= 5 P =piWisi=qln) )
{p.q:a®?=q}
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The key observation leading to the BCJR algorithm is that the terms in the summation
in (4) can be decomposed into three factors, one depending only on past channel outputs
grouped in the vector r;, one depending only on future channel outputs grouped in the
vector ry,z, and one depending on the current channel output r,. Indeed, exploiting the

fact that the trellis corresponds to a Markov process, we get, after some manipulation [29],

Pr(Yp =p; Wp +1=q17r) = az(p) Vp0,9) Br + 1(@) / p(), (5
where
0r(p) = p(Y =p; ricp), (6)
Br +1(@) = prpsp Wy 41 =9, @)
Ve®@.9) = pP(Wp 4+ 1=q; W =p). (3)

Note that, since we are interested in probability ratios, the factor p(r) in equation (5) is

irrelevant.

After further manipulation and consideration of the Markov property, the following

recursions can be found for computing ay(p) and B;(p) [29]:

Q-1

W@ = > A1) V(g.p) )
qg=0
Q-1

Be® = 5 Br+1@) Vi) (10)
g=0

The recursions in (9) and (10) can lead to underflow on finite precision computers. To
avoid this problem, it is common to normalize a; and (3 at each time %, so that

2, 0x(p) =1and 2, B(p) = 1 [42].

Finally, to compute y(p, q), write
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Ve®, @) = p(Wg, 4 1=q; 73| W =p) (11)

= prp | W =p; W+ 1= @Pr(y L 1 =gl =p). (12)

The second term in equation (12) is the probability that the channel input is the one that
causes a transition from state p to state g, a®?_ Thus, this term is the a priori information
of the input of the SISO block. For a BPSK alphabet, when this a priori information is

given in the form of the LLR )\,ee, we get

(p.9)
a?UN./2

e
Pr(Wpy1=¢qlp=p) = ———. (13)
A2 A2
e +e

Note that the denominator in (13) is common to all state transitions. Thus, since we are

interested in computing probability ratios, the denominator in (13) may be ignored.

Assuming AWGN, the first term of equation (12) can be computed as

Py W =p; W 1=9) = - expit I —rP P12 (14)

where r® @ is the noiseless channel output associated with the transition from state p to

state g. This completes the description of the BCJR algorithm for equalization.

Since convolutional codes may also be defined by a trellis, the BCJR algorithm may
also be used for decoding these codes. The algorithms for decoding and equalization

proceed in a similar manner. The main differences are as follows:

e The equalizer computes only the APPs of the channel inputs. In contrast, the

decoder computes the APP of the encoder output, az, as well as the encoder input

my, which will provide a MAP estimate of the transmitted message. Both these
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APPs may be computed by considering the appropriate state transitions in the sum-

mation in (4).

* While for the equalizer each trellis stage corresponds to a single channel output,
for the decoder a trellis stage may correspond to multiple outputs. For instance, a

rate 1/2 convolutional code has two outputs for every state transition. In general,
for arate k£ /n convolutional code, |7y — rP @ jn (14) is the distance between vec-

tors of length n.

* For turbo equalizers, such as the structure depicted in Fig. 3, the decoder does not
have access to the channel output. Therefore, (14) reduces to a constant, and the

state transition probability y;(p, ¢) depends only on the a priori information.

2.3 Blind Iterative Channel Estimation with the EM Algorithm

In many ML estimation problems, the difficulty in finding a solution stems from the
fact that some information about how the observed data was generated is missing. For
instance, in the blind channel estimation problem, finding the ML channel estimates
would be easy if the channel inputs were known. For ML problems that would be easily
solvable if the missing data were available, the EM algorithm is an interesting approach. It
is a low-complexity iterative algorithm that generates a sequence of estimates with non-
decreasing likelihood. Thus, with proper initialization, or if the likelihood function does
not posses local maxima, the EM algorithm will converge to the ML solution. In the
remainder of this section, we will describe the EM algorithm for blind channel estimation,

as first proposed in [22].
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In its most general form [40,41], the EM algorithm can be described as follows. Let
pe(r) be the likelihood function of the received samples, where 0 is the vector of
parameters we are trying to estimate. Let @ be the missing data, and r be the sequence of
observations. Assume we have an estimate 6, of the parameters. Define the auxiliary

function
Q6, 6) = J’log(pe(r, a))pei (@|r)da=E, 6, [log(pe(r, @))| al, (15)

where E 0, is the expected value with respect to the variable @, assuming that the actual
parameters are 6,. Now, consider computing a new estimate 6;,; of the parameters
according to

6;,1 = argmax(Q(6, §))). (16)

The key observations leading to the EM algorithm are that

* with an appropriate choice of @, computing and maximizing (6, 6;) may be an

easy task.

* the likelihood of the new estimate 6, , 1 is not smaller than that of 6;, i.e., Pe. 1(r) >
1+
Pei(" )-
Given an initial estimate 6, the EM algorithm iteratively computes new estimates using

(15) and (16) until a stop criterion is met, thus generating a sequence of estimates with

nondecreasing likelihood.

When applied to the problem of blind channel estimation, the EM algorithm may be
described in more specific terms. In this case, we are trying to maximize the likelihood

function pg(r) = log pp, o(r), where 6 = [h, 0] is the vector of parameters we are trying to

20



estimate. As mentioned before, finding the values of A and ¢ that maximize this likelihood
function is prohibitively complex. However, it is easy to determine the parameters that

maximize pg(r | a), in which case the solution is a simple MMSE channel estimate [4]:

~ N-1 N - 1
2 1 N-1 AT 2

Thus, the transmitted symbols a are a good candidate for hidden information.

Having defined the missing variables, we can apply (15) and (16) to compute new

channel estimates. Let

A 1 <N-1 T

R, = NzkzoE[akak‘r] (19)
) 1<N-1

Par = =3 LryElayr. (20)

Then, it is possible to show that the EM algorithm yields [22]

. N
b = Ra by, @

l+1 Nzk 0 Urk l+1ak“i|
l] -N-1 2 ~T ~T A~ &
= Z'\—ka=0|rk| —2h; 1 1Pg+hi 1Rqh; 41

- Nzk 0 |rk| l+1par1 (22)
where the last equality follows from (21).

Note the similarities between (17) and (21), and between (18) and (22). The only
difference between these equations is that in (17) and (18) the actual transmitted sequence

is used, while in (21) and (22) the conditional a posterioriexpected values are used. In
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fact, R, and b, are similar to the estimated autocorrelation matrix of a and the
estimated cross-correlation vector between a and r, respectively. The main difference is
that we use E[aka,? r] and r,E[a; | r] to compute R, and b, while aka;f and rpay,
are used to estimate the autocorrelation matrix of @ and the cross-correlation vector
between a and r. Thus, we say that R, is an a posteriori sample autocorrelation matrix
and p,, is an a posteriorisample cross-correlation vector.

We still have to compute the values of E[akaz r] and Ela,|r] at every iteration i.
This can be done with the BCJR algorithm, which is used under the assumption that the
channel parameters are given by h; and 6;. Since the BCJR algorithm computes
Pr(ay, | r), obtaining Elay, | r] is straightforward. Also, note that each state transition in the
channel trellis actually corresponds to a vector a,. Thus, since the BCJR algorithm
computes the probabilities of state transition, Pr[y, = p; Y . 1 =¢qIr], we in fact have
access to the joint APP of the vector a;, which can be used to compute E[a ka;‘: r].

The EM algorithm for blind channel estimation is summarized in the following

pseudocode:
Given: initial channel estimates and hy aﬁ
i=0;
repeat
run the BCJR algor2ithm, assuming the channel is given by

hi apd ﬁ'i ;
compute Rgand p,asin (19) and (20);
compute the new parameter estimates as in (21) and (22);
until a stop criterion is found

This pseudocode can be represented graphically as in Fig. 4. In this figure, the BCJR
algorithm is used to compute R, and p o Dased on the channel estimates provided by the
channel estimator. The channel estimator then uses the outputs of the BCJR algorithm to

compute new channel estimates, which are then used by the BCJR algorithm, and so on.
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EM CHANNEL BCJR
ESTIMATOR ALGORITHM

Fig. 4. The EM algorithm for blind iterative channel estimation.

The main drawbacks of the EM algorithm are that

* ituses the BCJR algorithm to produce tentative symbol estimates, implying a com-

putational complexity that is exponential in the channel memory;

* it requires the computation of R, and the solution of the linear system in (21),

which have a computational complexity that is quadratic in the channel memory;

* it may get trapped in a local maximum of the likelihood function, converging to

wrong channel estimates;
* it may converge slowly.

In the following chapters, we propose techniques to circumvent these drawbacks. We will
propose a linear complexity technique that avoids some of the local maxima of the

likelihood function that trap the EM algorithm.
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CHAPTER 3

A Simplified EM Algorithm

As mentioned in Chapter 2, some of the complexity issues associated with the EM

algorithm stem from the need to compute and invert the a posteriori sample

autocorrelation matrix R, defined in (19). In this chapter, we derive the simplified EM

algorithm (SEM), an alternative iterative channel estimator that ignores R, and yet does

not significantly degrade the performance relative to the EM algorithm. For notational

convenience, in what follows we assume that the transmitted symbols belong to a BPSK

constellation. Generalization to other constellations is straightforward.

3.1 Derivation of the SEM Algorithm
Consider the channel model in equation (1), repeated here for convenience
r, = hlay, + ny,.
Assuming that the transmitted symbols are uncorrelated, we have
h, =Elriap_,]
= E[r,Pr(ap_, = + 11 rp)l -El rpPr(a;_,, = -1 | rp)]
= E[r,Pr(ap_, =+ 11r) —r,Pr(a;_, =-1 | r)]

= Elry, Elay_, | r]l.

24
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(24)
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This equation leads to a simple channel estimator. Unfortunately, the channel estimator
has no access to E[a, | ], which requires exact channel knowledge. However, based on
the iterative paradigm of Fig. 1, at the i-th iteration the channel estimator does have access

~ (i)

to a;’ = E[ak|r; izi, 6;] = tanh(L;/2). Using this value in (27), and also replacing

ensemble average with time average, the channel estimate at the i+1-st iteration is given

by:

~ 1] -N-1 k—
hniv1 =5y, Orktanh%LTnE. (28)

Thus, (28) provides a method for estimating the channel given the soft symbol estimates
L;, and can be used in the same context as the channel estimation step of the EM
algorithm. Clearly, its implementation has a per-symbol complexity that is linear in the

length of the channel if the LLRs are given.

For estimating the noise variance o2 at the i-th iteration, we propose using the channel
estimates in (28) and the bit estimates obtained from L;, to estimate the noise component
of the received signal, which are then used to estimate the noise variance. In other words,

A

letting @, =1[a,, ... a; _ T where a ; = sign(Ly), we estimate the noise variance as

ul

N-1

2 1 LT 2 2

Giv1=% D "”k—akhiu , (29)
E=0

where izi 1 = [}AL(), Pt 1 ens fzu, ivl 1T. This estimate differs from the EM estimate in (22),
but in our simulations we noted that using @, instead of E[ay | r] for estimating the noise
variance improved convergence speed. Further justification for the use of hard decisions in

(29) will be given in the next section.

The resulting algorithm is described by the following pseudocode:
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A

initialize channel estimates and hg
i=0;
repeat
use channel estimates to compute symbol estimates L k, for
k=0, ... N-1;
update channel estimates using (28) and (29);
i=i+1;
until a stop criterion is met

o
SN

This algorithm will be referred to as simplified EM (SEM). Indeed, using the notation
from chapter 2, comparing (20) and (28) we see that hi,q= b, - Therefore, (28) can be
seen as a simplification of the EM algorithm wherein Ry, is replaced by I. It is important
to point out that, from (19), R, =1 is a reasonable approximation. In fact, E[aka,f r] is
the MMSE estimate of akag given the current channel estimate. Thus, these two values
are expected to be approximately the same, so that R, is approximately a time-average
estimate of the autocorrelation matrix of the transmitted symbols. Since we assumed that
the channel input is white, based on the law of large numbers R, should be close to the

identity for large enough N.

An important implication of ignoring the matrix R, is that the channel estimator
requires only the soft symbol estimates L. Thus, we may represent the simplified channel

estimator as in Fig. 5, where the symbol estimator is not restricted to be the BCJR

CHANNEL SYMBOL
ESTIMATOR ESTIMATOR

L,

Fig. 5. Blind iterative channel estimation with the SEM algorithm.
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equalizer. In fact, any equalizer that produces soft symbol estimates can be used, which
allows for a low-complexity implementation of the blind iterative channel estimator.
Contrast this figure with Fig. 4, which represents the EM algorithm. In the EM algorithm,
the equalizer is restricted to be the BCJR algorithm, and it also must provide a matrix to

the channel estimator.

3.2 Analysis of the Scalar Channel Estimator

In this section, we provide a detailed analysis of the SEM algorithm applied to a scalar
channel. Although a detailed analysis of the SEM algorithm for a general channel would
be of more interest, this analysis is difficult. Furthermore, scalar channels estimators are
important, being used in systems that are subject to flat fading [43] and in systems that
employ multicarrier modulation [44]. In performing this analysis, we will also compare
the performance of systems using soft and hard decisions. In particular, we will justify the
use of hard decisions for estimating the noise variance in (29).

