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a b s t r a c t

The sorption–desorption hysteresis observed in many nanoporous solids, at vapor

pressures low enough for the liquid (capillary) phase of the adsorbate to be absent, has

long been vaguely attributed to some sort of ‘pore collapse’. However, the pore collapse

has never been documented experimentally and explained mathematically. The present

work takes an analytical approach to account for discrete molecular forces in the

nanopore fluid and proposes two related mechanisms that can explain the hysteresis at

low vapor pressure without assuming any pore collapse nor partial damage to the

nanopore structure. The first mechanism, presented in Part I, consists of a series of

snap-through instabilities during the filling or emptying of non-uniform nanopores or

nanoscale asperities. The instabilities are caused by non-uniqueness in the misfit

disjoining pressures engendered by a difference between the nanopore width and an

integer multiple of the thickness of a monomolecular adsorption layer. The wider the

pore, the weaker the mechanism, and it ceases to operate for pores wider than about

3 nm. The second mechanism, presented in Part II, consists of molecular coalescence, or

capillary condensation, within a partially filled surface, nanopore or nanopore network.

This general thermodynamic instability is driven by attractive intermolecular forces

within the adsorbate and forms the basis for developing a unified theory of both

mechanisms. The ultimate goals of the theory are to predict the fluid transport in

nanoporous solids from microscopic first principles, determine the pore size distribu-

tion and internal surface area from sorption tests, and provide a way to calculate the

disjoining pressures in filled nanopores, which play an important role in the theory of

creep and shrinkage.

& 2012 Published by Elsevier Ltd.

1. Introduction

The sorption isotherm, characterizing the isothermal dependence of the adsorbate mass content on the relative vapor

pressure at thermodynamic equilibrium, is a basic characteristic of adsorbent porous solids. It is important for estimating

the internal pore surface of hydrated Portland cement paste and other materials. It represents the essential input for

solutions of the diffusion equation for drying and wetting of concrete, for calculations of the release of methane from coal

deposits and rock masses, for the analysis of sequestration of carbon dioxide in rock formations, etc. Its measurements

Contents lists available at SciVerse ScienceDirect

journal homepage: www.elsevier.com/locate/jmps

Journal of the Mechanics and Physics of Solids

0022-5096/$ - see front matter & 2012 Published by Elsevier Ltd.

http://dx.doi.org/10.1016/j.jmps.2012.04.014

n Corresponding author. Tel.: þ1 847 491 4025; fax: þ1 847 491 4011.

E-mail address: z-bazant@northwestern.edu (Z.P. Bažant).
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provide vital information for determining the internal surface of nanoporous solids (Powers and Brownyard, 1946;

Adolphs and Setzer, 1996; Jennings, 2000; Adolphs et al., 2002; Espinosa and Franke, 2006; Baroghel-Bouny, 2007).

An important feature of sorption experiments with water, nitrogen, alcohol, methane, carbon dioxide, etc. has been a

pronounced hysteresis, observed at both high and low vapor pressures and illustrated by two classical experiments in

Fig. 1c and d; in Powers and Brownyard (1946, p. 277) and Feldman and Sereda (1964) (see also, e.g. Feldman and Sereda,

1968; Rarick et al., 1995; Adolphs et al., 2002; Espinosa and Franke, 2006; Baroghel-Bouny, 2007). For adsorbates that exist

at room temperature in a liquid form, e.g. water, the room temperature hysteresis at high vapor pressures near saturation

has easily been explained by non-uniqueness of the surfaces of capillary menisci of liquid adsorbate in larger pores (e.g.,

the ‘ink-bottle’ effect Brunauer, 1943).

However, a liquid (capillary) water can exist in the pores only if the capillary tension under the meniscus (which is

given by the Kelvin–Laplace equation) does not exceed the tensile strength of liquid water, which is often thought to be

exhausted at no less than 45% of the saturation pressure, if not much higher. Anyway, at vapor pressures less than about

80% of the saturation pressure, the liquid phase represents a small fraction of the total evaporable water content of calcium

silicate hydrates (C–S–H) (Jennings, submitted for publication); see Fig. 1a.

For more than 60 years, the hysteresis in the range of low vapor pressures (lower than about 80% of saturation in the

case of C–S–H) has remained a perplexing and unexplained feature. In that range, most or all of the adsorbate is held by

surface adsorption. The gases and porous solids of interest generally form adsorption layers consisting of several

monomolecular layers (Fig. 1b). The multi-layer adsorption is described by the BET isotherm (Brunauer et al., 1938)

(Fig. 1b), which is reversible. Sorption experiments have generally been interpreted under the (tacit) hypothesis of free

adsorption, i.e., the adsorption in which the surface of the adsorption layer is exposed to gas.

In nanoporous solids, though, most of the adsorbate is in the form of hindered adsorption layers, i.e., layers confined in

the nanopores which are sometimes defined as pores r2 nm wide (Balbuena et al., 1993). For instance, 1 cm3 of hardened

Portland cement paste contains the internal surface of about 500 m2. The total porosity is typically about 50%, with the

large capillary pores occupying about 15% and the nanopores about 35% of the material volume. So, the average width of

nanopores is about 0.35 cm3/500 m2¼0.7 nm, which is about three water molecular diameters. The hindered adsorbed

layers in such nanopores have no surface directly exposed to vapor and communicate with the vapor in macropores by

diffusion along the layer. It has been well known that a large transverse stress, called the disjoining pressure (Derjaguin,

1940) (or solvation pressure Balbuena et al., 1993), must develop in these layers.

Fig. 1. (a) Typical desorption and sorption isotherms; (b) BET isotherm; (c) and (d) desorption and sorption isotherms measured on hardened Portland

cement paste.
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Development of the theory of hindered adsorption for concrete was stimulated by Powers’ general ideas of the creep

mechanism (Powers, 1966). Its mathematical formulation for C–S–H gradually emerged in Bažant (1970a, 1970b, 1972a,

1972b), and was reviewed in a broad context in Bažant (1975). But this theory of hindered adsorption is also reversible.

Thus, although a theory exists, it cannot explain the hysteresis.

The sorption hysteresis in hardened Portland cement paste, concrete and various solid gels (Scherer, 1999; Jennings

et al., 2008) has for decades been vaguely attributed to some sort of changes of the nanopore structure. In particular, it was

proposed that the exit of water, called the interlayer water, from the narrowest nanopores would somehow cause the

pores to collapse (Feldman and Sereda, 1968; Espinosa and Franke, 2006; Baroghel-Bouny, 2007; Thomas et al., 2008) (see

Rarick et al., 1995, Figs. 13 and 16, Espinosa and Franke, 2006, Fig. 1, or Jennings, submitted for publication, Fig. 9),

picturing hypothesized pore width changes of the order of 100%.

However, if a mathematical model of such a mechanism is attempted, it inevitably predicts enormous macroscopic

deformations, far larger than the observed shrinkage caused by drying. For example, measurements on the hardened

cement paste reveal desorption and sorption isotherms (Fig. 1) in which the water contents w for the same humidity h

differ by 50% or more. As before, consider that the nanopores represent 35% of the total volume of material. Thus, if the 50%

difference in w were totally due to collapsing nanopores, the relative volume change in the material would have to be

about 0.35�0.50¼0.175. This means that the pore collapse would have to cause a linear shrinkage of about 0:175=3� 6%.

But the typical drying shrinkage of hardened cement pastes is one to two orders-of-magnitude smaller. Although the

results of a more accurate analysis could differ by a factor of up to about 2, there is no way the hypothesis of pore collapse

could be quantitatively reconciled with the shrinkage observations.

Another objection to the pore collapse hypothesis is that the isotherm for second desorption is much closer to that for

first desorption than to that for first sorption. If this hypothesis was true, then the pores would have to get somehow

reconstructed prior to the second desorption. So, the pore collapse hypothesis is untenable (and so is the use of this

hypothesis for explaining the increase in creep of concrete due to simultaneous drying: Feldman and Sereda, 1968).

Another idea, qualitatively inferred from environmental scanning electron microscope studies (Hall et al., 1995), was to

explain the hysteresis in cement pastes by new hydration of unreacted remnants of cement grains and the associated

swelling which would be encroaching into the pore space and also causing pore wall damage. But how could one then

explain that the second desorption isotherm is close to the first (Powers and Brownyard, 1946; Baroghel-Bouny, 2007)?

Surely one cannot expect the grains to reversibly dehydrate during wetting sorption, and the pore wall damage to get

repaired. Besides, in bulk, no measurable cement hydration takes place at pore humidities below about 0.70–0.85.

Here it will be shown that sorption hysteresis must occur even if the nanopore structure does not change. The main

message of this work is that the number of molecular layers of adsorbate that can be confined in a nanopore is not unique,

and that this non-uniqueness inevitably causes sorption hysteresis.

Non-uniqueness is also a salient feature of capillarity of liquid water in larger pores, typically of micrometer

dimensions. In the capillary range, the non-uniqueness is classically explained by the afore-mentioned ‘ink-bottle’ effect,

which exists even in two dimensions. In three dimensions, there is much broader range of topological and geometrical

configurations which provide a richer and more potent source of non-uniqueness of liquid adsorbate content.

The simplest demonstration is a regular cubic array of identical spherical particles separated by a small gap d between

each pair. At h¼1, either all the pore space can be filled by a liquid, or an anticlastic meniscus surface of a zero total

curvature r�1 ¼ r�1
1 þr�1

2 ¼ 0 and of a liquid pressure equal to ps can exist between each two spheres, with r1 ¼�r2 and

r1,r2 ¼ principal curvature radii (the surface near the symmetry line of the pair of spheres is a rotational hyperbolic

paraboloid). Such effects can explain 100% differences among equilibrium liquid contents w at h¼1 observed in some

experiments. It can even be shown that when both d and r1 (with r2 ¼�r1) approach zero in a certain way, then also the

liquid content (as a continuum) approaches 0 (thus, in theory, an arbitrarily small but non-zero equilibrium liquid content

at h¼1 is possible, though extremely unlikely).

This three-dimensional picture, for example, explains why the non-uniqueness of sorption isotherm extends to h41

(as shown in Fig. 1a by dashed lines); here h¼ pv=psðTÞ is the relative vapor pressure, or relative humidity in the case of

water, pv is the pressure of vapor or gas; and ps(T) is the saturation vapor pressure). For h41, the vapor pressure pv4ps,

the total curvature of the menisci is changed from positive to negative, the pores contain overpressurized vapor, and the

hysteresis, or non-uniqueness, continues (Bažant and Thonguthai, 1978; Bažant and Kaplan, 1996). This non-uniqueness

and hysteresis explains why the slope of the isotherm for h41 is one, or even two, orders of magnitude higher than one

would calculate if all the water were liquid for h41 (in theory, this non-uniqueness can extend up to the critical point of

water). In cements these phenomena are complicated by the fact that the chemical reactions of hydration withdraw some

water from the pores, and create self-desiccation bubbles (thus one can practically never have concrete with no vapor,

even for pv4ps).

The consequence of the non-uniqueness is that the sorption isotherm is not a function but a functional of the entire

previous history of adsorbate content. Here we will show that the functional character extends to the range of hindered

adsorption in nanopores.

The recent advent of molecular dynamic (MD) simulations is advancing the knowledge of nanoporous solids and gels or

colloidal systems in a profound way (Pellenq et al., 2010; Coasne et al., 2008a, 2008b, 2009; Jönson et al., 2004, 2005;

Smith et al., 2006; Malani et al., 2009; Vandamme et al., 2010). Particularly exciting have been the new results by Rolland

Pellenq and co-workers at the Concrete Sustainability Hub (CSH) in MIT led by Franz-Josef Ulm (Bonnaud et al., 2010;
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Brochard et al., 2011, 2012). These researchers used numerical MD simulations to study sorption and desorption in

nanopores of coal and calcium silicate hydrates. Their MD simulations (Bonnaud et al., 2010, Figs. 3 and 4) demonstrated

that the filling and emptying of pores 1 and 2 nm wide by water molecules exhibits marked hysteresis.

Especially revealing is the latest article of Pellenq et al. from MIT (Brochard et al., 2011). Simulating a chain of

nanopores, they computed the distributions of disjoining (or transverse) pressure and found that it can alternate between

negative (compressive) and positive (tensile), depending on the difference of pore width from an integer multiple of the

natural thickness of an adsorbed monomolecular layer (see Brochard et al., 2011, Figs. 14 and 11). This discrete aspect of

disjoining pressure, which cannot be captured by continuum thermodynamics, was a crucial finding of Pellenq et al. which

stimulated the mathematical formulation of snap-through instabilities in Part I of this work. Oscillations between positive

and negative disjoining pressures have also been revealed by density functional theory simulations of colloidal fluids or

gels in Balbuena et al. (1993) (where the excess transverse stress is called the ‘solvation pressure’ rather than the

disjoining pressure).

Nanoscale oscillations of the disjoining (or solvation) pressure have also been observed in the MD simulations of

nitrogen molecules in rough slit-shaped carbon nanopores (using for carbon the quenched solid density functional theory)

(Yang et al., 2011). It was concluded that the surface roughness damps these oscillations. This phenomenon may be

important for the meso- or macroscale residual stresses and creep in C–S–H but, as argued here, not for the sorption

isotherms that are dominated by dynamic snap-throughs.

This work is organized as follows. In Part I, we begin by summarizing the classical theory of multi-layer adsorption on

free surfaces by Brunauer, Emmett and Teller (BET) (Brunauer et al., 1938), which is widely used to fit experimental data,

but assumes reversible adsorption without any hysteresis. We then develop a general theory of hindered adsorption in

nanopores which accounts for crucial and previously neglected effects of molecular discreteness as the pore width varies.

This leads us to the first general mechanism for sorption hysteresis, snap-through instability in non-uniform pores, which

is the focus of this Part I.

In Part II which follows (Bazant and Bažant), we show that the attractive forces between discrete adsorbed molecules

can also lead to sorption hysteresis by molecular condensation in arbitrary nanopore geometries, including perfectly flat

surfaces and pores. This second mechanism of hysteresis is a general thermodynamic instability of the homogeneous

adsorbate that leads to stable high-density and low-density phases below the critical temperature. The mathematical

formulation of Part II is thus based on non-equilibrium statistical mechanics. But here, in Part I, we begin to build the

theory using more familiar models from solid mechanics and continuum thermodynamics.

2. Continuum thermodynamics of hindered adsorption in nanopores

Free adsorption: When a multi-molecular adsorption layer on a solid adsorbent surface is in contact with the gaseous

phase of the adsorbate, the effective thickness a of the layer is well described by the BET equation (Brunauer et al., 1938,

Eq. (28))

Y¼ a

s0
¼ Gw

G1
¼ 1

1�h
� 1

1�hþcTh
, cT ¼ c0e

DQa=RT ð1Þ

where T is the absolute temperature, Gw is the mass of adsorbate per unit surface area; G1 is the mass of one full molecular

monolayer per unit area, Y is the dimensionless surface coverage, h is the relative pressure of the vapor in macropores

with which the adsorbed water is in thermodynamic equilibrium, R is the universal gas constant (8314 J kmole�1 K�1),

c0 is the constant depending on the entropy of adsorption, DQa is the latent heat of adsorption minus latent heat of

liquefaction, s0 is the effective thickness of a monomolecular layer of the adsorbate, a is the effective thickness of the free

adsorption layer in contact with vapor (Fig. 1b), which attains saturation at the maximum thickness of about five

monolayers.

Powers (1965), using the BET isotherm, estimated in 1965 that a monomolecular water adsorption layer in cement

paste was complete at h¼12% and a bimolecular one at 51%. This would imply that cT � 54, which is the value used in the

plot of BET isotherm in Fig. 1b. However, because of the new phenomena discussed here and in Part II which follows

(Bazant and Bažant), this estimate of cT is likely to be far too high.

Eq. (1) can be easily inverted

h¼ hðaÞ ¼ Aþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

A2þB

q

ð2Þ

where

A¼ BcT
2

1� s0
a

� �

, B¼ 1

cT�1
ð3Þ

Hindered adsorption: Consider now a pore with planar rigid adsorbent walls parallel to the coordinates x and z, and a

width 2y that is smaller than the combined width 2a of the free adsorption layers at the opposite walls given by Eq. (1).

Then, the adsorbate has no surface in contact with the vapor and full free adsorption layers are prevented from building up

at the opposite pore walls, i.e., the adsorption is hindered and a transverse pressure, pd, called the disjoining pressure

(Derjaguin, 1940), must develop. For water in C–S–H, which is highly hydrophillic, the adsorption layers can be up to 5
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molecules thick, and so hindered adsorption can exist only in pores less than 10 molecules wide (2yo2:6 nm). Here in Part

I we deal solely with pores of such width. The hindered adsorption with disjoining pressure will develop when h is high

enough to fill the pore. The hindered adsorbate communicates by diffusion along the pore with the vapor in an adjacent

macropore.

In a process in which thermodynamic equilibrium is maintained, the chemical potentials m of the vapor and its

adsorbate, representing the Gibbs’ free energy per unit mass, must remain equal. So, under isothermal conditions

dm¼ r�1
a ðd ~pdþ2dpaÞ=3¼ r�1

v dpv ð4Þ

here r is the mass density of the vapor and ra is the average mass density of the adsorbate (which probably is, in the case

of water, somewhere between the mass density rw of liquid water and ice). The superscript ~ is attached to distinguish the

disjoining pressure obtained by continuum analysis from that obtained later by discrete molecular considerations ( ~pd ¼ 0

if the nanopore is not filled because the transverse pressure due to water vapor is negligible); pa ¼ pa=y is the in-plane

pressure in the adsorption layer averaged through the thickness of the hindered adsorption layer; it has the dimension of

N/m2, and (in contrast to stress) is taken positive for compression; pa is the longitudinal spreading ‘pressure’ in the

adsorption half-layer of thickness y (here the term ‘pressure’ is a historically rooted misnomer; its dimension is not

pressure, N/m2, but force per unit length, N/m); pa is superposed on the solid surface tension gas, which is generally larger

in magnitude, and so the total surface tension, g¼ gs�pa, is actually tensile (see Bažant, 1972a, Fig. 2) (thus the decrease in

spreading pressure with decreasing h causes an increase in surface tension, which is one of the causes of shrinkage).

Further note that if pd and pa were equal, the left-hand side would be dm¼ r�1
a dpd, which is the standard form for a

bulk fluid. Also, in contrast to solid mechanics, the left-hand side of Eq. (4) cannot be written as Ey dpdþ2Ex dpa because

strains Ex and Ey cannot be defined (since the molecules in adsorption layers migrate and the difference between pd and pa
is caused by the forces from solid adsorbent wall rather than by strains).

Consider now that the ideal gas equation pvr
�1
v ¼ RT=M applies to the vapor (M¼molecular weight of the adsorbate;

e.g., for water M¼18.02 kg/kmole). Upon substitution into Eq. (4), we have the differential equation

for hrhf : r�1
a dpa ¼ ðRT=MÞ dpv=pv ð5Þ

for h4hf : r�1
a ðd ~pdþ2 dpaÞ=3¼ ðRT=MÞ dpv=pv ð6Þ

where hf is the value of h at which the nanopore of width 2y gets filled, i.e., hf ¼ hðyÞ based on Eq. (2). Factors 2 and 3 do not

appear for hohf because the free adsorbed layer can expand freely in the thickness direction. Integration of Eq. (4) under

the assumption of constant ra yields

for hrhf : pa ¼
pa

y
¼ ra

RT

M
ln h ð7Þ

for h4hf : ~pdþ2ðpa�paf Þ ¼ 3ra

RT

M
ln

h

hf
ð8Þ

where paf ¼ paðhf Þ is the longitudinal pressure when the nanopore just gets filled, i.e., when a¼y.

It is now convenient to introduce the ratio of the increments of in-plane and disjoining pressures

k¼ dpa=d ~pd ð9Þ

which we will call the disjoining ratio. If the adsorbate was a fluid, k would equal to 1. Since it is not, ka1. The role of k is

analogous to the Poisson ratio of elastic solids. A rigorous calculation of k would require introducing (aside from surface

forces) the constitutive equation relating pa and pd (this was done in Bažant and Moschovidis (1973), but led to a complex

hypothetical model with too many unknown parameters).