Consider the transmission of a sequence of uncorrelated bits a, O {1,+1} through a
scalar channel with gain A, the output of which is corrupted by an AWGN component n,,
with variance o2. The received signal can be written as

r,=Aa + ny,. (30)

Given initial estimates AO and 6, the channel gain and noise variance can be

estimated with an iterative algorithm. Possible estimators can be expressed as
N-1

1 .
A1 = N Z rkdeCA%Lir,E, (31)
k=0
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N-1
62 | = ]%[ ) rk—Ai+1decc%ﬁirk%2, (32)

k=0
where 1 is the iteration number, f,i = 2Ai/ 6i2 is the estimated channel reliability and
where deca(D) and decy([) are decision functions, given by either tanh([) or sign(D. We
will consider four different estimators, denoted SS, SH, HS and HH, where the first S or H
indicates whether soft or hard information, respectively, is used for gain estimation, and
the second S or H indicates whether soft or hard information, respectively, is used for
estimating noise variance. Note that the SH estimator corresponds to the SEM algorithm
applied to a scalar channel. The EM algorithm, on the other hand, cannot be expressed in

this framework. Its channel gain estimator can be expressed as in (31), with decp () =

tanhy (0. Its noise variance estimator, however, is given by

N-1
. 1 2 A2 o &
k=0
1Mt
= 23 -4 (33)
k=0

Now suppose the number of observations tends to infinity. In this case, we may use the
law of large numbers in (31), and (32). Thus, in this asymptotic case, the channel HH, SH,

SS and HS estimators may be written as

A

A1 = E[rkdecA%flirkE] (34)

62, = E[ 2}. (35)

ry,— Ai + 1deco%f1ir%
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Equation (34) also describes the gain estimator of the EM algorithm. The noise variance

estimator for the EM algorithm is obtained by applying the law of large numbers in (33),

yielding
52 = E[jr,)}] - A 36
O;,1 = [|rk|]_ i+1 (36)
2., 42 _ A2
=A“+0°-A; ;1. 37

For the HH estimator, it is shown in Appendix A that (34) and (35) may be written in

closed form as

; A0y, Roexpl Al
Ai+1 =A(1_2Q|:ED)+ J%Oexp%—ﬁ, (38)
()

and

A -2
6% .1 =A%+0%- Aj, 1, (39)
with VA% +0% 2 A 2 A. Therefore, for the HH estimator neither A; , ; nor Gzi +1 depend

on the iteration number i. Unfortunately, if soft information is used, equation (34) cannot

be computed in closed form, so we must resort to numerical integration.

A

From (34), (35) and (37), we see that, as N tends to infinity, A; , 1, and consequently

A2
Oiv1>

is a function of just L;. The fact that both A; .1 and 6i2+ ; depend on a single
parameter allows for a graphical study of the iterative process. This analysis is clearer if
we consider the ratio a; = L;/ L instead of L;, where a; is the relative estimated channel
reliability, defined as the ratio between the estimated channel reliability at the i-th iteration

and the actual channel reliability L = 2A /0. For the graphical analysis, we view one

iteration of the SEM algorithm as a function whose input is a; and whose output is a,, .
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This function is plotted in a graph, along with the line a,,; = a;. Since the algorithm
converges when a; = a;,1, the fixed points of the SEM algorithm are given by the
intersection of the two curves.

In Fig. 6 we plot a;,; versuso; for the five estimators, assuming A = /2 and an SNR
= A2/0? = 2dB. We also plot the line a;,; = a;, which allows for the graphical
determination of the behavior of the algorithms as follows. Initially, at the zero-th
iteration, a value ag is given. The estimator then produces a value of oy, which can be
determined graphically as shown by the vertical arrow in Fig. 6 for the EM algorithm and
0o = 2.2. The value of a; for the next iteration can now be found by the vertical arrow in
Fig. 6, which connects the point (0, 1) to the point (o, a7). Now the value of a4 can be

determined by a vertical line, not shown in Fig. 6, that connects the point (a4, a) to the

Qi1

Fig. 6. Estimated relative channel reliability o; as a function of its value in the
previous iteration, a;_j.
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EM curve. The process then repeats. It is clear that the iterations stop when the curve for a
given algorithm intersects the line a;,; = a;. The values for which this happens, a", are the
fixed point of the algorithms and are marked with ‘%’ in Fig. 6.

Some interesting observations can be made from Fig. 6. Consider, for instance, the HH
estimator. For this estimator, we see in Fig. 6 that the value of a;,; does not depend on q;.
Thus, following the iterative procedure, we see that the HH algorithm converges in a
single iteration, as was expected from the analysis in (38) and (39). We can also see that
the EM and the SEM algorithms generate a monotone sequence a;. In other words, if these
algorithms are initialized with an o larger (smaller) than their fixed point a“ then a; will
monotonically decrease (increase) until they converge. On the other hand, the a; for the
HS and SS algorithms eventually become greater than a“ After that happens, they
alternate between values that are greater than and smaller than a®

Using Fig. 6, we can determine the value of a after convergence for each algorithm.
Then, we can use (34) and (35) to determine the expected values of A and 6 after
convergence. The resulting estimation errors are listed in Table 1. As we can see, the

values in Table 1 indicate that the best strategy is the EM algorithm, and the SEM

estimator produces the second best results.

Table 1:Expected Values of Estimation Error After Convergence

Estimator type IA-A12(dB) | 16 —cl2?(dB)
SS -21.7 -10.5
SEM -25.3 -16.2
HH -19.1 -16.1
HS -19.1 -10.4
EM —00 —00
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Even though the EM algorithm is expected to produce exact estimates, its convergence
can be very slow. This can be seen in Fig. 7, where we plot the expected trajectories of the
EM and the SEM algorithms, assuming that both algorithms are initialized using the HH
estimates. The HH estimates are a good candidate for initialization: they have reasonable
performance and converge in one iteration. As we can see in Fig. 7, the SEM estimator is
expected to converge in roughly 2 iterations, while the EM estimator is expected to
converge in roughly 7 iterations.

The performance of the estimators can be computed using the method described above
for other values of SNR, yielding the plots of the estimation errors for A and 62 versus
SNR shown in the dashed lines in Fig. 8 and Fig. 9, respectively. Again, we see that the
EM algorithm gives the best overall performance, followed by the SEM estimator. For

comparison, we also show simulation results in Fig. 8 and Fig. 9. These correspond to the

15 T T T T T

Qjrq

11 / 4

0.9 1 1 1 1 1

Fig. 7. Tracking the trajectories of the EM and the SEM estimators for a scalar
channel.
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Fig. 8. Asymptotic error of gain estimates as a function of SNR. Dashed lines
correspond to theoretical predictions, solid lines correspond to a

simulation with 10° transmitted bits.

|6- o] (dB)

EM - Simulation

EM - Theoretical

SNR (dB)

Fig. 9. Asymptotic error of noise variance estimates as a function of SNR.
Dashed lines correspond to theoretical predictions, solid lines

correspond to a simulation with 10° transmitted bits.
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solid lines, and were obtained using 10% transmitted bits, and the channel estimators were
rununtil | L; — L; ;1 <10® or the number of iterations exceeded 20. As we can see, the
theoretical curves predict the performance of the estimators very closely, except for the
EM algorithm. An explanation for the difference between the theoretical and simulation

curves for the EM algorithm could not be found.

3.3 The Impact of the Estimated Noise Variance

It is interesting to note that while substituting the actual values of k or a for their
estimates will always improve the performance of the iterative algorithm, the same is not
true for o. Indeed, substituting o for ¢ will often result in performance degradation.
Intuitively, one can think of ¢ as playing two roles: in addition to measuring 0, it also acts
as a measure of reliabilityin the channel estimate /& . Consider a decomposition of the

channel output:

ry = sz a, + (h— h) ay, + ny,. (40)
The term (b — A )Tak represents the contribution to r;, from the estimation error. By using
h to model the channel in the BCIJR algorithm, we are in effect lumping the estimation
error with the noise. Combining the two results in an effective noise sequence with
variance larger than 2. It is thus appropriate that & should exceed ¢ whenever A differs
from h. Alternatively, it stands to reason that an unreliable channel estimate should
translate to an unreliable (i.e., with small magnitude) symbol estimate, regardless of how
well ﬁT a;, matches rp,. Using a large value of 6 in the BCJR equalizer ensures that its
output will have a small magnitude. Fortunately, the noise variance estimate produced by

(29) measures the energy of both the second and the third term in (40). If & is a poor
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channel estimate, @ will also be a poor estimate for @, and convolving a and h will

produce a poor match for r, so that (29) will produce a large estimated noise variance.

3.4 Simulation Results

In section 3.2, we saw that the EM algorithm outperforms the SEM algorithm for a
scalar channel and as the number of observations N tends to infinity. In this section, we
present simulation results showing that the performance degradation incurred by ignoring
the matrix R, in the EM algorithm is not significant for finite N and a channel that
introduces ISI. We used the simulation scenario of [22]. The channel is given by h = [0.5
0.7 0.5], and the noise variance is chosen so that SNR = 11 dB, where SNR = ||h||2/02.

We initialized the estimates to ¢ = [0, 6y, 0], and

L2 1 N-1 2
%0 =N 2h-olH @
Thus, we have initialized our estimate of the SNR to 0 dB, and the values of izo and 6,

agree with the energy of the received signal. In Fig. 10, we show the estimates of the
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01 = - L I N ————— —
0 1 1 1 1 1 1 1 1 0.2 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
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Fig. 10. Performance comparison: channel and noise standard deviation estimates
as a function of iteration for EM (light solid) and simplified EM (solid)
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channel coefficients and the noise standard deviation as a function of iteration for the EM
and the SEM algorithms, averaged over 100 independent blocks of 256 BPSK symbols.
As expected, the SEM algorithm yields a larger estimation error than the EM algorithm,
though the performance loss is not significant. As in the scalar channel case, the SEM

algorithm converges faster than EM in this experiment.

In this chapter, we only simulated the performance of the SEM algorithm for one ISI
channel. In Chapter 4, we introduce a modification to the SEM algorithm that greatly

improves its convergence. More simulations will be conducted then.

3.5 Summary

In this section, we proposed the SEM algorithm, an iterative blind channel estimator
that is less complex than the EM algorithm in two ways: it does not require the
computation and inversion of the autocorrelation matrix, and it is not intrinsically tied to
the BCJR equalizer. We presented an asymptotic analysis of different estimators,
including the SEM and EM algorithms, for a scalar channel and as the number of
observations tends to infinity. We showed that the EM algorithm provides the best
estimates in this case, followed by the SEM algorithm. We also showed that for a scalar
channel the SEM algorithm is expected to converge faster than the EM algorithm. For a
channel that introduces ISI, simulation results indicate that the performance loss of the
SEM is not significant when compared to the EM algorithm, and that the SEM estimates

converge faster than the EM estimates.
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CHAPTER 4

The Extended-Window Algorithm (EW)

As we discussed in section 2.3, the EM algorithm generates a sequence of estimates
with nondecreasing likelihood. Thus, it is prone to misconvergence, defined in the present
context as the convergence to a nonglobal local maximum of the likelihood function. The
traditional approach to this problem is either to completely ignore misconvergence or to
assume the availability of a good initialization. For instance, the simulation in the previous
section involved some cheating: the channel estimates were initialized to an impulse at the
center tap, which happens to match the main tap of the channel. However, there is no
reason for using such initialization other than the fact that we know that the center tap of
the actual channel is dominant, a knowledge that obviously would not be available in a
real-world blind application. In this chapter, we show that the estimates after

misconvergence may have a structure that allows some local maxima to be escaped.

4.1 A Study of Misconvergence

To study an example of misconvergence, consider using the SEM algorithm to identify
the maximum-phase channel & = [1 2 3 4 5]” at SNR = 24 dB, with a BPSK input
sequence. With the channel estimates being initialized to Ao =[1 0 0 0 0] and 6y =1,

after 20 iterations the SEM algorithm converged to a fixed point of
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h =[2.1785 3.0727 4.1076 5.0919 0.1197]T. (42)
The algorithm thus fails. But the estimated channel is roughly a shifted version of k. A
possible explanation for this behavior is that, if the channel is not minimum phase, then it
introduces some delay & that cannot be compensated for at the symbol estimator of Fig. 5.
Thus, the soft symbol estimate L, produced by the symbol estimator may in fact be related
to a delayed symbol a;, _5, i.e., L, =log Pr(a;, _5=+ 11r)/Pr(a; _5=-11 r). Therefore,
when using equation (28) to estimate h,, we may be estimating A, , 5 instead. In this
example, the delay is 1. Apart from this delay, the algorithm seems to perform well, and in

fact if it were to also compute

E[rktanhDLk + 1] (43)

DQD}’

it would also be able to accurately estimate h(y. Hence, to estimate all the channel
coefficients in this example, we must compute equation (28) for more values than

originally suggested by the EM algorithm.