We will consider k as constant, partly for the sake of simplicity, partly because (as clarified later) k is determined by

inclined forces between the pairs of adsorbate molecules (Fig. 3b and c); k should be constant in multi-molecular layers

because the orientation distribution of these forces is probably independent of the nanopore width. Note that k would be

equal to 0 only if all these intermolecular forces were either in-plane or orthogonal (as in a rectangular grid, Fig. 3a).

For constant disjoining ratio k, we may substitute pa ¼ k ~pd in Eq. (8), and we get

~pd ¼
ra

1þ2k

RT

M
ln

h

hf
ð10Þ

For k¼ 0, this equation coincides with Eq. (29) in Bažant (1972a) but, in view of Fig. 3, a zero k must be an

oversimplification.

According to this continuum model of hindered adsorption, which represents a minor extension of Bažant (1972a), the

sorption isotherm of the adsorbate mass as a function of vapor pressure would have to be reversible. However, many

classical and recent experiments (Powers and Brownyard, 1946; Feldman and Sereda, 1964; Rarick et al., 1995; Espinosa

and Franke, 2006; Baroghel-Bouny, 2007) as well as recent molecular simulations (Bonnaud et al., 2010; Brochard et al.,

2011, 2012) show it is not. Two mutually related mechanisms that must cause sorption irreversibility in nanopores with

fixed rigid walls will be presented, one here in Part I, and one in Part II which follows (Bazant and Bažant).

Z.P. Bažant, M.Z. Bazant / J. Mech. Phys. Solids 60 (2012) 1644–16591648
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3. Mechanism I: snap-through instability

The local transverse (or disjoining) pressure pd can be determined from the transverse stiffness Cn, defined as

Cn ¼DF=Ds, where DF is the transverse resisting force per molecule and Ds is the change of spacing (or distance) between

the adjacent monomolecular layers in a nanopore containing nmonomolecular layers of the adsorbate. Since large changes

of molecular separation are considered, Cn varies with s and should be interpreted as the secant modulus in the force–

displacement diagram (Fig. 2b). For this reason, and also because many bond forces are inclined (‘lateral interactions’

(Nikitas, 1996; Cerofolini and Meda, 1998a, 1998b)) rather than orthogonal with respect to the adsorption layer (shown by

the bars in Fig. 3), Cn is generally the same as neither the second derivative d2F=dr2 of interatomic potential nor the first

derivative dF=ds of force F (Fig. 2a and b).

To estimate Cn, one could consider various idealized arrangements of the adsorbate molecules (as depicted two-

dimensionally for two different pore widths 2y in Fig. 3) and thus obtain analytical expressions for Cn based on the classical

mechanics of statically indeterminate elastic trusses. However, in view of all the approximations and idealizations, it

makes no sense to delve into these details.

Diverging nanopore: Consider now a wedge-shaped nanopore between two diverging planar walls of the adsorbent

(Fig. 4a), having the width of 2y, where y¼ kx. Here x is the longitudinal coordinate (Fig. 4), k is the constant (wedge

inclination) and s0 is the effective spacing of adsorbate molecules at no stress. In the third dimension, the width is

considered to be also s0. The adsorbate molecules are mobile and at the wide end (or mouth) of the pore they communicate

with an atmosphere of relative vapor pressure h in the macropores.

Fig. 2. (a) Interatomic pair potential; (b) the corresponding interatomic force and secant stiffness; and (c) interatomic forces between opposite pore walls

visualized by springs.

Fig. 3. Various simple idealized molecular arrangements between the walls of a nanopore.
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We assume the hindered adsorbed layer to be in thermodynamic equilibrium with the vapor in an adjacent macropore.

This requires equality of the chemical potentials m per molecule (m ¼ m=M, the overbar being used to label a quantity per

molecule). At the front of the portion of the nanopore filled by adsorbate, henceforth called the ‘filling front’ (marked by

circled 2, 3 or 4 in Fig. 4), Eq. (10) of continuum thermodynamics gives a zero transverse pressure, ~pd ¼ 0, and so

m ¼ ma ¼ mv.

However, in the discrete treatment of individual molecules, the chemical potential can be altered by transverse tension

or compression Dpd (Fig. 4), which can develop at the filling front and act across the monomolecular layers unless the

nanopore width 2y at the filling front happens to be an integer multiple of the unstrained molecular spacing s0. We will

call Dpd the ‘misfit’ (part of) disjoining (or transverse) pressure, by analogy with the misfit strain energy for a dislocation

core in the Peierls–Nabarro model (Hirth and Lothe, 1992).

The misfit pressure, which, at the filling front, represents the total transverse pressure (or stress), is determined by the

average change Ds of spacing s between adjacent monomolecular layers, which is

Ds¼ 2kx=n�s0 ðn¼ 1;2,3, . . .Þ ð11Þ

where n is the number of monomolecular layers across the nanopore width and s0 is the natural spacing between the

adjacent monomolecular layers in free adsorption, i.e., when the transverse stress vanishes (note that for the triangular

arrangements in Fig. 2b and c, s0 is obviously less than the natural spacing of unstressed adsorbate molecules, shown as s0
in Fig. 2a). So, the force between the molecules of the adjacent layers is F ¼ CDs and the strain energy of the imagined

springs connecting the molecules is FDs=2 or CðDsÞ2=2 per molecule (if, for simplicity, a loading along the secant is

considered).

The hindered adsorbed layer is in a multiaxial stress state, for which the total strain energy is the sum of the strain

energies of the strain components. Since continuum thermodynamics gives zero disjoining (transverse) pressure pd at the

filling front, it suffices to add to CnðDsÞ2=2 the chemical potential ma per molecule at the filling front due to longitudinal

pressure pa only. So, in view of Eq. (10), the chemical potential per molecule at the filling front xn
f
with n monomolecular

Fig. 4. Filling of a continuously diverging nanopore and disjoining pressures.
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layers is

mf ,n ¼
Cn

2

2kxf
n

�s0

� �2

þma ð12Þ

where again the overbar is a label for the quantities per molecule. Since ~pd ¼ 0 at the filling front xn, the only source of mn is

the longitudinal spreading pressure pa in the adsorption layer.

Let us now check whether at some filling front coordinate xn (Fig. 4) the diverging nanopore is able to contain either n

or nþ1 monomolecular layers with the same chemical potential per molecule. For nþ1 layers

mf ,nþ1 ¼
Cn

2

2kx

nþ1
�s0

� �2

þma ð13Þ

Setting mn ¼ mnþ1, we may solve for x. This yields the critical coordinate and critical pore width for which the molecules in

n and nþ1 monomolecular layers have the same chemical potential per molecule:

xnf ,n ¼
ffiffiffiffiffiffi

Cn

p
þ

ffiffiffiffiffiffiffiffiffiffiffi

Cnþ1

p

1

n

ffiffiffiffiffiffi

Cn

p
þ 1

nþ1

ffiffiffiffiffiffiffiffiffiffiffi

Cnþ1

p

s0
2k

, yn

f ,n ¼ 2kxnf ,n ð14Þ

So, the critical relative pore width 2yn

f =s0 at the filling front is a weighted harmonic mean of n and nþ1 (and a simple

harmonic mean if Cn ¼ Cnþ1).

Equality of the chemical potentials per molecule at the filling front for n and nþ1 monomolecular layers in the same

nanopore, which occurs for the pore width given by Eq. (14), implies that no energy needs to be supplied and none to be

withdrawn when the number of monomolecular layers is changed between n and nþ1. So, the equilibrium content of

hindered adsorbate in the nanopore for a given chemical potential of vapor is non-unique. Similar to non-uniqueness of

capillary surfaces, this non-uniqueness underlies the sorption–desorption hysteresis in the nanopores.

The possibility of non-uniqueness is evident from Fig. 2. For the same value of potential F, there are two states with

different molecular separations s1 and s2, one corresponding to attraction (tension) and one to repulsion (compression), as

seen on the horizontal line intersecting the curve of F in Fig. 2. Note that the secant stiffness for compression must be

larger than it is for tension, which is a point neglected, for the sake of simplicity, in the foregoing calculation.

Misfit disjoining pressure: In view of Eq. (12), its value corresponding to mn for nmonomolecular layers in the nanopore is

pd,n ¼ Cn s0�
2kxn

n

� �

þ ~pdðxnÞ ð15Þ

where ~pdðxnÞ, based on continuum thermodynamics, is non-zero if xnaxf ,n. In contrast to stress, the pressure is considered

as positive when compressive. Replacing n with nþ1, we find that the disjoining pressure makes a jump when the number

of monomolecular layers in the nanopore changes from n to nþ1

Dpd,n ¼ pd,nþ1�pd,n ¼ 2kxn
Cn

n
�Cnþ1

nþ1

� �

þs0ðCnþ1�CnÞ ð16Þ

(see Fig. 4). At the filling front, the jump is from transverse tension to compression (Fig. 5c).

Eq. (16) shows that the sudden jumps Dpd,n of the misfit pressures from tension to compression diminish with

increasing n (n¼1,2,3,y), as the nanopore is getting wider; see Figs. 4d and 5c. Therefore, the wider the pore is, the less

effective the mechanism of snap-through instabilities is. It ceases to operate for pores of width n410, which are wider

than the combined maximum thicknesses of two opposite adsorption layers (about 3 nm).

Note that, since the changes Ds of molecular distance are large, the C values depend on F or Dpd (Fig. 2b). So, Eq. (16) is

actually a nonlinear equation for Dpd and its numerical solution would require iterations. But here we are aiming at

conceptual explanation rather than numerical results.

Misfit chemical potentials and their effect on sorption isotherm: The variation of chemical potential at the filling front xf is

shown in Fig. 5d. Since transverse tension at the filling front gives the same chemical potential as transverse compression

of equal magnitude, the misfit chemical potential, defined as the part of chemical potential due to pd at the filling front,

varies continuously, provided the pore width varies continuously, too; see Fig. 5d. This is because transverse tension gives

the same chemical potential as transverse compression of equal magnitude.

The total chemical potential at the filling front is obtained by adding the chemical potential maðxf Þ obtained from

continuum thermodynamics, which yields the potential variation in Fig. 5e. Considering the relation of filling front

coordinate xf to the adsorbate mass w shown (in a smoothed form) in Fig. 5b, and the relation h¼ eðM=RTÞmf , one can deduce

the solid curve in Fig. 5e representing the diagram of equilibrium states of mass content w versus relative vapor pressure h

in the macropore.

Why are the segments of the pressure variation in Fig. 5c linear, and why are the segments of the chemical potential

variation in Fig. 5d–f parabolic? The reason is that the variation of nanopore width has been idealized as linear (and that

the plots are made for constant C). These segments take different shapes for other width variations.

Sequential snap-throughs of adsorbate content: In sorption testing and most practical problems, the relative vapor

pressure h is the variable that is controlled, and the adsorbate mass w is the response. Consequently, the states at the
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reversal points 1, 3, 5, 7 of the equilibrium diagram in Fig. 5 for the diverging nanopore are unstable. Likewise, the states at

points 1, 3, 5, 7 in Fig. 6d for the nanopore of step-wise variable width. The loss of stability can be evidenced by checking

that the molecular potential loses positive definiteness. Fundamental though such checks may be, it is simpler and more

intuitive to argue in terms of infinitely small deviations dh from the equilibrium state.

Consider, e.g., that, in Fig. 5f or 6d, a sufficiently slow gradual increase of h has moved the equilibrium state from point

2 to point 3, which is a local maximum of h as a function of w. For a further infinitesimal increase dh, there is on the

equilibrium diagram no longer any point close to point 3. So, borrowing a term from structural mechanics (Bažant and

Cedolin, 1991), we realize that the adsorbate mass content w must dynamically ‘snap through’ at constant h along vertical

line 34 to point 4. After dissipating the energy released along segment 34 (the rate of which depends on the lingering times

of adsorbed molecules and diffusion along the hindered adsorbed layer; Bažant and Moschovidis, 1973), thermodynamic

Fig. 5. Misfit disjoining pressures and chemical potentials in a continuously diverging nanopore, with dynamic snap-throughs of adsorbate content.
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equilibrium is recovered at point 4. It is stable because a further infinitesimal increment of dh finds, next to point 4, an

equilibrium state with adsorbate content incremented by dw.

If h is increased slowly enough further, the equilibrium system will move from point 4 to point 5 at which a local

maximum of h is reached again and the loss of stability gets repeated, since a further increase dh can find equilibrium only

after a dynamic snap-through to point 6. Each snap-through will release some energy which must be damped and

dissipated by the system. So, the local maxima of h at points 1, 3, 5 and 7 are the critical states giving rise to the so-called

‘snap-through instability’ (Bažant and Cedolin, 1991). The equilibrium states on curved segments 1e2, 3c4 and 5a6 are

unstable and can never be reached in reality.

The salient feature is that a different path w(h) is followed when h is decreased. To show it, consider point 7 in Fig. 5f or

6d as the starting point. During a slow enough decrease h, the system will follow the stable states along segment 76a until

a local minimum of h is reached at point a, which is the stability limit. Indeed, if h is further decremented by dh, there is no

equilibrium state near point a. So, the equilibrium state a is unstable and the system will ‘snap through’ dynamically at

constant h along path ab. At point b stable equilibrium is regained after sufficient time. When h is decreased further slowly

enough, the equilibrium states move through segment b4c until again a local minimum of h is reached and stability is lost

at point c. Thereafter, the system ‘snaps through’ along line cd to point d, where equilibrium is regained, etc.

Fig. 6. Step-wise diverging nanopore and misfit disjoining pressures.
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In the diverging pore in Fig. 5, the snap-through means that when the equilibrium filling front reaches the critical

points, x1,x2, or x3, it will advance forward a certain distance at constant h, as fast as diffusion along the micropore,

controlled by the lingering times of the adsorbate molecules, will permit.

The cross-hatched areas in between the sorption and desorption isotherms, such as area 34cd3 in Fig. 5e or 6d,

represent sorption hysteresis. They also characterize energy dissipation.

Sequential snap-throughs for step-wise nanopore width variation: The diagrams in Fig. 5d–f are valid only for a micropore

with continuously diverging rigid planar walls (Fig. 5a). This is, of course, an idealization. Because of the atomistic

structure of pore walls, the pore width in reality varies discontinuously, as exemplified in Fig. 6a. The chance of a width

exactly equal to an integer multiple of s0 is small.

Consider that the jumps of nanopore width (Fig. 6a) occur at x1,x2,x3, . . ., and that at x1 is narrower than s0, at x2 exactly

equal to 2s0, and at x3 wider than 3s0. Thus, the filling front in pore segment ðx1,x2Þ is in transverse compression, in

segment ðx2,x3Þ at zero transverse pressure, and in segment ðx3,x4Þ in transverse tension; see Fig. 6b. The corresponding

strain energies, representing the misfit chemical potential Dmd per molecule, have a pulse-like variation as shown in

Fig. 6c. Continuum thermodynamics, which ignores the misfits, gives a monotonically rising staircase variation of the

chemical potential ~maðxÞ (per unit mass) as a function of the filling front coordinate xf, represented by path jiedhgba

(Fig. 6d). Superposing on this staircase the misfit chemical potential Dmd (converted to unit mass), one gets the non-

monotonic step-wise path of equilibrium states, shown by the bold line 12ed455b6 in Fig. 6d.

Taking into account the dependence of the adsorbate mass w in the nanopore on the filling front coordinate xf, one can

covert the diagram in Fig. 6d into the sorption isotherm in Fig. 6e, usually plotted as w versus h. The monotonic staircase

hkfejicba would represent the equilibrium path if the misfit disjoining pressures were ignored.

When the rise of h, and thus mf , is controlled, the segments 23 and 56 in Fig. 6e are unstable and unreachable. Indeed,

when h or mf is infinitesimally increased above point 2, there is no nearby equilibrium state, and so the system will ‘snap

through’ dynamically to point 3. At that point, equilibrium is regained, and h and mf can be raised again, slowly enough to

maintain equilibrium, along path 345. A similar dynamic snap-through is repeated along segment 56, after which the

stable segment 678 can be followed. Likewise, in the diagram of mf versus the filling front coordinate xf (Fig. 6d), forward

snap-throughs at increasing mf (which is a monotonically increasing function of h) occur along segments 23 and 56.

When h or mf is decreased slowly enough from point 8, the stable equilibrium path 876bc is followed until stability is

lost at point c (Fig. 6e). Then, the system snaps through dynamically from c to d, follows equilibrium path def, and snaps

dynamically from f to g. Likewise, in Fig. 6d, backward snap-throughs at decreasing mf occur along segments bc and ef.

Obviously, the states on segments c5 and f2 in Fig. 6e, or 2e and 5e in Fig. 6d, can never be reached. They represent

unstable equilibrium. The shaded areas g13eg and d46bd represent hysteresis, which leads to energy dissipation.

Snap-throughs in a system of nanopores: The diverging nanopore (Figs. 4, 5a and 6a) is not the only pore geometry producing

sorption hysteresis. There are infinitely many such geometries. In the simple model of discrete monolayers pursued in Part I,

the only geometry avoiding hysteresis due to sequential snap-throughs is hypothetical—the widths of all the nanopores would

have to be exactly equal to the integer multiples of the natural spacing s0 of monomolecular layers in free adsorption, so as to

annul the misfit pressures. Below, we will show that if molecular coalescence is allowed in the lateral direction, then even these

special pore geometries will exhibit sorption hysteresis, and so the effect is extremely general.

An essential feature of nanoporosity is that there are nanopores of many different thicknesses 2y densely distributed as

shown in Fig. 7. At a given vapor pressure, all the nanopores that are narrower than a certain width 2y are filled by

adsorbed water and the wider ones are empty, containing only vapor; see Fig. 7a, c and e.

As the relative pore pressure h is increased, larger and larger pores fill up. A critical state (or a local maximum of h) is

reached for a pore width at which the misfit chemical potential Dmd due to misfit disjoining pressure is for n

monomolecular layers equal to or larger than the misfit chemical potential for nþ1 layers. After that state, the system

loses stability and regains it only when all the nanopores up to a certain larger width get filled without increasing h. For

decreasing h, the stability loss would occur for a different pore width.

The distribution of nanopore thicknesses 2y may be characterized by a continuous cumulative frequency distribution

function jðyÞ that represents the combined volume of all the nanopores with thicknesses o2y. This case, though, is not

qualitatively different from the diverging nanopore studied previously. For jðyÞpky
2, the nanopore system in Fig. 7

becomes mathematically equivalent to the linearly diverging nanopore studied before.

The way the hysteresis in the individual nanopores gets superposed to produce a pronounced hysteresis on the

macroscale is schematically illustrated in Fig. 8.

Rough or non-matching nanopore surfaces: For hydrated cement, a smooth pore surface is surely an idealization, needed

to render the calculations simple. In reality, the pore surface is irregular, random and rough. Recently, it has been shown

(Yang et al., 2011) by MD simulations of nitrogen in carbon slit-pores that random surface roughness of approximately the

same amplitude as the fluid molecule diameter effectively damps the oscillations of the disjoining pressure, compared to

molecularly smooth surfaces. However, it is doubtful that this is true locally, for the disjoining intermolecular forces

individually. The preceding observations regarding a system of nanopores applies to arbitrarily short nanopores, and a

rough pore can be imagined as a series of very short smooth nanopores. The roughness aspect calls for deeper study.

Even if the nanopore surface is a regular atomic lattice, the spacing of surface atoms generally does not match the

equilibrium spacing of adsorbate molecules along the pore. This imposes a wavy potential of transverse intermolecular

forces with non-matching wavelength. This potential will alter the locations of the snap-throughs.

Z.P. Bažant, M.Z. Bazant / J. Mech. Phys. Solids 60 (2012) 1644–16591654
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Temperature: The present analysis of snap throughs focuses on isolated, fixed molecular energy barriers and thus

neglects some important thermal effects in the adsorbate. Temperature appears in the present analysis via the entropy of

the vapor phase (which defines the humidity) and the reversible, continuum isotherm for multi-layer adsorption. The free

energy barriers for snap through instabilities are related to discrete molecular inclined forces without accounting for

entropic contributions and molecular rearrangements that constantly vary the barrier energy and structure. At low

temperatures, this solid-like picture of the adsorbate with long-lived molecular states is valid, and snap throughs can occur

by rare, thermally activated transitions over the energy barriers related to inclined molecular forces in non-uniform pore

geometries.