For a general channel, we have observed that, after convergence, the sign of the LLR
produced by the BCJR algorithm is related to the actual symbol aj, by sign(L;) = a, _ 5, for
some integer delay & satisfying 181 < p. Even though a proof of this bound for the delay
could not be obtained, there is an intuitive explanation for this behavior. Let d =
argmax <<y | ;1. If the actual channel were known to the symbol estimator, then ry, is
the channel output that has the largest impact on the decision made on a;, _ ;. Now assume
that the channel estimator passes & to the symbol estimator, and let d = argmax, . j<u
| A j |. With this channel estimate, the symbol estimator will be such that r, is the channel

output that has the largest impact on the decision made on a, . If this estimate is
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reasonable, then @, 5 = a;_g4, since they are both mostly influenced by ry. In other

words, after convergence, sign(L;) = Now let 8 =d — d. Since d, d O

U —(d-d)
{0, ... 4}, we indeed have 18] < p.

To illustrate the effects of the delay in channel estimation, consider for instance the
channel & = [1 € € € €]T for some small €, and assume that the channel estimator passes h
=[0000 11T and a given &2 to the symbol estimator. With these values, the output of the
symbol estimator would essentially be L;, = 2, , 4/6 2. But we know that, for the channel

h, sign(r) = a;, and hence sign(L;) = ay, . 4. Thus, if we compute (28) forn =4, ... 0, as

originally suggested, we will never get a chance to compute, for instance,

N N
hi=x S mas =y 3 ritanh(@y_s/2) (44)
k=1 k=1

Likewise, if h =[ec€¢€ 1]T, and the channel estimator passes h=[10000]Tand a given
62 to the symbol estimator, then we would have L, = 2r,/62, so that sign(L;) = aj, _ 4.
Thus, if we compute (28) for the given window n =4, ... 0, we would never get a chance
to estimate A;. For that, we would have to use L , 3. Even though these are extreme

examples, they illustrate well the effects of the delay in the iterative process.

4.2 The EW Channel Estimator

In light of the discussion above, it is clear that if we are to correctly estimate the
channel, we cannot restrict the computation of (28) to the window n = —, ... 0. Thus, we
propose an extended windoEM (EW) algorithm. To determine how much the window

must be extended, we again consider the extreme cases. When sign(L;) = ap_y» to
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estimate kg and h, we need to compute (28) for n = —pL and n = 0, respectively. Likewise,
when sign(Ly) = ay, , ,, to estimate A and &, we need to compute (28) forn = pand n =

2p, respectively. Thus, we propose to compute an auxiliary vector g as

_1N e - n _
gn=nY . [rktanh DTD} forn =—, ..., 24 (45)

Note that only p+1 adjacent elements of g are expected to be non-zero. With that in mind,
we propose that the channel estimates A& be the pu+1 adjacent elements of g with highest

energy.

4.2.1 Delay and Noise Variance Estimator

Let h = [g5 ... +u]T be the portion of g with largest energy. Note that after
convergence we expect that A = h, i.e.,g_5 = ho. But comparing (25) and (45), we note

that this is equivalent to saying that

a, = tanh BL’;* 4, (46)

In other words, by choosing A to be the current channel estimate we are inherently
assuming that the estimated sequence is a delayed version of the transmitted one, where
the delay is . This delay should be taken into account in the estimation of the noise
variance. With that in mind, we propose to estimate 02 using a modified version of (29),

namely
A2 1 2

N
T 3
0i+1=NZ ‘rk—ak_6hi+1 . (47)
k=1

The EW algorithm is summarized in the following pseudocode:
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A

initialize channel estimates and  hg aﬁ
i=0.
repeat
use current channel estimates to compute symbol estimates
Ly, fork =0, ... N-1.
Computeg ,, Nn=— |, ... 2|, asin (45).
Let hi=[9 4 - 9_g+ 4 Thethe  p+1 consecutive entries

of g with highest energy.
Update the noise variance estimate according to (47).
i=i+1.
until a stop criterion is met

4.3 Simulation Results

In this section, we present some simulation results comparing the performance of the
EW algorithm to the EM algorithm and to trained channel estimation algorithms. In all the
simulations, we have used a BCJR equalizer with the EW algorithm, to allow for a fair
comparison with the EM algorithm. The results presented in this section all correct for the
aforementioned delays in the channel estimation process. In other words, when computing
estimation error or averaging channel estimates, the estimates were shifted to best match
the actual channel. Note that this does not affect the channel estimates in the iterative
procedure.

As a first test of the extended-window algorithm, we simulated the transmission of K =
600 bits over the channel A = [-0.2287, 0.3964, 0.7623, 0.3964, -0.2287] T from [26],
whose frequency response is shown in Fig. 11. We have used SNR = ||h||2/cr2 =9 dB. To
stress the fact that the proposed algorithm is not sensitive to initial conditions, we
initialized A randomly using ﬁ(o) = ud)/ |w|, where u ~ A{(0,I) and 6(20) =
Z;V;;rz /2N. (This implies an initial estimated SNR of 0 dB, with values consistent

with the received energy.) In Fig. 12, we show the convergence behavior of the SEM
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[H(w)[? (dB)

Fig. 11. Frequency response of h =[-0.2287, 0.3964, 0.7623, 0.3964, —0.2287].

channel estimates, averaged over 200 independent runs of this experiment. Only the
convergence of ﬁo , h1 and Ao is shown; the behavior of fz3 and A4 is similar to that of
ho and hg, respectively, but we show only those with worse convergence. The shaded
regions around the channel estimates correspond to plus and minus one standard

deviation. For comparison, we show the average behavior of the EM estimates in Fig. 13.

0 2 4 6 8 10 12 14 16 18 20
ITERATION

Fig. 12. Estimates of h = [-0.2287, 0.3964, 0.7623, 0.3964, —0.2287], produced
by the extended-window algorithm.
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Fig. 13. EM estimates of h = [-0.2287, 0.3964, 0.7623, 0.3964, —0.2287].

Unlike the good performance of the extended window algorithm, the EM algorithm even
fails to converge in the mean to the correct estimates, especially Ag . This happens because
the EM algorithm gets trapped in local maxima of the likelihood function [40], while the
extended-window avoids many of these local maxima. The better convergence behavior of
the EW algorithm is even more clear in Fig. 14, where we show the noise variance

estimates.

0.9 T T T T T T T T T

0 2 4 6 8 10 12 14 16 18 20
ITERATION

Fig. 14. Estimates of o2, produced by the extended-window algorithm.

43



The performance of the EW estimator was also compared to a trained estimator that
estimates the channel coefficients using equation (28) with the actual transmitted symbol
ay, _ , substituting the estimate d,(ei)_ ,, - This trained estimation technique, known as channel
probing, is not the trained MMSE estimator of (17) and (18). For comparison purposes, we
also show the performance of the EM algorithm and the trained MMSE estimator. We
have simulated the transmission of 200 blocks of K = 600 bits over the channel kA = [-
0.2287, 0.3964, 0.7623, 0.3964, -0.2287] T For each block, the channel estimates for the
EM and EW algorithms were initialized with the random estimates used in the previous
experiment.

In Fig. 15 we show the estimation error as a function of the SNR for the trained
estimates and for the EM and EW estimates after 20 iterations. In Fig. 16, we show the
resulting BER. Again we see that the EW algorithm performs better than the EM

algorithm. It is interesting to notice that the performance of the EW algorithm approaches

that of its trained counterpart, the channel probing estimator. One would thus expect the

12
In-#]"@B)

Channel Probing
-20 -
MMSE
1

-25
0 2 4 6 8 10
SNR (dB)

Fig. 15. Estimation error for the channel probing, MMSE, EM and EW estimates
after 20 iterations.
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Fig. 16. Bit error rate using the trained, EM and EW estimates after 20 iterations.

performance of the EM algorithm to approach that of its trained counterpart, the MMSE
algorithm. However, as we can see from Fig. 15 and Fig. 16, the EM algorithm performs
worse than channel probing, which is in turn worse than the MMSE estimator. Finally, it
should be pointed out that even though the channel estimates provided by the MMSE
algorithm are better than those of the channel probing, the BER of both estimates is
similar. In other words, the channel probing estimates are “good enough”, and the added
complexity of the MMSE estimator does not have much impact on the BER performance
in the SNR range considered here.

To further support the claim that the proposed algorithm avoids most of the local
maxima of the likelihood function that trap the EM algorithm, we ran both algorithms on
1,000 random channels of memory p = 4, generated as h = u/|u| , where u ~ A(0, I). The
estimates were initialized to 6% = Zivz_;rz /2N and ﬁg =(0,0, 6,4, 0, 0)T, i.e, the center

tap of izo is initialized to 6. We used SNR = 18 dB, and blocks of K = 1000 bits.
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Fig. 17. WER for the EW and the EM algorithms for an ensemble of 1,000
random channels.

In Fig. 17 we show the word error rate (WER) (percentage of blocks detected with
errors) of the EW and EM algorithms versus iteration. It is again clear that the EW
algorithm has a better performance than the EM algorithm. This can also be seen in
Fig. 18, where we show histograms of the estimation errors (in dB) for the channel

probing, EW, and EM estimates, computed after 40 iterations. We see that while only 3%

180 T T T T T 4T T T T T
N =B EW
160 (X o— EM i

- A - Channel Probing

Number of Occurrences

~12
In-2]" @B

Fig. 18. Histograms of estimation errors for the EW and the EM algorithms over
an ensemble of 1,000 random channels.
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of the EW estimates have an error larger than -16 dB, 35% of the EM estimates have an
error larger than -16 dB. In fact, the histogram for the EW algorithm is very similar to that
of the channel probing estimates, which again shows the good convergence properties of
the EW algorithm.

It is also interesting to note in Fig. 18 that the EM estimates have a bimodal behavior:
the estimation errors produced by the EM algorithm are grouped around -11 dB and -43
dB. These groups are respectively better than and worse than the channel probing
estimates. This bimodal behavior can be explained by the fact that the EM algorithm
converges to inaccurate estimates very often, leading to large estimation errors. On the
other hand, when the EM algorithm converges to accurate estimates, then the EM
estimates are close to the MMSE estimates, which are better than those produced by
channel probing. However, as we previously observed, the better quality of the channel
estimates has no significant impact on the BER performance: the equalizer based on the

channel probing estimates detected all transmitted sequences correctly.

4.4 Summary

In this chapter, we studied some aspects of the convergence of the EM and the SEM
algorithm. We showed that the EM and SEM estimates after misconvergence may be a
shifted version of the channel. With that in mind, we proposed the EW algorithm, a
modification of the SEM algorithm that exploits the structure of the estimates after
misconvergence to greatly decrease the probability of misconvergence. We showed via
simulations that the EW algorithm has better convergence properties than the EM

algorithm when the initialization and/or the channel is random, yielding a better
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performance both in terms of BER and channel estimation error. In simulations, we also
compared the performance of the EW algorithm to a system that estimates the channel
using channel probing and knowledge of the transmitted symbols. We showed that the
performance gap between the EW system and the one with training is surprisingly small.
It should be pointed out that the trained estimators used in this section are unrealistic,
since they assume knowledge of the whole transmitted sequence. Therefore, the gap

between the EW and trained estimates should be even smaller in a practical system.
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CHAPTER 5

The Soft-Feedback Equalizer

In section 2.3, the EM algorithm was shown to have three problems: slow
convergence, misconvergence and high computational complexity, stemming from need to
compute and invert the a posteriorisample autocorrelation matrix R, defined in (19) and
from the use of the BCJR equalizer. In chapter 3, we proposed the SEM algorithm, which
converges faster than the EM algorithm and does not require matrix inversion. In
chapter 4, we proposed the EW algorithm, which decreases the probability of
misconvergence. In this chapter, we will address the remaining problem of the EM
algorithm: the complexity that results from using the BCJR algorithm for estimating the
transmitted symbol.

The SEM and EW algorithms are not intrinsically tied to the BCJR equalizer, and may
be used with any equalizer that produces soft symbol information. With that in mind, in
this chapter we propose the soft decision feedback equalizer with priors (SFE), a low
complexity alternative to the BCJR algorithm that retains many of its attractive features. In
particular, it outputs soft information in the form of an estimate of the a posterioriLLR. It
also exploits a priori information on the transmitted symbols, in the form a priori LLR )\I;.
Thus, it is well suited for applications such as turbo equalization (where the a priori

probabilities are provided by the channel decoder), semi-blind systems (in which the a
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priori probabilities stem from the fact that some symbols are known), and iterative
equalization (in which the a priori probabilities come from a previous iteration of the
equalizer).

The SFE will be derived in a general context, in which we assume the availability of
channel estimates and a priori probabilities. That way, the SFE is not tied to a single

application, such as iterative channel estimation or turbo equalization.

5.1 Previous Work on Interference Cancellation

The reduced-complexity equalization techniques proposed in [30-35], which are based
on linear filters and exploit a priori information, have the structure shown in Fig. 19. In
this figure, the received signal is filtered by a linear filter f, whose output contains residual
ISI. The a priori information is used to estimate and cancel this residual ISI.