This model, however, neglects the balance between the same attractive lateral interactions and the entropy of discrete

molecular rearrangements on the surface, which can lead to ‘phase separation’ into low-density and high-density phases in

the adsorbate (Gelb et al., 1999). Such effects dominate at low temperature (below the ‘critical hysteresis temperature’)

and can lead to sorption hysteresis even in perfectly straight nanopores. Variations in the nanopore geometry, however, do

provide additional free energy barriers for molecular condensation and snap throughs between different pore regions. As

shown in Part II, these temperature-dependent phenomena can be treated using non-equilibrium statistical thermo-

dynamics, which provides a general theory of molecular condensation in nanoporous solids building on this work.

Fig. 7. System of nanopores of different widths communicating through vapor phase.

Fig. 8. Superposition of hysteretic loops from different nanopores.
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Analogy with snap-through buckling of flat arch: There is an instructive analogy with the snap-through buckling of elastic

arches or shells under controlled load (Bažant and Cedolin, 1991, Fig. 9, p. 231). If the arch is flat enough and flexible

enough not to fracture, the equilibrium diagram of total load p versus midspan deflection u follows the diagram sketched

in Fig. 9. The segments 051 and 432 consist of stable states at which the potential energy is positive definite (i.e., has a

strict local minimum). But this is not true for the equilibrium states on the segment 12, at which the potential energy does

not have a strict local minimum.

Consider that load p is increased from point 0 up to the local maximum at critical point 1 (Fig. 9). If load p is increased

further by an infinitesimal amount ddp, there is no nearby equilibrium state. The arch must follow at constant load the

dynamic snap-through path 14, during which there is accelerated motion. The load difference from the equilibrium curve

below represents the inertial force, which provides rightward acceleration. The arch gains kinetic energy up to point 3,

swings over (along a horizontal line), and then vibrates at constant load about point 3 until the kinetic energy is dissipated

by damping (without damping, it would vibrate indefinitely). Then, if the load is increased further, the arch moves through

stable equilibrium states on the segment 34.

When the load is decreased, starting at point 4, the arch will follow the stable equilibrium states along segment 432

until a local minimum is reached at point 2. If the load is decreased further by an infinitesimal amount dP, there is no

equilibrium state near point 2. So, the arch must snap through dynamically to point 5, the load being again balanced by

inertia forces which provide leftward acceleration. During this snap-through the arch gains kinetic energy, swings over to

the left of point 5 and vibrates about point 5 until the kinetic energy is dissipated by damping. Then, the load can be

decreased further following the stable equilibrium states below point 5.

Note that even though the arch is elastic and the structure–load system is conservative, hysteresis is inevitable. During

the cycle, the arch dissipates an energy equal to the cross-hatched area 51325 in Fig. 4.

Energy dissipated by hysteresis and material damage: The Gibbs free energy dissipated per unit mass of the nanoporous

material is dG¼w dm, where dm¼ RT=M d ln h, which has in thermodynamic equilibrium the value for the adsorbate

species in the vapor and for the adsorbed phases. Therefore, the free energy dissipated per unit volume of material due to

the hysteresis during a complete cycle, e.g., a drying–wetting cycle of hardened cement paste, is

DG¼ RT

M

I

wðhÞ
h

dh ð17Þ

Since h is in the denominator, integrability, i.e., the finiteness of DG, requires that limh-0w=h¼ 1=hn, where 0rno1.

Graphically, DG is proportional to the area between the sorption and desorption isotherms in the diagram of w=h versus h

(Fig. 10).

The energy could be dissipated in two ways:

(1) By internal friction in the adsorbed fluid during the dynamic snap-throughs (or the molecular coalescence phenomena

discussed in Part II Bazant and Bažant) or

(2) by fracturing or plastic damage to the nanopore surfaces.

However, the latter seems unlikely since it could be associated with every disjoining pressure change and not particularly

with the snap-through. The existence of the former is undeniable, and the point here is to show that the hysteresis is

perfectly explicable without postulating any damage to the nanopore surface.

Anyway, the degree of material damage due to a drying–wetting cycle, if any, could be checked by measuring the

strength or the fracture energy, or both, of the material before and after the cycle. This would have to be done slowly

enough on thin enough specimens having drying half-times less than 1 h (o1 mm thick for cement paste), in which the

relative humidity h in the capillary pores can be changed without creating a significant gradient of h across the specimen

wall (in thicker samples, most of the material damage is done by non-uniform shrinkage stresses engendered by non-

uniformity of h across the wall thickness Bažant and Raftshol, 1982). Shrinkage and creep experiments on such specimens

Fig. 9. Analogy with snap-through of an arch.
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have been performed at Northwestern (Bažant et al., 1976), but no cycles were performed and strength changes were not

checked. It could also be checked whether the snap-throughs might be associated with the acceleration of concrete creep

due to simultaneous drying, called the drying creep (or the Pickett effect).

Sorption potential: Note that, based on the derivation of Eq. (17), it further follows that

b¼ RT

M

w

h
¼ @G

@h
ð18Þ

In other words, Gibbs’s free energy per unit mass of adsorbate as a function of h is a potential for the adsorbate content

parameter b during a one-way change of h.

Is the atomic crystal structure of pore walls relevant? The spacing of atoms in the pore walls imposes on the attractive

potential a waviness whose wavelength generally differs from the in-plane spacing of the adsorbate molecules. However, it

would be incorrect to consider the adsorbate molecule to jump over the peaks of this wavy attractive potential. The reason

is that such jumps are not rare hopping processes. Unlike solids, the adsorbate molecules undergo constant vigorous

rearrangements (except during solidification at extremely low temperature). Thus, they feel only the average surface

properties and have strong entropic/steric interactions with the surface. In liquids and gases, the entropy prevails over

bond enthalpy and prevents long-lived solid-like states connected by thermal hopping.

4. Conclusions of Part I

We can summarize the findings of the first part as follows:

1. One mechanism that must be causing sorption hysteresis at low vapor pressure is a series of snap-through instabilities

causing path-dependent non-uniqueness of adsorbate content and dynamic jumps of water content of nanopores at

constant vapor pressure.

2. The snap-through instabilities are a consequence of the discreteness of the adsorbate, which leads to non-uniqueness of

mass content and to misfit disjoining (transverse) pressures due to a difference between the pore width and an integer

multiple of the thickness of a transversely unstressed monomolecular layer of the adsorbate.

3. The hysteresis is explained by the fact that the snap-through instabilities for sorption and desorption follow

different paths.

4. The wider the pore, the weaker the mechanism of snap-through instabilities. This mechanism cannot operate in pores

wider than about 3 nm.

5. The snap-through instabilities are analogous to snap-through buckling of arches and shells, long known in structural

mechanics. They cause hysteresis and energy dissipation even when the arch or shell is perfectly elastic and the load

conservative.

If a quantitative version of this theory were developed, it might be possible to infer from the hysteresis the surface area

and the size distribution of the nanopores filled by hindered adsorbate. Our preliminary analysis of snap-through

instabilities suggests that the key to making this connection is to also account for inclined forces and ‘lateral interactions’,

in the statistical thermodynamics of hindered adsorption. Part II will show that attractive lateral interactions generally

lead to sorption hysteresis in any pore geometry due to molecular coalescence of the adsorbate (Bazant and Bažant).

Fig. 10. Energy dissipated by sorption hysteresis on a full h-cycle 1-0-1 (shaded area), and dissipation during mid-range reversals (a, b).
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Bažant, Z.P., Asghari, A.A., Schmidt, J., 1976. Experimental study of creep of hardened cement paste at variable water content. Mater. Struct. (RILEM, Paris)

9, 190–279.
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a b s t r a c t

Motivated by the puzzle of sorption hysteresis in Portland cement concrete or cement

paste, we develop in Part II of this study a general theory of vapor sorption and

desorption from nanoporous solids, which attributes hysteresis to hindered molecular

condensation with attractive lateral interactions. The classical mean-field theory of

van der Waals is applied to predict the dependence of hysteresis on temperature and

pore size, using the regular solution model and gradient energy of Cahn and Hilliard.

A simple ‘‘hierarchical wetting’’ model for thin nanopores is developed to describe the

case of strong wetting by the first monolayer, followed by condensation of nanodroplets

and nanobubbles in the bulk. The model predicts a larger hysteresis critical temperature

and enhanced hysteresis for molecular condensation across nanopores at high vapor

pressure than within monolayers at low vapor pressure. For heterogeneous pores, the

theory predicts sorption/desorption sequences similar to those seen in molecular

dynamics simulations, where the interfacial energy (or gradient penalty) at nanopore

junctions acts as a free energy barrier for snap-through instabilities. The model helps

to quantitatively understand recent experimental data for concrete or cement paste

wetting and drying cycles and suggests new experiments at different temperatures and

humidity sweep rates.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction

As introduced in Part I (Bažant and Bazant, this issue), a long-standing puzzle in the thermodynamics of concrete or

cement paste and other nanoporous solids is the pronounced hysteresis of the sorption/desorption isotherm at low vapor

pressure (Powers and Brownyard, 1946; Feldman and Sereda, 1964, 1968; Rarick et al., 1995; Scherer, 1999; Jennings et al.,

2008; Adolphs et al., 2002; Espinosa and Franke, 2006). Typical experimental data for wetting/drying cycles in concrete is

shown in Fig. 1, and similar behavior can be observed (or expected) in many other important situations, such as water

sorption in dry soils or wood, carbon sequestration in porous absorbents, and natural gas recovery from nanoporous

shales. At low vapor pressures, well below the saturation pressure, very little bulk liquid exists in the larger pores, and so

the observed hysteresis cannot be attributed to the classical ‘‘ink-bottle effect’’ of capillarity from continuum fluid

mechanics (Cohan, 1938; Brunauer, 1943). Moreover, in nanopores, the Laplace tension of a continuous meniscus can
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easily exceed the tensile strength of the liquid. So it is widely believed that adsorbate layers must be uniformly spread over

the entire internal surface area at low vapor pressure and unable to coalesce into nonuniform patches or droplets.

This thinking underlies the ubiquitous method of determining the internal surface area of porous media by fitting the

sorption isotherm to the Brunauer–Emmett–Teller (BET) equation of state (Brunauer et al., 1838), which is strictly valid

only for a statistically homogeneous adsorbate on a flat surface. Since the BET isotherm is perfectly reversible, the internal

surface area can only be unambiguously inferred from one type of measurement, either sorption or desorption, starting

from a well defined reproducible initial state. Typically, the BET fit is made for sorption starting from very low vapor

pressure, assuming that the internal surface is initially bare, but it is troubling to neglect the desorption data, which would

imply a different BET internal surface area, without a theory to explain its origin. Moreover, if a mathematical theory could

be developed, then in principle one could extract more complete information about the internal pore structure, such as the

statistical distributions of pore thickness or pore area, from the history dependence of sorption and desorption.