Interference cancellation (IC) proceeds as follows. Assume that, at time %, the
equalizer seeks to estimate a;. The a priori information is used to produce soft estimates

{a;#p} of the interfering symbols {a; x5}, according to:
a; = Ela I\l = tanh(\}/2) . (48)

If these estimates are correct, their effect on the output of f can be estimated and cancelled

through linear filtering and subtraction. Specifically, as shown in Fig. 19, an interference
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Fig. 19. Interference canceller with a priori information.
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canceller feeds the soft decisions through a filter g, whose response is related to the
residual ISI at the output of £. Since the equalizer output will be used to estimate ay, the
influence of a; on the equalizer output should not be cancelled. Hence, the zero-th
coefficient of g is constrained to be zero. The equalizers of [30-35] choose g under the

assumption that its input symbol estimates are correct, yielding g, = > jh;f;, _; when k& # 0.

Since the zero-th tap of g is zero, the equalizer output at time &, 23, is not a function of

)\Z. Thus, z; can only be used to produce extrinsic information, which can be done by
writing the equalizer output as

zp =Aay + g, (49)

where A = E[z,a,] = Y ;hf_ ;. and vy, includes the effect of channel noise and residual ISI.

Note that, from this definition, v, is independent of a;,. The computation of the extrinsic

LLR A, from 2z, is easy when vy, is approximated by a Gaussian random variable with

variance 05 . In this case, we find that

M = 242;,/5° . (50)
The full LLR at the equalizer output is then given by L, = A, + )\};e.

The equalizers proposed in [30] and [31], which we refer to as decision-aided
equalizers (DAE), choose f under the assumption that the soft decisions of (48) are
correct, which leads to the matched-filter solution f;, = ~ . In the equalizers proposed in
[32,34] and in one of those in [35], fis an MMSE-LE. This equalizer depends on )‘Z and
must be recomputed every time instant %, resulting in a time-varying equalizer (TVE)
whose computational complexity is quadratic in the number of equalizer coefficients. Also

proposed in [32,35] are approximations that yield time-invariant filters f and g. In
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particular, the switched-equalizer (SE) strategy proposed in [35] chooses f as either a
traditional MMSE equalizer or a matched filter (MF). A simple criterion to choose
between these two equalizers is proposed that depends on the quality of the a priori
information. In all cases [30-35], the cancellation filter g is designed under the assumption

that its input symbol estimates are correct, namely g, = > jh;f;, _; for k # 0.

5.2 The Soft-Feedback Equalizer

We now propose the SFE, a soft-output equalization scheme that shares many
similarities with the interference-cancellation schemes of [30-35]; however, our approach

differs in two substantial ways:

* At time k, when computing 2, the previous equalizer outputs A, _;: j> 0} are
known. With these values, we may compute the full LLR L; _;= )\Z TR VR
which provides a better estimate of a;, _; than }‘Z _; alone. Thus, instead of using
aj,_; to cancel interference, we propose to use a_;=Ela,_;IL; _;] for j > 0.
This is similar in spirit to the principle behind a DFE. A DFE-based system is also
proposed in [35]. However, the system of [35] feeds back hard decisions on the
equalizer output, without combining them with the a priori information, and it per-
forms worse than the systems without feedback described in section 5.1. In [20], a
DFE was proposed to be used with a priori information. However, it does not use
the a priori information to cancel post-cursor ISI, and it computes the DFE coeffi-

cients assuming correct decisions.

e Asin [32-35], instead of trying to cancel all the interference, we pass @, and a,

through linear filters whose coefficients, along with f, are computed to minimize
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the MSE E[ 1z, —a| 2], However, following [39,45], we use a Gaussian approxi-
mation to )\IZ and A that leads to time-invariant SFE coefficients, and hence to a
per-symbol computational complexity that is proportional to the number of equal-

izer coefficients, as opposed to the quadratic per-symbol complexity of the TVE.

Applying the above two changes to Fig. 19 leads to the proposed SFE structure shown
in Fig. 20, where the filters g; and gy are strictly anticausal and strictly causal,
respectively, and the filters f, g; and g4 are chosen to minimize the MSE. The thicker line

in the feedback loop represents the only actual change from Fig. 19.

5.2.1 The SFE Coefficients

Let the SFE output z;, be written as
o =fry-g1a; —g5a, (s1)

where f= [f*Ml’ ...fM2]T, r,= [rk+M1, rkaz]T, g1= [ngl, 84 1T, g9 =g,
T ~ _t# ~ T - _rx - T th it T

gM2+u] ,ay = [ak+M1’ a1 a, =la, 4, ... ak—(M2+p.)] , the superscript

denotes transpose, and M; and My determine the lengths of the filters. Now, assume that

Ela, ajl=Ela,a;jl = E[dkaj] = 0 when & # j. This seems reasonable, since a; and @, are

Tk 2 2A
2
O-U

X G a Ly,

ot il
/ g1 ™ 82 / T +
al '
0 0
Fig. 20. The proposed SFE equalizer. The thicker line in the feedback loop
represents the only actual change from Fig. 19.
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approximately equal to a; and the transmitted symbols are uncorrelated. Then, as shown

in Appendix B, the values of f, g; and g5 that minimize E[ | z;, — a;, 12] are given by

2 2
a a
f=HHT - E_i HH] - E_Z H,H, + o’k (52)
g1=(0y/EDHf (53)
g2 = (ay/Ep) Hy f, (54)

where H is the M x (M + p) channel convolution matrix:

hohy .. h, 0 0 .. 0

o |0 Aoty Llhu 0 .00 (55)
0 By g Ry
M=M{+Msy+1,and
E,=E[la, 1%, (56)
Ey,=Ella, 1%, (57)
o1 = E[a, az], (58)
g = E[@, az). (59)

The vector h is the 0-th column of H, where the columns of H are numbered as H =
[h—Ml’ hM2+u]~ Also, Hy = [h—Ml’ ...hyland Hy = [hq, ... thﬂl]. The constants
A and 05 , needed in (50) to compute the LLR Aj, from the equalizer output, are shown in

Appendix B to be given by A = fThO and 03 =A (1-A). Thus,

)\k =2 Zk/(l —fTh()). (60)
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Note that, from the definitions of @, and @,, at time £ we only attempt to cancel the
interference from the M future symbols and the My + 1 past symbols. However,

r, =Ha}, + ny, (61)
where ny, = [n,, WMy oM, 1T and a,=la, WM akazfu]T. Thus, the output of
the linear filter f suffers the interference of a;, _ ; forj = -My, ... My + p. In other words, at
time % the output of f has residual interference from the M; future symbols and the
My, + p past symbols. This explains the index range in the definition of @, and a, . Also,
note that g; and g, are proportional to the strictly causal and anticausal portions of ) jh;f}, _
;» Where the constants of proportionality depend on the quality of a, and a, through

al/El and GQ/EQ.

5.2.2 Computing the Expected Values

Exploiting symmetries, it is not hard to see from (56)-(59) that Eq, a4, E5 and a9 may
be computed by conditioning on aj=1. In other words, E; =E[la, 121ay = 1],
E,=Ella, 1%la; = 11, a1 = E[a,, laj, = 1], and ay = Ela,, 1a;, = 11.
Now, assume that )\IZ 1s computed from an equivalent AWGN channel with output
I, = ay + wy, (62)
where w;, 1s AWGN with variance 03), assumed to be independent of the transmitted
sequence, the actual channel noise and the equalizer output at time & [45]. Assuming a
BPSK alphabet, this means that )\1,: =Yp lp, Where y, = 2/03) is proportional to the SNR of

the equivalent channel that generates )\IZ. Then, conditioning on aj, = 1, )\l;e ~ NYp, 2Yp), s0

0 = LIJI(Vp)a (63)

El = L|J2(yp)> (64)
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where
P1(y) = Eltanh(u/2)], u ~ Ay, 2y), (65)

Wo(y) = Eltanh?w/2)], u ~ ALy, 2y). (66)
Unfortunately, there are no closed-form formulas for y4(y) and Wo(y). However, these are
well-behaved functions that may be tabulated or computed by simple numerical
algorithms.

Similarly, note that L;, = )\l;e + A. Now, consider the Gaussian approximation to Az in
(49) and (50), and let y, = 2A2/03 be a parameter that is proportional to the SNR of the
equivalent channel that generates Aj. Then,

Ly = (Yp + Vo) af + YpWp, + Vel (67)
so that, conditioning on ap =1, Ly ~ Ny, + Y, 2 (Y, + Y,)). Thus, using the Gaussian

assumptions, E9 and 0 are given by
ag = Wi(Y, + Ye) (68)
Eg = Wayp + Ye)- (69)
To compute Eq, ay, Eg and ay, the values of y, and y, need to be estimated. Because

E[l )\I;I 2] = yi + 2 Y, the ML estimate of y, is

Jl Nzk ) | (70)

To determine Yy,, we note that, as shown in Appendix B, A = fThO and 03 =A (1-A).

Thus, since y, = 2A2/03 , we have that

Ye=2fTho/(1-fThy). 1)
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Note that we need y, to compute E5 and 0y, but we need E5 and 09 to compute y,. To

find both simultaneously, we propose that, given an initial value for y,, we compute:

2 2
a Wiy, +VYe)
f=HHT - E—i HH - —w; (yp - ye) H,H, + o’I)? h, (72)
p e
Ye=2fTho/(1-fThy). (73)

iteratively, until a stop criterion is met. The converge behavior of this iterative procedure
can be studied with the same techniques used in section 3.2 to analyze the scalar-channel
estimator. Indeed, for a fixed channel, noise variance and Yps the iterative procedure may
be seen as a mapping from the value of y, at the i-th iteration, yZ, to the value of v, at the
i+1-th iteration, y}*1. With that in mind, consider Fig. 21, where we plot y/*! as a function

of yei fory, = 0, h =[0.227 0.46 0.688 0.46 0.227], My = 10, My = 5, and SNR = 10 dB.

Also shown in Fig. 21 is the line yi*! = y/. Since the iterative procedure converges when
yei+1 = yei, Fig. 21 suggests the existence of a single fixed-point for this particular example,
10 T T T T T T T T S
9+ N ]

WX
oL AT
e Rl

i+1
Ye
[6;]

Fig. 21. Graphical analysis of the convergence of (72), (73): estimated value of
yi+! as a function of its value at the previous iteration, Y.
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marked by a x. Furthermore, the dynamic behavior of the iterative procedure, when vy, is
initialized to zero, is illustrated in Fig. 21 by the dotted arrows. As seen in Fig. 21, the
algorithm 1s expected to converge after 3 iterations in this case. We have observed the

same fast convergence and unimodal behavior in all scenarios we have studied.

To summarize, the SFE coefficients are computed as in the following pseudocode:
Estimate vy, using (70);
Estimate Y, using the iterative procedure in (72) and (73);

Compute E;, ay, E9and oy using (63), (64), (68), (69);
Compute the SFE coefficients using (52), (53), (54).

5.2.3 Special Cases and Approximations

The values of y, and y, are proportional to the SNR of the equivalent AWGN channels
that generate }\Z and Az, respectively, and hence reflect the quality of these channels. Based
on this observation, some interesting conclusions may be drawn from a study of the
behavior of Wy(y), Wi(y) / Ys(y) and l]J%(y) / Ws(y), which are plotted in Fig. 22 as a function

of y.

102 101 100 10t 102

Fig. 22. The behavior of Y, (y), &, (Y/d,(y), and W (/).
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Consider, for instance, the case in which y, or y, tends to zero. It can be shown that, as
y tends to zero, the ratio Yq(y) / Yo(y) tends to infinity, as suggested in Fig. 22. From
equations (53) and (54), this implies that the coefficients of the interference cancellers go
to infinity as the reliability of their inputs goes to zero. Hence, it seems that the less
reliable the symbol estimates, the more we try to cancel their interference. However, this
observation is not true. In fact, under the Gaussian assumption it is not hard to show that
the outputs of the interference cancellers are zero-mean random variables with variance
(0(% /EI)HHTfH2 and (0(% /Ez)“Hgf‘F. It is also possible to show that l]J%(y) / Po(y) tends
to zero as the reliability y tends to zero, as suggested in Fig. 22. Thus, although the filter
coefficients grow large, the output of the interference canceller goes to zero in the mean-
square sense, and in fact no interference cancellation is done.

Based on Fig. 22, the analysis above, and a careful inspection of (52) — (54), it can be

shown that the SFE reduces to well-known equalizers for certain values of y, and y,.

* In the limit as y, and y, grow small, we have already shown that no IC is per-
formed. Furthermore, since 0(? /E1-0asy, - 0and 0(3 /Eyg - 0asy, - 0,f
reduces to a traditional MMSE-LE. Therefore, in this case, the SFE reduces to a
conventional linear MMSE equalizer. This is intuitively pleasing, since small val-
ues of y, and y, suggest low levels of reliability, and in this case the receiver is bet-

ter off not attempting any form of interference cancellation.

* Inthe limit asy, — 0 and Y, — o, the SFE reduces to a conventional MMSE-DFE.
This is intuitive, since small y, implies unreliable priors, and hence no cancellation

of precursor ISI should be performed. Furthermore, large y, implies reliable equal-

59



izer outputs, in which case postcursor interference can be effectively cancelled

using decision-feedback.

¢ In the limit as Yp — 0, the SFE reduces to a traditional ISI canceller. This is intui-
tive because when y,, is large, the equalizer has access to reliable estimates for all
interfering symbols. When the interfering symbols are known, the interference

canceller is known to be optimal.

The plot of Y1(y) / Yo(y) in Fig. 22 also indicates that we could replace a; / E{ and ag /
E5 by 1, an approximation that is clearly accurate for y> 0.1. To analyze the effects of
this approximation for y< 0.1, we observe that the feedforward filter f, as well as the
variance of the output of the interference cancellers, depend on a /E; and a3 / Ey. In
other words, we have to analyze the impact of the approximation on C(% / Eq and 0(% / Eg.
However, as suggested in Fig. 22, the difference between y(y) and LIJ% (Y) / Wo(y) tends to
zero as y tends to zero. Thus, C(% / Eq and a% / Eq are close to a7 and g, respectively, even
for unreliable channels. Therefore, approximating a;/E; and ay/E9 by 1 does not
greatly affect the equalizer output. The resulting approximate filter coefficients are thus

computed as

f=HHT - o; HH] - 0y HoH) + 621)? hy, (74)
g1 =H{f, (75)

T
g =Hyf. (76)

It is interesting to notice that, under this approximation, the coefficients of the interference
cancellers g1 and g9 are those that would be obtained assuming correct decisions. Thus,

the amount of interference cancellation to be performed by the equalizer is controlled
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mostly by the amplitude of the soft information, not by the interference cancellation

coefficients.

5.3 Performance Analysis

In this section, we present an analysis of the performance of the SFE algorithm, using
computer simulations and theoretical results based on the Gaussian approximation. We
also compare the SFE to a traditional DFE.

We begin by showing the validity of the Gaussian approximation. To that end, in
Fig. 23 we show the estimated probability density function (pdf) of the SFE output, A,
based on the transmission of 32,000 bits through the channel 2 = [0.23 0.42 0.52 0.52
0.42 0.23] at SNR = 20 dB. The equalizer has M; = 20, M, = 15, and we do not assume
the presence of a priori information, i.e., we assume )\l;e = 0 for all . In this figure, we also
show the pdf of the LLR at the output of a Gaussian channel with SNR = fThO/ 1-

fTho), computed using the SFE parameters. As we can see, both pdfs are similar.

0.05

0.04 |-

0.03 |-

0.02

0.01

0 1 1 1 1 1

-30 -20 -10 0 10 20 30

Fig. 23. Estimated pdf of the SFE output, compared to the pdf of the LLR of an
AWGN channel.
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We may use the fact that the SFE output is similar to the LLR of an AWGN channel to
predict the performance of the equalizer. In fact, since the SNR of the equivalent AWGN

channel is fThy/ (1 — fThy), the BER at the SFE output should be close to

O

BERgpg = QH (77)

To show the accuracy of this computation, we simulate the transmission of 107 bits
through the channel A =[0.227 0.46 0.688 0.46 0.227], using equalizers with M = 10, M,
= 5. In Fig. 24, we show the BER performance of the SFE computed through simulations
and using (77). As we can see, the theoretical computation in (77) gives a reasonable
prediction of the performance of the SFE, especially for low SNR. However, we can also

see that equation (77) is normally too optimistic.

A

102

| T I e A 11| i

BER

10® e
- —=— SFE (Simulation) ]
. B —— SFE (Theoretical) ]
07 E | —=— DFE
10-5 1 1 1 1 1 1 1 1 1

o
N
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o
©

10 12 14 16 18 20 22
SNR (dB)

Fig. 24. BER (theoretical and simulation) of an SFE with no a priori information.
The BER of a DFE is also shown.
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In Fig. 24, we also show the BER performance of a DFE. It is interesting to notice that
as the SNR increases the performance of the DFE and the SFE become similar. This
agrees with the previous analysis, which predicted that the SFE becomes a DFE as the
SNR tends to infinity. It is also interesting to notice that the SFE outperforms the DFE for
SNR less than 8 dB, while the DFE is better than the SFE for SNR greater than 8 dB. This
indicates that, for this channel, there is an SNR threshold above which soft information
becomes too tentative, and the equalizer is better off using hard decisions. A similar
behavior was observed for other channels. In fact, our simulations indicate that if the SNR
at the SFE output, fThO/ 1- fThO), is greater than one, then the DFE performs better
than the SFE. Unfortunately, a theoretical computation of this SNR threshold could not be

determined for a general channel.

5.4 Summary

In this chapter, we proposed the SFE, a low-complexity soft-output equalizer that
exploits a priori information about the transmitted symbols to perform soft interference
cancellation. The SFE achieves a compromise between linear equalization, decision
feedback equalization and interference cancellation by choosing the equalizer coefficients
according to the quality of the priors and of the equalizer output. Since the SFE exploits a
priori information, it may replace the BCJR equalizer in applications.

The SFE differs from similar structures [30-35] in two ways. First, it successfully uses
soft feedback of the equalizer outputs to improve interference cancellation. In contrast, the

decision-feedback structure proposed in [35] performs worse than its linear counterpart.
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Also, by assuming a statistical model for the priors, we obtain a time-invariant, linear
complexity equalizer, as opposed to the quadratic complexity of the MMSE structures in
[32-35].

We showed that the SFE collapses to well-known equalizers in limiting cases where
the a priori information and the equalizer output are very reliable or very unreliable. We
conducted simulations demonstrating the validity of the Gaussian approximation and
comparing the performance of the SFE to a DFE. In these simulations, we showed that the
SFE outperforms the DFE for low SNR. For high SNR, the performance of both equalizers
is similar. For the intermediate SNR range, the DFE outperforms the SFE, suggesting that
soft information may be too tentative for this SNR range, and better results are achieved
with hard information. This behavior was also observed in other simulations we conducted
for different channels, but we could not devise a general strategy to determine when hard

information yields better results than soft information.
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CHAPTER 6

Turbo Equalization with the SFE

Consider the turbo equalizer shown in Fig. 25, which is repeated here from
section 2.2. As discussed in section 2.2, the equalizer in a turbo equalizer computes the
LLR of the transmitted symbols, L, based on the received samples r and the vector of
extrinsic information A°, and otherwise ignoring the presence of ECC. The vector A’ s
used by the equalizer as a priori information on the transmitted symbols; it feeds back
information from the decoder to the equalizer, allowing the equalizer to benefit from the
code structure. Normally, the equalizer in a turbo equalization scheme is implemented
with the BCJR algorithm.

In chapter 5, we proposed the SFE, an equalizer that computes an estimate of LLR of
the transmitted symbols, based on the received samples r and the vector of extrinsic
information A°. Thus, the SFE is well-suited for application in turbo equalization. In this

chapter, we study this application of the SFE.

—» EQ.

|| ECC
DECODER
d
L

Tt

apriori

)\eT

Fig. 25. Turbo equalizer.
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6.1 An SFE-Based Turbo Equalizer

An SFE-based turbo equalizer is obtained by using the SFE, depicted in Fig. 20, as the
equalizer in the turbo equalization scheme depicted in Fig. 25. The resulting system is
depicted in Fig. 26. Note that the SFE coefficients depend on the quality of the a priori
information. However, in a turbo equalizer, the quality of the a priori information changes
with iteration. Therefore, the SFE coefficients have to be computed at the beginning of
every turbo iteration. In this section, we briefly describe our implementation of the SFE-
based turbo equalizer.

First, the computation of the SFE coefficients in a turbo equalization context may be
simplified. In the derivation of the SFE, we proposed to compute the parameter y, using
the iterative procedure described in equations (72) and (73). If we used this strategy in a
turbo equalizer, we would have to repeat the iterative procedure for every turbo iteration.
However, we have observed that there is no need to this. In fact, the iterative procedure in

equations (72) and (73) may be used only in the first turbo iterations. In later turbo

A
Tk 2k 2A k
| —Lf =0 o2
: _ v
aalp a a Ly,
C%: f k &1 89 k / AN
' +

. ECC
< ()‘ T DECODER|™ sl

‘_ S—

Fig. 26. An SFE-based turbo equalizer.
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iterations, we may compute the equalizer coefficients using the value y, from the previous
turbo iteration. An updated value of y, is then computed and passed on to the next turbo
iteration. We have observed that no performance loss is incurred if the iterative procedure
in equations (72) and (73) is used only in the first turbo iteration.

Also, at the first turbo iteration when y, =0, we get Ey=0;=0. To avoid the
indeterminate o;/E; in (52)—(54), we artificially set E; =1, a; =0 for the initial
iteration. This is reasonable since, at the first iteration, we do not want to perform any IC
based on the a priori probabilities. In fact, algorithms based solely on IC often have a
problem at the first turbo iteration, when no a priori information is available. For example,
to solve this problem, [31] proposes that the BCJR algorithm be used for the first iteration.
Note that if we are using the approximate SFE coefficients in (74)-(76) the ratio a1/ E is
never computed, so there is no need to artificially set E; = 1, a7 = O for the initial iteration.

Finally, we have observed that a turbo equalizer may benefit from values of y, and y,
more pessimistic than those obtained using (70) and (71). Optimistic values for y, and y,
may cause the equalizer to output values of A, that have the wrong sign but a large
magnitude, which may cause the turbo equalizer to converge slowly or to a wrong
codeword. Performance can be improved if y, and y, are estimated using the SEM scalar
channel estimator analyzed in section 3.2, repeated here for convenience. If z;, = Aay, + v,
is the equalizer output, then, given initial estimates Ag and frg, Y, is computed iteratively

using
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where the index i > 0 refers to the turbo iteration. If we replace z;, by )\IZ in the equations
above, we obtain an estimate for y,. The initial values Ay and 63 required to compute \7((;)
are obtained from the iterative procedure described in equations (72) and (73). For
computing VS) we set 63 = 2Ag, which reflects our initial approximation that )\IZ is

consistently Gaussian. A consistently Gaussian random variable is a Gaussian random

variable whose variance is equal to twice its mean.

6.2 Simulation Results

We present simulation results of turbo equalizers based on several different soft-output
equalizers. In all the simulations, the transmitted symbols are encoded a recursive rate-
1/2 convolutional encoder with parity generator (1+ D?)/(1 + D + D?) followed by an
interleaver whose length is equal to the block length. For these simulations, we also
assume that the channel parameters are known.

We begin by using the same simulation scenario as [35], in which K = 2% message
bits are encoded and transmitted through the channel A = [0.227, 0.46, 0.688, 0.46,
0.227], whose frequency response is shown in Fig. 27. The equalizers use M1 = 9, M, = 5,

and the SNR per message bit is E;/N, = (E/R)/(202), where o2 is the noise variance, R is
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Fig. 27. Frequency response of h=[0.227, 0.46, 0.688, 0.46, 0.227].

the code rate (in this case 1/2) and E, = ||h||2 is the symbol energy at the channel output.
We have estimated the BER performance as a function of E, /N, of turbo equalizers based
on the BCJR algorithm, the SFE, the time-varying equalizer (TVE) from [35], and the
switched equalizer (SE) from [35], after 14 iterations of the turbo equalizer. We have also
estimated the BER performance of the code in an AWGN channel, which does not
introduce ISI. The results, shown in Fig. 28, are averaged over 100 trials. As we can see,
the proposed equalizer performs almost as well as the TVE (quadratic complexity), while
its complexity is comparable to that of the SE (linear complexity).

In Fig. 28, it is also interesting to see that the performance of all the equalizers
eventually approaches that of the coded system in an AWGN channel. Thus, turbo
equalization allows for almost perfect ISI removal. In other words, for large enough SNR,
turbo systems may operate as if the channel introduced no ISI. Furthermore, in Fig. 28 we

show the capacity limit, defined as the minimum E,/N, required for error-free
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Fig. 28. BER performance for the simulation scenario of [35].

transmission using rate 1/2 codes and BPSK transmission, as predicted by Shannon’s
theory [46]. This limit was computed using the techniques proposed in [47]. For the
channel considered in this simulation, the capacity limit is E, /Ny = 3.06 dB. As seen in
Fig. 28, the gap between the turbo-based systems and the capacity is not wide.
Furthermore, the BCJR-based system behaves like an AWGN system for Ej/
Ny > 3.70 dB, suggesting that the code, rather than the ISI channel, is responsible for a
significant part of this gap. In fact, the gap can be made narrower if better codes are used.

As seen in Fig. 28, the BCJR equalizer yields the best performance among all the
equalizers. There is, therefore, a trade-off between the added complexity of the BCJR and
its performance gain. To quantify this trade-off, in Fig. 29 we show the number of
operations (additions and multiplications) required by the BCJR- and the SFE-based turbo
equalizers to achieve a BER of 1073 ata given Ey/N. In this figure, we do not take the

decoding complexity into account, since this is common to all equalizers. Furthermore, we
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Fig. 29. Complexity-performance trade-off.

do not consider other complicating factors of the BCJR algorithm, such as the significant
memory requirements and the constant use of lookup table to compute exponentials and
logarithms. Even without taking these factors into account, we see in Fig. 29 that the
BCJR-based turbo equalizer requires 1.8 times as many operations as the SFE-based turbo
equalizer to achieve a BER of 1073 at E,/N, = 7 dB. Likewise, if we are limited to 300
operations, the SFE-based system can operate at an E/N, 2.7 dB less than that made
possible by the BCJR-based system.