If one insists on the validity of any reversible adsorption isotherm (not only BET), then the only way to explain the

observed hysteresis is to invoke changes in the accessible internal surface area, e.g. due to chemical transformations or

structural damage (Feldman and Sereda, 1968; Thomas et al., 2008; Rarick et al., 1995; Espinosa and Franke, 2006). As a

result, this picture of ‘‘pore collapse’’ and subsequent reopening upon desorption and sorption, respectively, is firmly

entrenched, but it is noteworthy that, sixty years after the first observations of sorption hysteresis in concrete and cement

paste, no mathematical theory has emerged to justify this assumption or make any testable theoretical predictions. For

example, it is not clear how the pore collapse hypothesis could explain the strong dependence of sorption hysteresis in

concrete on temperature and chemical composition of the vapor observed in recent experiments (Baroghel-Bouny, 2007),

as shown in Fig. 1, or how it could be reconciled with the measured shrinkage values. While some adsorption-related

structural changes surely occur in cement paste and concrete and other nanoporous solids, especially at high vapor

pressures, the repeatability of sorption hysteresis (after the first few cycles) and the relatively small concomitant

macroscopic deformations seem inconsistent with the very drastic changes to the pore structure at the nanoscale required

by the pore-collapse hypothesis.

In this work, we show that, due to molecular discreteness, hysteresis is a natural and unavoidable feature of sorption in

nanoporous solids with fixed pore geometries. In Part I (Bažant and Bazant, this issue), we showed that misfit pressures due

to discrete molecular forces around heterogeneities in the nanopore geometry generally provide local energy barriers for

the passage of the adsorbate-vapor interface, consistent with evidence from molecular dynamics simulations (Pellenq and

Levitz, 2002; Coasne et al., 2007, 2008a, 2008b, 2009). As the thermodynamic driving force is increased by changing the

vapor pressure, the interface remains pinned at the heterogeneity until a sudden ‘‘snap-through instability’’ occurs,

analogous to snap-through buckling of a flat arch. This theory is also reminiscent of the Peierls–Nabarro model of

dislocation motion in crystals, where the misfit strain energy due to discrete molecular forces in the dislocation core

provides the crucial resistance to dislocation motion, which cannot be predicted by continuum elasticity (Hirth and Lothe,

1992). A common feature of both theories is the assumption of a layered solid-like material undergoing sudden, localized

rearrangements in response to a driving force that overcome the effective ‘‘lattice resistance’’. An important difference

between nanopore sorption and dislocation motion, however, is that there is no reference crystal structure or long-range

order in the adsorbate, and so much more dramatic molecular rearrangements, such as wetting phase transformations, are

possible. Predicting such phase transformations and their dependence on temperature requires a more detailed

molecular model.

Here, in Part II, we consider sorption from the general perspective of statistical thermodynamics and develop a simple

mathematical theory that connects hysteresis to inter-molecular forces. The model is quantitatively consistent with the

concrete sorption data in Fig. 1 and suggests new directions for experiments and simulations to further develop the theory.

The key insight is that sorption hysteresis is possible at sufficiently low temperature in any fixed surface geometry, as long

Fig. 1. Experimental data for isothermal water–vapor desorption and sorption cycles in concrete at different temperatures. (a) Pronounced hysteresis at

T¼23 1C. (b) Suppressed hysteresis at T¼44 1C. [Reproduced from Fig. 2(e) and (g) of Baroghel-Bouny (2007) with permission.]
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as the adsorbed molecules have a short-range attraction. Although weaker than the orthogonal forces that bind the

adsorbate to the surface, such attractive lateral forces within the adsorbate itself promote condensation into stable high

density patches below a critical temperature, regardless of the pore geometry. This phenomenon can be inhibited by

geometrical or chemical heterogeneities on the surface, but molecular condensation can also occur in homogeneous pores

or on flat surfaces, as the metastable homogeneous adsorbate phase separates into stable low-density and high-density

phases within the porous structure.

Before we begin, let us explain our choice of terminology. The term ‘‘capillary condensation’’ has been used to describe

wetting/de-wetting transitions on surfaces, which comprise a well-studied class of phase separation phenomena in

confined systems (Gelb et al., 1999). We avoid the use of this term because in many fields, such as cement and concrete

research (which motivates our work), the term ‘‘capillary water’’ refers to liquid water at high vapor pressure in large

(41 mm) pores, which can be modeled by continuum fluid mechanics with constant gas/liquid surface tension. Here, we

suggest the term ‘‘molecular condensation’’ to refer to the phase separation of discrete adsorbed molecules in nanopores at

low vapor pressure, which requires a statistical mechanical treatment.

2. Mean-field theory of molecular condensation

2.1. Capillarity at the molecular scale

The macroscopic continuum theory of capillarity cannot be applied to very thin adsorbate layers, whose individual

molecules interact strongly with the surface – and each other (Israelachvili, 1992; Rowlinson and Widom, 1984; de

Gennes, 1985; Gelb et al., 1999). The density of an adsorbate is generally heterogeneous and lies between that of the bulk

liquid and vapor phases, due to attractive forces with the surface which stabilize individual adatoms and (upon contact

with a second surface) give rise to disjoining pressure. These ‘‘orthogonal forces’’ allow adsorbed molecules to be

distributed over a surface without maintaining close lateral contacts. In a nanoscale pore, the total energy of the missing

lateral bonds would be grossly overestimated, if they were approximated by sharp, continuous surfaces using the bulk

surface tension and the nanoscale curvature. Instead, one must develop a theory that takes ‘‘lateral forces’’ between

discrete adsorbate molecules explicitly into account.

The theory of snap-through instabilities in nonuniform pore geometries from Part I is an example of such an approach,

but the effect of attractive lateral forces is much more general and can lead to sorption hysteresis even in perfectly uniform

geometries. The basic idea is already illustrated by the simplest case of monolayer adsorption on a flat bare surface or

monolayer-thick pore, as shown in Fig. 2. (The latter problem is equivalent to lithium insertion and extraction in a

crystalline nanoparticle in a Li-ion battery (Singh et al., 2008; Burch and Bazant, 2009; Bai et al., 2011), and we apply

similar concepts and models for adsorption dynamics Bazant, 2011.) As humidity increases during sorption (left), the

dilute homogeneous adsorbate a becomes thermodynamically unstable and separates b into locally stable low-density and

high-density phases, which quickly grow and merge into a stable homogeneous adsorbate at high density c. As humidity

then decreases during desorption (right), the homogeneous phase d destabilizes and coalesces to form the stable, dense

phase e, which quickly shrinks and leaves behind a stable, homogeneous low-density adsorbate f. The sketches in Fig. 2

assume nucleation of the second phase at the pore openings, although other phase-separation pathways are possible.

The key point is that molecular condensation, or separation into low-density and high-density adsorbate phases, is

history dependent and occurs by triggering the sudden instability of a metastable state. The specific pore geometry is

largely irrelevant. Spontaneous phase separation of the adsorbate is mathematically analogous to the snap-through

instability of shells and arches, but the physical interpretation in terms of buckling failure may not always apply. More

importantly, in order to predict the effect of temperature on sorption hysteresis, one must go beyond mechanical analogs

and consider the statistical thermodynamics of adsorption.

sorption desorption

a

b

c

d

e

f

Fig. 2. Molecular condensation in a straight, monolayer-thick pore during sorption (left) and desorption (right) from the vapor at low temperature.

Attractive lateral forces lead to the spontaneous separation of high-density and low-density adsorbate phases from metastable homogeneous phases.

Analogous thermodynamic instabilities of the adsorbate distribution would also occur in thicker pores or flat surfaces, only across a different range of

relative humidities, depending on the free energies of adsorption and lateral interaction. In non-uniform pores, the snap-through instability is another

manifestation of this general phenomenon, driven by attractive lateral (or inclined) forces in the adsorbate. It naturally leads to sorption hysteresis

without invoking any changes in pore structure.
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2.2. Thermodynamics of adsorption with lateral forces

Consider a nanopore or surface film, whose state is described by a dimensionless filling Y¼Gw=G1, which may depend

on lateral position x. The Gibbs free energy per surface site g can be expressed for a homogeneous adsorbate as follows:

ghomðY,xÞ ¼ gmixðY,xÞ�DgaðxÞY ð1Þ

where gmix is the free energy of mixing in the pore volume Vs(x) associated with surface site x, which contains an expected

number YðxÞ of adsorbate molecules, whose free energy change (per molecule) due to adsorption from the vapor phase is

Dga ¼ kBT ln c0þDqa ð2Þ

The first term is a reference entropy, expressed in terms of a dimensionless concentration c0 (as in BET theory) and

Boltzman’s constant kB, and the second term, Dqa, is the latent heat of adsorption minus that of liquefaction per site.

To focus on molecular effects, here in Part II we define energies per particle, rather than per mole as in Part I

(DQa=RT ¼Dqa=kBT), and we drop the overbars for ease of notation. Lateral interactions among adsorbate molecules are

included gmix, e.g. according to the regular solution model of the next section. Orthogonal surface-adsorbate forces are

treated separately via Dga. In the case of pairwise interactions, the enthalpic contribution can be expressed as

Dqa ¼
Z

V s

d r
!
Z

S

d r
!

sF
sð9 r!� r

!
sÞpsð r

!9 r!sÞ ð3Þ

where the FsðrÞ is the pair potential between adsorbate and surface molecules, psð r
!9 r!sÞ is the conditional probability

density of finding a surface molecule at r
!

s anywhere in the solid volume S given an adsorbate molecule at r
!

in the pore

volume Vs(x) associated with site x. In an isotropic bulk liquid, the pair correlation function g(r) is defined by

psð r
!9 r!

0
Þ ¼ 4pr2gðrÞ where r¼ 9 r!� r

!0
9, but here the pore surface breaks symmetry.