The performance gap between the different techniques is a strong function of the
channel. To see this, we simulate the transmission of N = 2! encoded bits through & =
[0.23, 0.42, 0.52, 0.52, 0.42, 0.23], whose frequency response is shown in Fig. 30. This is
the 6-tap channel that causes maximum performance degradation for the ML sequence

detector when compared to the matched filter bound [48]. We used M7 = 15 and M, = 10.
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Fig. 30. Frequency response of h=1[0.23,0.42, 0.52, 0.52, 0.42, 0.23].

For each value of Ej, /N, and every 30 codewords, we checked the total number of words
detected in error. If this number was greater than 100, we would stop running the
simulation for that value of Ey/Nj. A maximum of 1000 codewords was transmitted for
each £, /N,.

The performance of the turbo equalizers based on BCJR, DAE, SE and the SFE for the
simulation scenario described above is shown in Fig. 31, where we plot the BER versus
E, /N, for the turbo equalizers. The maximum number of iterations shown for each
scheme is that after which the equalizers stopped improving. It is interesting to notice that,
for the DAE, error propagation is a problem for Ey /N < 10 dB, as evidenced by its poor
performance in this SNR range. After this value, the performance improves rapidly with
increasing E,/Nj. It is important to point out that the first turbo iteration for this
algorithm uses a BCJR equalizer, which precludes its application to channels with long

memory. We can also see in Fig. 31 that the SFE is around 2.6 dB better than the SE
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Fig. 31. BER performance of some turbo equalizers for h=[0.23, 0.42, 0.52, 0.52,
0.42, 0.23]. The BPSK capacity limit for this scenario is E,/N = 4.2 dB.
equalizer for the same number of iterations and a BER of 10 . However, performance
cannot be further improved with the SE equalizer. On the other hand, with the SFE a gain
of 0.65 dB is possible with 2 extra iterations, and a 1.4 dB gain is possible with 10 more
iterations. One possible explanation for this performance gap is that, as seen in Fig. 30, the
channel used in this simulation introduces severe ISI. For such channels, decision
feedback structures such as the proposed algorithm tend to perform better than linear
filters.

The BPSK capacity limit for the simulation scenario used to generate Fig. 31,
computed using the techniques proposed in [47], is E/N = 4.2 dB. Therefore, the gap to
capacity for this particular channel is larger than the gap in Fig. 28, thus indicating that the
gap to capacity depends on the channel characteristics. It should be mentioned that the
turbo systems considered in Fig. 31 do approach the performance of an ISI-free system;

however, this happens at a low BER, for which we have no results.
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The channels we have considered so far have a fairly short impulse response. Using a
BCIJR equalizer for these channels is a feasible option, and there is a trade-off between
some extra computational burden and some performance gain. However, in channels with
very long impulse responses the complexity of the BCJR equalizer is prohibitive, and
using this equalizer is no longer an option. To obtain the gains of turbo equalization in
channels with long impulse responses, low-complexity equalizers have to be used.
Consider, for instance, the microwave channel of [49]. For this example, we focus on the
44-tap section of this channel, corresponding to samples 98 through 141. Furthermore,
since we are using a BPSK modulation, we use only the real part of the channel. The
resulting impulse response is shown in Fig. 32, and the frequency response is shown in

247

Fig. 33. For such a long channel, the complexity of BCJR is roughly additions and

multiplications per symbol per iteration, and even quadratic-complexity equalizers such as
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Fig. 32. Impulse response of microwave channel of [49].
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Fig. 33. Frequency response of microwave channel of [49].

the TVE are too complex. In cases like this, linear complexity equalizers are the only
feasible choice. Therefore, to use a turbo equalizer for this channel, we need to use either
the SFE or the SE.

To determine the performance of the SFE- and SE-based turbo equalizers for the
microwave channel, we simulate the transmission of N = 211 encoded bits through this
channel. We used equalizers with M; = 40 and My = 20. A maximum of 1000 codewords
was transmitted for each Ey/N. For each value of Ej /N and every 30 codewords, we
checked the total number of words detected in error. If this number was greater than 100,
we would stop running the simulation for that value of Ep/N,. In Fig. 34, we plot
performance of the turbo equalizers based on the SE and the SFE, in terms of BER versus
E,/Ny. In this figure, the gains of turbo equalization are clear, as evidenced by the
performance gap between the first and 8-th iteration of both turbo equalizers. We can also
see that the SFE-based turbo equalizer outperforms the SE-based turbo equalizer, with a

gap of 1.5 dB for a BER of 103 . The capacity limit for the microwave channel is also
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Fig. 34. BER performance of the SFE- and SE-based turbo equalizers for the
microwave channel.

shown in Fig. 34. However, since the complexity of the technique proposed in [47] grows
exponentially with channel memory, computing the BPSK capacity is not feasible for this
channel. Therefore, we show the power-constrained capacity, computed using water-
pouring [46]. As we can see, the SFE-based system has a gap to capacity of around 3 dB,

which can be made narrower if better codes are used.

6.3 The EXIT Chart

In this section, we describe the extrinsic information transfer (EXIT) chart, a design
tool for iterative systems such as turbo equalizers. We also compare the EXIT charts of
different equalizers.

The EXIT charts were originally proposed in [45] for the analysis of parallel-
concatenated turbo codes, but they can also be used for turbo equalization. The idea

behind these charts is that the equalizer or the decoder in an iterative detector can be seen
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as a block that maps extrinsic information at its input, A;,, to extrinsic information at its
output, A,,;. Furthermore, A;, can be characterized by a single parameter, the mutual

information between A;,, and the transmitted symbols, I;,,. For a binary alphabet, we get

Iin="7% Pin(Aa)log 2Pnlle) (79)
in al]{il}.[ in 2p; A1)+ p;, A1)

where p;,(Ala) is the pdf of A;,, given that @ was transmitted. The mutual information
between A,,; and the input sequence, I,,,;, may be similarly defined. Therefore, decoders
and equalizers in an iterative receiver may be seen as functions 7, and T4, respectively,
that map [;,, to I,,,,;, as depicted in Fig. 35 for a turbo equalizer. The EXIT chart is a plot of

T, and/or T.

For the equalizer, the mapping from I;, to I,,,; is estimated for a specific channel and a
specific SNR. We assume that A;, is generated from an AWGN channel whose noise
component is independent of the channel noise and the transmitted symbols, as was done
in (62). Under this assumption, A;, can be generated directly, without regard for the
decoder. To compute I,,;, a long sequence of channel outputs and a priori information is
generated, and the equalizer is used to produce a sequence of values A, ;. The pdfs

Pout(A 1) and p,,,(A11) are then estimated based on histograms of the equalizer output,

If)ut= I(zin
T, ~ T
e d
- d
Equalizer I, = I,,  Decoder i

- -

Fig. 35. View of turbo equalization as an iterative application of mappings.
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and I,,; is obtained from a numerical computation of the integral in (79). The mapping for
the decoder is estimated in a similar fashion. The only difference is that for the decoder
there is no channel output, only extrinsic information.

The EXIT chart can be used to graphically predict the behavior of the iterative
algorithm. To see this, consider Fig. 36, where we plot the EXIT charts (I, as a function
of If ) for the BCJR equalizer, the SFE and the SE. The charts were obtained for the
channel given by A =[0.227, 0.46, 0.688, 0.46, 0.227], and for an E, /Ny = 5.1 dB, using
107 transmitted symbols. We also show Igln (which is equal to I} ,) as a function of I‘jut
(which is equal to I}) for the recursive rate-1/2 convolutional encoder with parity
generator (1+ D?)/(1 + D + D?). Note that I‘iin = T*(l:l (If)lut). Thus, the plot for the decoder

can be obtained by switching the abscissa and the ordinate in the decoder EXIT chart. The

iterative procedure for the BCJR equalizer is represented by the arrows in Fig. 36.

—+— BCJR
—=— SFE

0.2

Decoder
—e— SE
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1
lfn_ out

Fig. 36. The EXIT charts for the BCJR equalizer, the SFE and the SE at E/N, =

5.1 dB and for h =[0.227, 0.46, 0.688, 0.46, 0.227]. The flipped decoder
chart is also shown.
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Initially, the equalizer has no extrinsic information, so that Ifn = 0, so it produces an output

with I¢

out = T(0), represented by the first vertical arrow. The decoder then produces an

output with I, = Ty4(I7, ), a value that can be found graphically through the first horizontal

= T‘(li (I?)).) With this new value of I

arrow. (Remember that for the decoder we plot I° ins

out

the equalizer produces a new value I°

e ) )
cut = T(I:,), found with the second vertical arrow.

The iterative procedure progresses in the same fashion in future iterations.

As seen in Fig. 36, for both the BCJR equalizer and the SFE the mutual information
tends to a large value (close to 1) as the iterations progress, which implies a small BER
[45]. For the SE, however, the mutual information stops increasing at a small value, which
implies a large BER. Furthermore, we see that the BCJR-based turbo equalizer is expected
to converge in 5 iterations, while the SFE-based turbo equalizer is expected to converge in
6 iterations. Finally, we see in Fig. 36 that for no extrinsic information (I}, = 0) the SFE
produces the same Isut as the SE. However, when Ifn = 0 the SE chooses the MMSE-LE.
These two observations indicate that the SFE performs like an MMSE-LE. This is
intuitively pleasing, since in the absence of a priori information and with unreliable
equalizer outputs (caused by the low SNR), the SFE should indeed be similar to an
MMSE-LE. We can also see in Fig. 36 that, as the reliability of the extrinsic information

increases, the SFE, the SE and the BCJR equalizer produce the same I°

out- This agrees with

the analysis in section 5.2.3 that showed that when the reliability of the extrinsic
information tends to infinity, the SFE tends to an MF with IC, which is the ML receiver in

this case. (Remember that the SE is an MF when the a priori information is reliable.)
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The EXIT chart may be used to determine the threshold SNR for a turbo equalizer,
defined as the SNR above which the turbo equalizer converges to a small BER, and below
which the turbo equalizer does not converge to a small BER. From the iterative procedure
described above, it is clear that the turbo equalizer will converge to a small BER if the
EXIT chart for the equalizer only intersects the inverted decoder chart at a high value of
the mutual information. As seen in Fig. 36, the plots for the SE and the decoder intersect at
a small value of I}, yielding a large BER. However, if we increase the SNR, the curve for
the SE will move up, so that the curves only intersect at a high mutual information,
resulting in a small BER. Thus, the value of SNR that makes the EXIT chart for the
equalizer touch that of the decoder at a single point for a small mutual information is the
SNR threshold for that equalizer. Using this procedure, we determine the threshold for the
BCIJR equalizer, the SFE and the SE. The resulting thresholds for the channel h = [0.227,
0.46, 0.688, 0.46, 0.227] are shown in Table 2.

The EXIT chart has another interesting application, stemming from the fact that they
may be generated for the equalizer and decoder independently. This allows for different
combinations of coding and equalization techniques to be compared directly, without the
need to simulate a turbo equalizer for each combination. This property of EXIT charts

makes it useful for designing codes for turbo equalization [50].

Table 2: Threshold SNR for Some Equalizers

Equalizer type | SNR Threshold (dB)

BCJR 3.4
SFE 4.5
SE 5.3
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6.4 Summary

In this chapter, we studied the application of the SFE for turbo equalization. We first
proposed some modifications to the computation of the SFE coefficients that reduce the
computational complexity of the system and improve its performance. We then showed,
through simulations, that an SFE-based turbo equalizer may perform within 1 dB of a
BCJR-based turbo equalizer, which has exponential complexity in the memory of the
channel, and within 0.4 dB of a TVE-based turbo equalizer, which has quadratic
complexity in the memory of the channel. We showed that the SFE-based turbo equalizer
consistently outperforms turbo equalizers based on other linear complexity equalizers.

We have also discussed EXIT charts, a tool for the design of iterative systems. We
have provided the EXIT charts of the SFE and compared them with the charts for the
BCIJR equalizer and the SE. As expected, the SFE is seen to perform between the SE and

the BCJR equalizer.
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CHAPTER 7

ECC-Aware Blind Channel Estimation

As we have discussed so far, the principle behind the success of iterative techniques is
that of exchanging information between blocks so that at every iteration each block uses
information from other blocks to improve the reliability of its output. Within that
philosophy, in this chapter we combine turbo equalizers and iterative channel estimators in
a single system in which channel estimation is based on the decoder output instead of the
equalizer output. This way the channel estimator benefits from the code structure, which
makes the decoder output more reliable than that of the equalizer, resulting in a blind
iterative ECC-aware channel estimator. In a way, this is not very different from the EW
channel estimator of chapter 4, since the combination of an equalizer and a decoder can be

seen as a symbol estimator.

7.1 ECC-Aware Blind Estimation of a Scalar Channel

In this section, we explain the idea behind ECC-aware channel estimation in simple
terms, by considering a scalar channel as shown in Fig. 37. Given initial estimates A ; and
2

63 , the ECC-ignorant approach to estimating the channel gain A and the noise variance o

computes:
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A

N-1 N
A= J%zk ~, mitanh(A 7/67), (80)

22 1 <N-1 . A
Oiv1 =3, o |Te—signty) A;,q12 (81)

The idea behind these equations is that 2 A ;r/ 6;'2 is an estimate of the LLR of the channel
input a,, which is equal to 24r;,/ 62 if only the channel is taken into account. We may,
however, obtain a better estimate for this LLR by taking the code into account. This can be

done by considering the output of the BCJR decoder. In this case, we may estimate

N

N-1
A 1= ]%Zk o TR tanh(A/2), (82)

L2 1 <N-1 . .
Gie1 =N Do lry, —sign(\,) A;, 112 (83)

7.2 ECC-Aware Blind Estimation of an ISI Channel

In this section, we propose an ECC-aware blind channel estimator for a general
channel. The application of the principle discussed in the previous section to a channel
that introduces ISI is not straightforward. After all, when discussing turbo equalization,
we saw that it is hard to obtain the APP on the transmitted symbols while taking the code
structure into account. However, we also saw that turbo equalizers may produce an

approximation to this APP. In fact, one important aspect of turbo equalizers is that they

m m AWGN

: « .
[75) a r
o

L p | A (+)—=|BCIRF—= 1,

P(D) ie)
Chonnel Decoder
ECC ENCODER Gain

Fig. 37. A simple encoded scalar channel.
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provide soft estimates of the transmitted sequence that benefit from the ECC code
structure, and are much more reliable than the estimates provided by an equalizer alone.
Its seems natural that using this information for channel estimation should provide better
results than using ECC-ignorant symbol estimates, as is done in Fig. 5. Thus, we propose
the channel estimator of Fig. 38, in which the symbol estimator in Fig. 5 is replaced by the
turbo equalizer of Fig. 3.

The proposed estimator of Fig. 38 iterates between three blocks: a channel estimator, a
soft-output equalizer, and a soft-output ECC decoder. A receiver would have to perform
these functions anyway, so their presence alone does not imply any added complexity; the
only added complexity is due to the fact that these functions are performed multiple times
as the algorithm iterates.

It is instructive to compare the proposed estimator with a conventional receiver that
performs channel estimation just once, then uses these estimates in a turbo equalizer. The

proposed estimator can be derived from this receiver by making just one modification:

EQ.
> apriori
N e 4
h,6 )\k
(D
Channel 1
> Estimator

ECC
DECODER

d

S 2 o PR
)

Turbo Equalizer
(Symbol Estimator)

(<}

Y

|

Fig. 38. Integrating channel estimation with turbo equalization.
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rather than using the initial channel estimates for every turbo iteration, the proposed
receiver occasionally improves the channel estimates based on tentative soft decisions.
Specifically, every J-th iteration of the turbo equalizer, the soft-symbol estimates
produced by the ECC decoder are used by the EW algorithm to produce better channel
estimates, which are then used for the next ¢/ iterations. Key to the good performance is the
fact that the a priori information for the turbo equalizer is not initialized to zero after </
iterations of the turbo equalizer. Instead, extrinsic information from the last instance is
used as the initial a priori information in the next one. The choice of J is a design
parameter that can affect convergence speed, steady-state behavior, and overall
complexity. Because of the low complexity of the channel estimator relative to the
complexity of the equalizer and ECC decoder, we have found empirically that J =1 is a
reasonable choice. With this choice, each time the ECC decoder passes extrinsic
information to the equalizer, the channel estimates are simultaneously improved. This is
only marginally more complex than a conventional receiver that uses turbo equalization,
but the performance improvement that results can be significant.

One complicating factor for ECC-aware blind channel estimators is the presence of the
interleaver. As is well-known [7], the output of a blind equalizer, or of an equalizer based
on a blind estimator, is a delayed version of the channel input, and this delay cannot be
compensated for blindly. However, if a delayed sequence is fed to the deinterleaver in
Fig. 38, the decoder input will be practically independent of the encoder output. In this
case, the decoder output will also be practically independent of the channel input, so that
the channel estimates are almost zero. Thus, if a delay is present the blind ECC-aware

channel estimator fails. As seen in chapter 4, the EW algorithm exploits the knowledge of
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the channel memory to estimate this delay. In this chapter, we assume that the channel
memory is known, so the delay problem is not considered. This memory has to be
estimated in practice. If this estimate is not accurate, the delay will have to be estimated

using some nonblind technique.

7.3 Simulation Results

In this section, we present simulation results of a system with ISI. We compare the
performance of the blind ECC-aware system to one with channel knowledge. We also
compare the performance of the ECC-aware and ECC-ignorant estimators.

We begin by comparing the performance of the blind scheme to a turbo equalization
scheme with channel knowledge. The channel is given by A = [1 0.9 0.8], and the BCJR
algorithm is used to provide estimates of the LLR of the channel input @. The generator
polynomial for the channel encoder is P(D) = (1 + D?)/ (1 + D + D?). The channel and
noise variance estimates are initialized to what we call an impulsive initialization
63 = 1/(2N) Z:’:; |rk|2 and g = [8g, O, ... O]. This initializes the channel to a single-
tap gain, and initializes the noise to an initial SNR of 0 dB, while keeping the values of A
and 6, consistent with the received energy. Fig. 39 shows the BER versus E; /N, for the
blind scheme and for a turbo equalizer with channel knowledge. The results are an average
of the transmission of 320 blocks of 2048 message bits each. The advantages of ECC-
aware channel estimation are clear. We can see that the large gap between the blind and

non-blind schemes at one iteration is reduced to virtually nothing at seven iterations.
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Fig. 39. Comparison between ECC-aware blind channel estimation and channel
knowledge in turbo equalization.

It 1s also worthwhile to compare the performance of the ECC-aware and the ECC-
ignorant channel estimates. To that end, we run the same experiment as before. However,
for the ECC-ignorant estimator, the channel is estimated with the equalizer output, and no
ECC decoding is performed. In Fig. 40, we plot the estimation error versusk,/N, for both
these estimators, where the solid lines represent the errors after nine iterations and the
dotted lines represent the errors for previous iterations. We can see that the ECC-aware

estimator yields a gain of about 4 dB when compared to the ECC-ignorant estimator.
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Fig. 40. Comparison between ECC-aware and ECC-ignorant blind channel
estimation.

7.4 Study of Convergence

To study the convergence of the ECC-aware channel estimator, and to compare it to
the ECC-ignorant estimator, we will use both these algorithms to estimate randomly
generated channels. We declare a channel to be successfully estimated if the turbo
equalizer based on these estimates correctly detects the transmitted codeword, without any
eITors.

By defining a successful channel estimate as that which yields no errors, an attempt to
estimate a channel may fail not because of an intrinsic convergence problem with the
estimation algorithm, but rather because of misconvergence of the turbo equalizer. In fact,
it is known that there are “bad” sequences for a turbo system, which cause many detection

errors. For example, in the transmission of say 1,000 information bits with a BER of 103
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using turbo detection, one is not to expect one bit error at every block, but rather one block
with around 200 bit errors every 200 blocks. In other words, some of the failures in the
random channel experiment are due to these “bad” channel outputs, not to an inherent
convergence problem with the blind channel estimator. In that sense, we must compare the
success of the blind algorithm with the success of the algorithm with channel knowledge.

We based our analysis on the random channel experiment, in which a set of 400
information bits were generated and encoded using a rate 1/4 serially concatenated turbo
code consisting of two recursive systematic convolutional codes with generator
polynomial P(D) = (1 + D)/ (1 + D + D?), and an interleaver between the encoders. The
resulting encoded sequence was then interleaved and transmitted through a 5-tap ISI
channel. We have conducted 1,000 such experiments, in which the channel, the
transmitted and noise sequences, and the interleavers were generated randomly. The
channel coefficients in particular are generated according to kA ~ A(0,I). The signal to
noise ratio was kept constant at E;/N = 2 dB. The noise variance and channel estimates
were initialized with an impulsive initialization.

For the ECC-ignorant case, we obviously cannot expect that the WER after
equalization be zero. However, we may use the estimates provided by the ECC-ignorant
estimator in a turbo equalization setting. In this case, the channel estimates are not updated
as the turbo equalizer iterates. We may then consider an ECC-ignorant channel estimate to
be successful if the turbo equalizer based on this estimate produces zero errors. Thus, the
success of the ECC-ignorant estimator was measured by running a turbo equalizer that
uses ECC-ignorant estimates, which were obtained after 30 iterations of the ECC-ignorant

channel estimator. In Fig. 41 we plot the word-error rate (WER) versusiteration for the
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Fig. 41. Word-error rate (WER) across different channels.

ECC-aware and ECC-ignorant blind schemes, and for a turbo equalizer with channel
knowledge, henceforth referred to simply as turbo equalizer. We say that the algorithm
produced a word-error at a given iteration if its output did not coincide with the
transmitted codeword. This plot highlights the dramatic need for ECC-aware channel
estimation. We see that the ECC-ignorant estimates are very poor, and that the code is not
able to compensate for this estimation error, yielding a high WER. This plot also shows
the fact that the WER of the blind scheme is not 0% not only because the blind channel
estimator may fail, but also because the turbo detection may fail. In fact, the turbo
equalizer presents a WER of 3.5%, when compared to a WER of 8.6% for the blind
scheme. What is even more interesting is that the blind scheme does not fail whenever the
turbo equalizer fails. Even though this is true for 34 out of the 35 channels in which the
turbo equalizer fails, for one run of this experiment the blind scheme was able to correctly

detect the transmitted codeword while the turbo equalizer was not.
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7.5 Initialization

One obvious issue that arises from the considerations in the previous section is that of
initialization. One may wonder whether some failures of the blind algorithm could have
been avoided if the channel estimates were initialized to a value closer to the actual
channel than the impulsive initialization. Another possible advantage of good initialization
is faster convergence, hence lower complexity. As seen in Fig. 41, the blind scheme may
take longer to converge than the turbo equalizer with channel knowledge. Thus there is
room for improving speed of convergence, and this may conceivably be achieved with a
smart initialization.

In this section, we explore the use of the cumulant matrix subspace (CMS) algorithm
[51] to initialize the ECC-aware blind estimator. This algorithm belongs to a class of blind
channel estimators that exploits the higher-order statistics (HOS) of the received signal to
provide a generally simple and closed form channel estimate. These algorithms are
generally used to initialize other HOS blind algorithms that provide better channel
estimates, but are more complex and more prone to misconvergence, requiring good
initialization. Given the intended use of CMS, it seems natural to use this algorithm to
initialize iterative channel estimators.

Before studying the impact of a CMS initialization in ECC-aware estimation, we again
show more evidence of the benefits of exploiting the code structure for channel estimation.
We do that with the same experiment used in generating Fig. 40, i.e., 320 blocks of 2048
bits each are encoded with a rate 1/2 recursive systematic convolutional code with
generator polynomial P(D) = (1 + D?)/ (1 + D + D?), interleaved and transmitted through

a channel given by & =[1 0.9 0.8]. The BCJR algorithm is used to provide estimates of the
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LLR of the channel input a. This time, the channel and noise variance estimates are
initialized with estimates provided by the CMS algorithm. In Fig. 42 we show the
estimation error of the CMS algorithm and of the ECC-aware estimator after 9 iterations
(solid lines), as well as for the iterations in-between (dotted lines). It is clear that using
ECC-aware estimation after the CMS algorithm greatly improves the estimates, with a
significant gain of 7 dB of E} /N, for estimation errors of 20 dB .

To study the impact of CMS initialization on the convergence of the ECC-aware
estimator, we repeat the random channel experiment used to generate Fig. 41, in which in
which a set of 400 information bits were encoded using a rate 1/4 serial concatenated
turbo code consisting of two recursive systematic convolutional codes with generator
polynomial P(D) = (1 + D)/ (1 + D + D?), and transmitted through a channel generated
according to b ~ A(0,I), with an E,/N; of 2 dB. We test three different initialization

strategies, the impulsive initialization, initialization with CMS and a third strategy that

|& - BJ? @B)
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Fig. 42. Comparison between CMS and ECC-aware blind channel estimates.
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consists of initializing the equalizer output to sign(r;), i.e., we make decisions on the
transmitted codeword ignoring noise and ISI. In other words, at the first iteration the
channel is estimated with sign(r;) replacing tanh B%]% The resulting WER for these
initialization strategies is shown in Fig.43. As we can see, even though the CMS
algorithm can certainly help the convergence of the ECC-aware estimator at high SNR, it
is not very helpful at low SNR. This happens because CMS operates in the uncoded
domain, so in our example it “sees” an SNR of 4 dB. In other words, in the region where

the ECC-aware estimator is most useful, the low SNR region, CMS is not able to produce

reliable channel estimates.

T T T T
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Fig. 43. WER for different initialization strategies.
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7.6 Turbo Estimator

In this section, we provide simulation results that show that the SFE and the EW
algorithm may be combined to form the turbo estimator (TE), a linear-complexity ECC-
aware blind channel estimator. In fact, as seen before, using an equalizer for ECC-aware
estimation is not significantly different than using an equalizer for turbo equalization.
Since the SFE can be used for turbo equalization, it should be no surprise that the SFE
may be used for ECC-aware estimation.