Due to attractive lateral interactions, at sufficiently low temperature the homogeneous free energy of mixing gmixðYÞ
becomes non-convex and leads to at least two local minima in the total free energy, corresponding to stable high-density

(liquid-like) and low-density (vapor-like) adsorbate phases on the surface, as shown in Fig. 3(a). A common tangent

construction connecting the two local minima, which restores convexity across the ‘‘miscibility gap’’, provides the mean

free energy of a phase separated system consisting of appropriate proportions of the immiscible endpoint phases

(neglecting interphasial tension, discussed below). Phase separation is illustrated by sketches in Fig. 2, whose labels

correspond to the letters in Fig. 3. During sorption, the homogeneous adsorbate passes the low-density free energy

minimum a, destabilizes and drops down to the common tangent upon phase separation b, and becomes homogeneous

again after passing the high-density free energy minimum c. A similar free-energy path is followed in reverse during

desorption, only the free-energy overshoot in the metastable homogeneous adsorbate occurs at high density rather than

low density. This is the fundamental source of hysteresis.

The connection with sorption hysteresis becomes more clear from the ‘‘diffusional’’ chemical potential of the homogeneous

adsorbate:

mhom ¼ dghom
dY

¼ dgmix

dY
�Dga ð4Þ

which is the net free energy change to add a molecule (and remove any vacant site). As sketched in Fig. 3(b), a non-convex free

energy corresponds to a non-monotonic chemical potential versus composition. In equilibrium, the chemical potential of an

adatom equals that of a vapor molecule:

mv ¼ kBT ln h ð5Þ

Fig. 3. Effects of lateral forces on adsorption. (a) Gibbs free energy per site g versus dimensionless filling Y of adsorbate. The homogeneous free energy

ghom (thin solid line) is made convex by a common tangent construction (thick solid line), which corresponds to phase separation into high and low

density regions (neglecting interphasial tension). (b) Chemical potential m per site for homogeneous (thin solid) and phase separated (thick solid) states.

(c) The corresponding filling fraction versus relative humidity h for quasi-equilibrium between the adsorbate and vapor. Hysteresis during adsorption

(a-b-c in Fig. 10) or desorption (d-e-f ) results from the delay in phase separation due to either nucleation (dotted lines) or spinodal decomposition

(dashed lines).
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where we set the zero of chemical potential in the saturated vapor phase (h¼1). Setting mhom ¼ mv yields the equilibrium

sorption curve (Y vs h) for homogeneous filling of the nanopore, shown in Fig. 3(c). The non-convex free energy is seen to

correspond to a non-invertible sorption curve with three degenerate filling fractions over the ‘‘spinodal range’’ of humidities,

Dhsp. Over the corresponding spinodal gap of filling fractions, where the free energy loses convexity (d2ghom=dY
2
o0) and the

chemical potential decreases with concentration (dmhom=dYo0), the homogeneous adsorbate is linearly unstable with respect

to the growth of infinitesimal perturbations of the concentration profile (spinodal decomposition). This leads to sorption

hysteresis with varying humidity, as represented by the dashed lines in Fig. 3.

It is possible for phase separation to occur for any metastable composition within the miscibility gap, but outside the

spinodal gap, a sufficiently large critical nucleus of the second phase is required. In the typical case of heterogeneous

nucleation, phase separation is triggered at nanopore defects or boundaries, as sketched in Fig. 2. If nucleation occurs

before spinodal decomposition, then phase separation occurs with less overshoot of the chemical potential plateau and

smaller sorption hysteresis, as denoted by the dotted lines in Fig. 3 (b) and (c), respectively. For sufficiently slow humidity

variations, the nanopore should be able to reversibly follow the convex equilibrium free energy surface without any

hysteresis, but depending on experimental conditions, the required nucleation and growth may not have enough time

to occur. In the absence of nucleation, the spinodal humidity range Dhsp provides a convenient upper bound on the

equilibrium sorption hysteresis, and so we now proceed to calculate it using a simple model.

2.3. Regular solution model

The simplest mean-field model of adsorption with lateral forces is the regular solution model for a binary mixture

(Guggenheim, 1952; Cahn and Hilliard, 1958; Baluffi et al., 2005), whose free energy of mixing,

gmix ¼ kBT½Y lnYþð1�YÞlnð1�YÞ�þoYð1�YÞ ð6Þ

comes from the continuum limit of a lattice gas of filled and empty sites. The first two terms represent the configurational

entropy of particles and holes in the lattice, and the last term represents the enthalpy of mixing, expressed as a particle-

hole interaction. The lattice gas could represent individual adsorbate molecules in a monolayer, either on a free surface

or in a flat one-molecule-thick nanopore as in Fig. 2. As discussed below, the same model could also provide a first

approximation of hindered multilayer adsorption, where the particles and holes represent coarsened molecular droplets

and bubbles spanning the interior of a nanopore. Therefore, we will proceed to analyze sorption hysteresis in general terms

without yet referring a specific pore geometry.

Lateral adsorbate-adsorbate forces are captured by the regular solution parameter, o, equal to the mean energy of

pairwise attraction between adsorbed molecules,

o¼
Z

V s

d r
!
Z

P

d r
!0 1

2
Fð9 r!� r

!0
9Þpð r!9 r!

0
Þ ð7Þ

where FðrÞ is the pair potential between adsorbate molecules, pð r!9 r!
0
Þ is the conditional probability density of finding a

molecule at r
!0

anywhere in the pore volume P given a molecule at r
!

in the site volume Vs. (The factor 1
2 avoids double

counting pair interactions.) Note that Dga and o depend on position in a heterogeneous pore, whose geometry or surface

chemistry varies with position.

As shown in Fig. 4(a), the homogeneous free energy of mixing reflects a competition between entropy, which favors

mixing (Y¼ 1
2) and enthalpy, which favors de-mixing or phase separation (Y¼ 0;1). At high temperature, entropy

dominates, and the free energy is convex with a minimum at Y¼ 1
2. Below a critical temperature,

Tc ¼
o

2kB
ð8Þ

enthalpy (due to attractive lateral forces) begins to dominate entropy, and there is a pitchfork bifurcation (in the

mathematical sense), leading to two local minima of the free energy density, corresponding to stable high-density and

low-density phases. The miscibility gap is the range of metastable homogeneous compositions, bounded by the circles in

Fig. 4(a). The homogeneous chemical potential is given by

mhom ¼ kBT ln
Y

1�Y þoð1�2YÞ�Dga ð9Þ

which is plotted for different temperatures in Fig. 4(b) to illustrate the onset of non-monotonic behavior for ToTc . The

spinodal gap is the range of unstable compositions, bounded by circles in Fig. 4(b).

The corresponding adsorption isotherm, obtained by setting mhom ¼ mv, is given by

cTh¼ Yhom

1�Yhom

� �

exp
oð1�2YhomÞ

kBT

� �

where cT ¼ c0 exp
Dqa
kBT

� �

ð10Þ

and plotted in Fig. 4(c). At high temperature, we recover the classical Langmuir isotherm without lateral interactions,

Yhom � cTh

1þcTh
for TbTc ð11Þ
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Below the critical point, ToTc , the modified Langmuir isotherm with lateral interactions becomes non-monotonic, and the

sorption curve exhibits hysteresis.

The spinodal humidity range, which provides an upper bound on the humidity hysteresis in this model, can be derived

analytically:

Dhsp ¼
2

c0
f

Tc

T

� �

exp �Dqa
kBT

� �

ð12Þ

where the Arrhenius temperature dependence is augmented by a prefactor

f ðuÞ ¼ cTDhsp
2

¼ ð2u�1Þsinh v�v cosh v where v¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

uðu�1Þ
p

, u¼ Tc

T
¼ o

2kBT
ð13Þ

An important prediction of this model is that sorption hysteresis decreases with increasing temperature and vanishes as a

power law at the critical point:

Dhsp �
8

3cT

Tc

T
�1

� �3=2

as T-Tc ð14Þ

The same 3
2 critical exponent also arises in the temperature dependence of the interfacial tension between the low-density

and high-density phases in the van der Waals (1893) theory of capillarity and the related Cahn and Hilliard (1958) model

of phase separation, which we consider in the next section. (In structural mechanics, this scaling relation is analogous to

Koiter’s 2/3-power law for the difference between the critical load at symmetric bifurcation of a perfect structure and

the stability limit of imperfect structures with vanishing imperfections (Bažant and Cedolin, 1991). There is also Koiter’s

1/2-power law for the bifurcation of a perfect system that is asymmetric, and we would expect analogous scaling,

DhsppðTc�TÞ2 in a different model with broken symmetry in the entropy and/or enthalpy density around Y¼ 1
2.) More

generally, the theory of critical phenomena provides many ways for nontrivial power law scalings to arise, DhsppðTc�TÞn,
and the exponent n is best determined by experiment for a given material.

Fig. 4. Thermodynamics of condensation in the regular solution model for an adsorbed monolayer with attractive intermolecular forces (o40). (a) Free

energy of mixing versus filling fraction. (b) Homogeneous chemical potential (shifted by the adsorption energy) versus filling fraction. (c) Filling fraction

versus humidity. Below the critical temperature Tc ¼o=2kB , enthalpy dominates entropy; the free energy is non-convex; the chemical potential is non-

monotonic; and the adsorption isotherms are multi-valued, leading to hysteresis. Curves are shown for T=Tc ¼ 2
5 ,

4
7 ,

4
5,1 (heavy solid), 43, and 1 (dashed).

Gray circles on all curves correspond to local free energy minima (stable or metastable states).
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As shown in Fig. 5, the critical power law (14) is a good approximation of the exact formula (12) and (13) over a broad

temperature range corresponding to typical hysteresis values, Dho10. In these formulae, the weak dependence of cT on

temperature can be neglected if orthogonal adsorption forces are much stronger than lateral intermolecular forces,

Dqab2kBTc ¼o, which is always the case whenever there is significant adsorption from the vapor. (Otherwise, bulk liquid

condensation would occur before surface adsorption.) For water adsorption in cement paste or concrete, this assumption is

consistent with an early estimate of Dqa=kB ¼DQa=R¼ 2700 K (Bažant and Najjar, 1972), which is likely to be much larger

than Tc, as discussed below (see also Bažant and Kaplan, 1996, p. 210).