To assess the performance of the TE, we simulated the same scenario used in Fig. 28,
i.e., 100 blocks of K = 21® message bits were encoded with a rate 1/2 recursive systematic
convolutional code with generator polynomial P(D) = (1+D?) /(1 +D +D?. The
resulting codewords was interleaved and transmitted through the channel A = [0.227, 0.46,
0.688, 0.46, 0.227]. The SFE used M; =9, My =5, and the channel estimates were
initialized with the impulsive initialization. The resulting channel estimation errors are
shown in Fig. 44, while the BER performance of this system is shown in Fig. 45. It is
interesting to see that the channel estimation error stops improving at 15 iterations, while
the BER performance continues to improve until the 25-th iteration. Comparing Fig. 28
and Fig. 45, we see that the TE performs as well as the system with channel knowledge,

although the TE converges more slowly.
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Fig. 44. Channel estimation errors for the SFE-based ECC-aware blind channel
estimator.
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Fig. 45. BER performance of the SFE-based ECC-aware blind channel estimator.
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7.7 Summary

In this chapter, we proposed an ECC-aware blind channel estimator, an iterative
channel estimator that benefits from the presence of coding. We provided examples of the
good quality of ECC-aware estimates. For instance, we showed that a turbo equalizer
using ECC-aware estimates may perform almost as well as a turbo equalizer with channel
knowledge. We also compared ECC-aware estimates to ECC-ignorant estimates, and
showed that a gain of as much as 7 dB is possible for an estimation error of -20 dB.
Furthermore, we showed that systems based on ECC-aware estimates may operate at very
low SNR, where ECC-ignorant estimates yield poor performance. Finally, we proposed
the turbo estimator, a linear-complexity ECC-aware channel estimator based on the EW
algorithm of chapter 4 and the SFE of chapter 5. We showed that the SFE-based ECC-

aware estimator retains all the desirable properties of the BCJR-based estimator.
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CHAPTER 8

Conclusions

8.1 Summary of Contributions

In this work, we proposed and analyzed linear-complexity techniques for iterative
channel estimation and equalization. Because of the way these techniques are designed,
they may benefit from the presence of ECC, and hence may be used for turbo equalization
and ECC-aware channel estimation.

In chapter 2, the problem of blind channel estimation for a coded system is introduced.
A maximum-likelihood estimator is prohibitively complex, so this problem is normally
divided in three subproblems: channel estimation, equalization and decoding. We
discussed the divide and conquer approach, in which each of these subproblems is solved
independently. We also discussed turbo equalizers and the EM algorithm. These are
iterative algorithms that provide approximate solutions to otherwise intractable problems:
respectively, joint decoding and equalization for known channels, and joint estimation and
equalization for uncoded systems.

Turbo equalizers and the EM algorithm provide better performance than their non-
iterative counterparts. Combining them into an iterative receiver that provides channel
estimates that benefit from the presence of ECC is almost straightforward. However, these

techniques suffer from complexity and convergence problems. The goal of this thesis was
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to propose a system whose per-symbol computational complexity grows linearly with the
number of coefficients in the system. The proposed system is less prone to
misconvergence than systems based on the EM algorithm.

In chapter 3, we proposed the SEM algorithm, a linear complexity channel estimator
[20] that performs almost as well as the EM algorithm, whose channel estimator has
quadratic complexity. More importantly, the SEM is not intrinsically tied to an equalizer,
so further complexity reduction is possible if the BCJR equalizer in the EM algorithm is
replaced by a lower-complexity equalizer. We presented a detailed analysis of the SEM
algorithm for a scalar channel, and compared the performance of the SEM and the EM
algorithm for channels that introduce ISI. Simulations established that the performance is
not significantly degraded with the SEM algorithm.

In chapter 4, we studied the convergence issues of the EM algorithm. We showed that
in some cases of misconvergence of the EM algorithm, the resulting channel estimates
may be seen as shifted versions of the actual channel. With this observation in mind, we
developed the EW algorithm, a linear complexity channel estimator with better
convergence properties than the EM algorithm [20].

In chapter 5, we addressed the complexity of the BCJR equalizer, which is used in the
EM algorithm and in turbo equalizers. We discussed techniques that replace the BCJR
equalizer by a linear equalizer and an ISI canceller. The output of the linear equalizer
contains residual ISI, which is removed by the ISI canceller using the extrinsic

information at the equalizer output. Most of the techniques proposed in the literature have
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quadratic complexity. Some linear-complexity techniques have also been proposed. We
proposed the SFE, a linear-complexity soft-output equalizer that is suited for iterative
applications [52] and that outperforms existing linear-complexity equalizers.

In chapter 6, we studied the application of the SFE in turbo equalization. We discussed
some issues arising in this application, and we showed that the SFE outperforms other
linear-complexity equalizers in this context. We also discussed EXIT charts, and showed
the charts of various equalizers.

Finally, in chapter 7, we proposed the turbo estimator (TE), an ECC-aware channel
estimator that uses the fact that the transmitted sequence was encoded to improve blind
and semi-blind channel estimates. These ECC-aware channel estimators may be seen as a
combination of the EM or EW algorithm with a turbo equalizer. Therefore, using the SFE
for equalization we obtain a linear-complexity ECC-aware estimator [17]. We showed that
ECC-aware blind estimates may yield a BER performance similar to that of systems with
channel knowledge. We also showed that ECC-aware blind estimates allow systems to
operate at an SNR so low that other ECC-ignorant blind estimators fail. Because of these
observations, ECC-aware blind estimators may be essential for blind systems to enjoy the

full benefits of turbo equalization.

99



8.2 Directions for Future Research

Even though the EW algorithm improves the convergence of the iterative channel
estimator, there is still a nonzero probability that the estimator will not converge to the
correct channel estimates. A better understanding of the reasons for misconvergence is
needed, and a globally convergent blind iterative channel estimator is yet to be
determined.

The performance of iterative schemes is hard to determine, which has motivated the
development of approximate analysis tools such as the EXIT charts. However, most of
these tools are based on simulations. A purely theoretical tool would be of interest.

When comparing the SFE to a DFE, we have observed that sometimes hard feedback
gives better performance than soft feedback, and sometimes the reverse happens. A deeper
investigation of this behavior should be conducted. For instance, one could try to
determine in which cases hard information works better than soft information, and in
which cases the reverse happens.

The techniques proposed in this research were tested on general simulation channels.
It would be interesting to test them in real world applications. One possibility that is
currently under investigation in the Communication Theory Research Group at the
Georgia Institute of Technology is the use of the SFE for equalization in magnetic
recording channels. In magnetic recording systems, the received signal is normally filtered
with a linear equalizer so that the cascade of the channel and the equalizer has a given
impulse response. Normally, this impulse response is short enough that a BCJR equalizer
may be used. However, as the recording density increases, so does the length of the

impulse response of the cascade of the channel and the equalizer. Furthermore, the linear
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equalizer introduces some noise enhancement and does not benefit from turbo
equalization. The system under investigation would replace the linear equalizer and the
BCJR equalizer by a single SFE. It is expected that the SFE-base system may even
outperform the BCJR-based system, since the latter suffers from the noise enhancement
introduced by the linear equalizer.

Finally, it is a well-known fact that blind channel estimators cannot account for delays.
In other words, the sequence at the blind-equalizer output may be a delayed version of the
transmitted sequence. If a delayed sequence is fed to the deinterleaver, the resulting
sequence will be uncorrelated to the decoder output. In this work, this delay issue did not
arise since we assumed the channel length to be known. In practical applications, however,
this assumption is usually false. Therefore, a technique for resolving the delay must be

found.
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APPENDIX A

Computing Hard Scalar-Channel Estimates

Consider a scalar channel, where the received signal is written as r, = Aay, + np. As
seen in chapter 3, when hard information is used for estimating the gain and variance of
this channel, we obtain the following asymptotic (as the number of observations tends to

infinity) estimates:

A

A1 = E[rksign%f;irkg} , (84)

62 . = E[rk—A”lsign%ﬁirkE

i+1

2} . 85)

In this case, it is possible to find closed form formulas for A and 62. In this appendix, we

derive these formulas. For notational convenience, let Aj, = A r},/ 62

A

The formulas are particularly simple for 62, and may be expressed in closed form

even if the gain is estimated using soft decisions. In fact, we may write

2 | =Ellr, - A1 sign;) 2]

&
~ . ~2 .
=E[lr,121-2A,, 1 Elr, sign®;,)] + A;, 1 Elsign(\;,)?]

~ ~ ~2
=A2+02_2Ai+lAhard + Ai+1, (A-1)
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where Aj,,,  is the channel estimate computed with hard information, whose formula we

derive in the sequel. For notational convenience, we drop the iteration index i + 1. Thus,
A jarqg =Elry, signfy)]
= E[E[r;, sign(\;) a1l
1 . 1 .
= QE[E[rk sign(\;) lag = 111 + 5 E[E[r, sign®\;) la = 411 (A-2)

Due to the symmetry of the distributions involved, as well as the symmetry of the decision

function, both expected values in equation (A-2) are the same, so we may write

A = E[E[r}, sign(\;,) | ay = 1]].

= AE[sign(L A + L n,)1 + Eln;, sign(L A + L n})]

= AE[sign(A + np)] + Eln, sign(A + ny)], (A-3)
where the last equality follows from the fact that L >0, so that sign(L x) = sign(x).

The first term in (A-3) can be written as

Elsign(A + n;)] = 1 PrlA + nj, > 0] — 1 Pr[A + ny, < 0]
_ (A
=1-2QHH. (A-4)

Likewise, the second term of equation (A-2) can be written as

. 1 >
Eln; sign(A + np)l= ——( n,ex dn n eXpB— dn
S8 kmof-AkPZ%kﬁcJ 2%k
0 A%0
=[0expB—A (A-5)
n 020

Thus, we can write
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2 D
A (A-6)

DAD O
A=A- 2AQ + cexpDr
U 20

concluding our derivation.

Now it is well known that

Qx) < J%Lxexp (—xz) . (A-7)
Thus, rewriting (A-6) as
0 A2%0
A0 _L_eppd (A8)

A=A-2A1|Q
U rnA/c  Dag
and applying the bound in (A-8) with x = A / 0, we obtain that A > A, so that the channel

gain is always overestimated.

Also, note that if hard information is used for estimating the noise variance, we obtain

A2 .
62 =A%+ 02— A" from (A-1). Now note that 62 is the expected value of a positive

number, and hence is itself a positive number. Thus, A2 + 62— A" > 0. Combining the

inequalities, we find that
A+’ A 2A (A-9)

if A is computed with hard information.
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APPENDIX B

Computing the SFE Coefficients

To find the values of £, g, and g that minimize E[ |z}, — a;, 2], we rewrite (51) as
2, = %'V, (B-1)
where y;, = [rg’ dg , &2‘ 1T and x = [fT, —g'Il‘ , —g'g 1T. Then, the MSE may be written as
Ellz, —ap1% = E[ 1xTy;, —a;12]
= Ely,y}, v — 20 Ely,a] + El1a; 121, (B-2)
From (B-2), it is easy to see that the MMSE solution satisfies
Ely,y’ v = Ely,ay, (B-3)
which can be rewritten, using the definition of y;, and x, as
Elryry] Elryay) Elrgdgl|[ £ [Elrya,)

Ela,r;] Ela,a,] Ela,a,]| |81 = [Ela,al|- (B-4)
_g2 E[t_lkak]

_ T _ ~T _ _T

Ela,r,] Ela,a,] E[a,a,]

Now, assume that E[dkaj] = Ela,a;] = E[dk&j]=0 when % #j. This seems
reasonable, since a; and a, are approximately equal to a;, and the transmitted symbols

are uncorrelated. Furthermore, assume that E[|ak|2] = 1. Using these assumptions and

(61), which states that r;, = Haj}, + n;, we find that the MMSE coefficients satisfy
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HH +0°1 o H, aH, |[f

hO
a,H] E,I 0 &1l = 0| (B-5)
a,HL 0 E, g (%2 L0

where Eq = Ell @, 121, E3 = E[1a,, 1%], a; = Ela,,a;], and ay = E[@, a;]. The vector g is
the 0-th column of H, where the columns of H are numbered as H=[h_,, , ..., by, . 1
1 2tH

AISO, Hl = [h_Ml, h—l] and Hz = [hl, th"'u]'
The last two block-rows in (B-5) yield
g1 =(a/E)HTF (B-6)
g5 = (0o/Eo) HIF . (B-7)

Using these values, the first row of (B-5) may be written as

2 2
a a
(HHT+ 621 — E—l HH] - 1?2 H,H; )f = h, (B-8)
1 2
yielding
(Xz (Xz
f=HHAT - E—l HH] - 172 H,H; + o’D)™ h, (B-9)
1 2

which completes the derivation of the SFE coefficients.

Finally, assume that z;, = Aay, + v, where A is a gain and vj, an equivalent noise with
variance 03 , assumed to be Gaussian and independent of a;. In this case, A = E[z,a;].
Using (B-1), this yields A = xTE[y,a;]. However, as seen in (B-5), Elyua;]l =

[hg‘, 0T 0T1T. Thus, since x = [f7, _g'li ’ —g'Iz‘]T, we have that

A =fTh,,. (B-10)
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Furthermore, E[|zk|2] = A% 4 03. However, using (B-1), we may write E[|zk|2] =

xTE[ykka Ix. Then, using (B-3), we get that E[|zk|2] = xTE[ykak] =A. Thus,

ol =A-A2 (B-11)
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