In such cases, the dominant temperature dependence in (12) comes from the prefactor (13), which vanishes at the critical

point. Physically, sorption hysteresis disappears above the critical temperature because entropy, which promotes uniform

surface coverage, then dominates the enthalpy of lateral interactions, which promotes molecular condensation. This is a very

general effect, which will also arise in more complicated models (e.g. for multilayer adsorption Seri-Levy and Avnir, 1993;

Nikitas, 1996; Cerofolini and Meda, 1998a, 1998b), as long as the lateral interactions among adsorbed molecules are attractive.

3. Molecular condensation on bounded surfaces

3.1. Interphasial tension

The foregoing theory describes sorption hysteresis for an infinite pore or surface, since it considers only the homogeneous

free energy per site. In a finite system, phase separation is hindered by the interfacial (or ‘‘interphasial’’) tension between

immiscible stable phases, below the critical temperature. The standard mathematical model of interphasial tension is based on

the concept of a diffuse interface of continuously varying density, first introduced by van der Waals (1893) in his original

‘‘thermodynamic theory of capillarity’’ and still used today to describe surface wetting by thin liquid films (de Gennes, 1985;

Cahn, 1977; Widom, 1999; Gouin and Gavrilyuk, 2008). The same model has also been used to describe disjoining pressure in

liquid-filled nanopores (Gouin, 2009), albeit without making connections to adsorption isotherms and sorption hysteresis in

nanoporous solids. Modern interest in this approach and many subsequent extensions sprang from the celebrated paper of

(Cahn and Hilliard, 1958), which used the regular solution model to rederive and extend key results of (van der Waals, 1893)

and paved the way for phase-field models in materials science (Thornton et al., 2003; Baluffi et al., 2005).

Given the homogeneous free energy (1) per discretized pore volume V sð r!Þ (associated with fixed sites on the nearby

pore surface), the total free energy G of an arbitrary (possible multiply connected) pore geometry can be expressed as an

integral over the pore volume:

G½Y,S� ¼
Z

d r
!

ghomðY, r
!Þþ 1

2
rY � Kð r!ÞrY

� �

ð15Þ

which is a functional of Yð r!Þ, the dimensionless filling fraction of the volume V sð r!Þ (e.g. measured in monolayers, and

possibly larger than one for a site volume spanning a nanopore) and Sð r!Þ, a function prescribing the surface geometry of

the pore (e.g. via a level-set or phase-field description). The coefficient K in the second term is the ‘‘gradient penalty

tensor’’, which approximates corrections to the free energy density due to density variations, as well as the interphasial

tension (see below). In principle, both ghom and K depend on position within the pore geometry specified by S. In Eq. (15),

we neglect the mechanical energy stored in the solid phase (Thornton et al., 2003; Meethong et al., 2007b; Cogswell and

Fig. 5. Analytical prediction of the temperature dependence of sorption hysteresis, based on the regular solution model for lateral interactions in the

adsorbate. The change in relative humidity across the spinodal range Dhsp is plotted against reduced temperature T=Tc , where we set cT¼54 for

monolayer water adsorption in cement paste or concrete. We also neglect the weak temperature dependence of cT, for the typical case where adsorption

forces are much stronger than lateral forces (Dqab2kBTc ¼o). The exact solution (12) and (13) (solid curve) is well approximated over this range by

the asymptotic power law at the critical point (14) (dashed curve). At higher temperatures, T4Tc , molecular condensation is thermodynamically

unfavorable due to the dominance of entropy over enthalpy.
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Bazant, 2011), in order to emphasize our prediction that hysteresis can occur in nanoporous solids whose mechanical

deformation, if any, is too small to affect the equilibrium distribution of the adsorbate. It would be straightforward to

incorporate mechanical response of the solid matrix in a more sophisticated model, e.g. Cogswell and Bazant (2011).

The diffusional chemical potential is given by the functional derivative with respect to composition:

m¼ dG

dY
¼ mhom�r � KrY ð16Þ

where mhom ¼ g0hom is the homogeneous chemical potential (4). Physically, this corresponds to the free energy change upon

creating a continuum ‘‘molecule’’ represented by a delta function at r
!

. Outside the spinodal range, setting chemical

potential m¼ constant yields one uniform solution, corresponding to a stable homogeneous phase. Within the spinodal

range, there are three uniform solutions, two stable and one unstable, and m¼ constant yields a Beltrami differential

equation, whose nontrivial solution corresponds to a phase separated system with a diffuse phase boundary. In the regime

of strong phase separation obkBT or T5Tc , the width l of the phase boundary scales as

l¼
ffiffiffiffiffi

K

o

r

ð17Þ

in each eigendirection of the K tensor, and the corresponding interphasial tension (energy/area) is

g¼ rs

ffiffiffiffiffiffiffiffi

Ko
p

ð18Þ

where rs is the density of sites per volume, or the inverse of the single-site volume (Cahn and Hilliard, 1958; Burch and

Bazant, 2009).

3.2. Suppressed condensation in small pores

The tendency for phase separation is reduced in small systems, as the phase interface area to bulk volume ratio

increases. More precisely, both the spinodal range (Cahn, 1961) and miscibility gap (Nauman and Balsara, 1989; Nauman

et al., 1991; Burch and Bazant, 2009) shrink and ultimately disappear, as the system size becomes comparable to the phase

boundary thickness. For phase separation in solid materials, if the two phases have different equilibrium volumes, then

elastic coherency strain energy further reduces the miscibility and spinodal gaps and can eliminate phase separation

(Cogswell and Bazant, 2011).

The suppression of phase transformations with decreasing system size is a universal phenomenon, which is drawing

attention in other fields and has important technological applications. For example, it controls the ‘‘ultimate fineness’’, or

minimum feature size, of polymer-in-polymer microdispersions (Nauman and Balsara, 1989; Nauman et al., 1991). Recently, it

has also played a major role in the development of high-rate Li-ion batteries using lithium iron phosphate (LixFePO4), which has

a strong tendency for phase separation into Li-rich and Li-poor domains. Ironically, when it was first explored as an insertion

cathode material in microparticle form, LixFePO4 was predicted to be good for ‘‘low power applications’’ as a result of slow

phase separation dynamics and related mechanical deformations (Padhi et al., 1997), but today, in nanoparticle form, it is

capable of ultrafast battery discharge (in tens of seconds) while maintaining long cycle life (Kang and Ceder, 2009). In addition

to size-dependent diffusivity (Malik et al., 2010), the main reasons that ‘‘nano is different’’ may be the shrinking of the

miscibility gap (Meethong et al., 2007a, 2007b; Burch and Bazant, 2009; Wagemaker et al., 2011; Cogswell and Bazant, 2011)

and the dynamical suppression of phase separation (Malik et al., 2011; Bai et al., 2011; Cogswell and Bazant, 2011). Analogous

phenomena must also occur for vapor sorption in nanopores, as we now explain.

Consider a homogeneous adsorbate Y¼Y0 in a straight pore or flat surface whose longest lateral dimension is L. For

example, in the case of a perfect cylindrical pore, we set L equal to the maximum of its length and diameter. This state will

be linearly stable to sinusoidal perturbations of wavevector k
!

, given by Yð r!Þ¼Y0ð1þEei k
!

� r
!

Þ, if the perturbation

increases the chemical potential, which implies

@mhom

@Y
ðY0Þþ k

!
� K k

!
40 ð19Þ

The second term is strictly positive, so in an infinite system, where arbitrarily long wavelength perturbations (k-0) with

vanishing gradient energy are possible, the spinodal range is defined by setting the first term to zero, as above. In a finite

system, however, there is a minimum wavelength for perturbations set by the boundary conditions, e.g. given by

kmin ¼ p=L for constant concentration boundary conditions, reflecting adsorption equilibrium at the farthest ends of the

pores. As a result, the spinodal range of unstable compositions, determined by mo0, is generally reduced (Cahn, 1961;

Nauman and Balsara, 1989; Burch and Bazant, 2009).

The corresponding spinodal humidity range DhspðLÞ, defined as the jump in the homogeneous isotherm humidity

between the spinodal points satisfying mðY,LÞ ¼ 0, is given by the same formula as derived above, Eqs. (12) and (13), but

only with a length-dependent critical temperature:

TcðLÞ ¼ T1
c 1�p2l2

2L2

 !

where T1
c ¼ o

2kB
ð20Þ
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The critical point is depressed as the ratio of the system size to the phase boundary thickness l=L decreases. For very small

systems, LoLc ¼ pl=
ffiffiffi

2
p

, the critical temperature vanishes, and the homogeneous state is linearly stable, even at zero

temperature. In simple physical terms, molecular condensation is only possible on surfaces whose length L is large enough

to accommodate an equilibrium phase boundary of thickness l.

3.3. Enhanced hysteresis in small pores

Onemight expect hysteresis to be suppressed in short pores, due to the reduced spinodal andmiscibility gaps, but this is not

the case since it is the humidity, not the filling fraction, that is experimentally controlled. The basic physics is sketched in Fig. 6.

First consider the possibility of nucleation, where the second phase is created by fluctuations over the surface or at defects or

pore edges. As the pore size is decreased, there are fewer sites for nucleation, and the reduced nucleation probability enhances

hysteresis by preserving the homogeneous state as the humidity is varied. Even if nucleation is very fast, the reduced

miscibility gap Dh
L
hom increases the corresponding humidity range of hysteresis, up to the limit set by Dh

1
sp .

In the absence of nucleation, phase separation must occur by spinodal decomposition, which is also suppressed in short

pores. If the humidity passes out of the spinodal range, then the adsorbate can pass into the infinite-system spinodal gap Dh
1
hom

while remaining uniform. After the overshoot, it experiences a strong thermodynamic driving force to vary the concentration

until the new homogeneous equilibrium state is reached, and phase separation may not have enough time to occur during this

sudden transition. (This non-equilibrium transition state has recently been called a ‘‘quasi-solid solution’’ Bai et al., 2011.) As a

result, the infinite-system spinodal humidity range, Dh1sp ðTÞ, given by Eqs. (12)–(14), provides a robust estimate of sorption

hysteresis in finite-length pores of any size if nucleation is too slow to occur over experimental time scales.

4. Molecular condensation in single nanopores

4.1. Theory of hindered multilayer adsorption

A general continuummodel of adsorption in nanoporous media of arbitrary geometry could be based on the van derWaals (or

Cahn–Hilliard) model, Eq. (15), whereYð x!Þ is the local mean density of the adsorbate at a point in the pore. The main difference

with monolayer adsorption is that the adsorption free energy Dgað x
!Þ would depend on x

!
and reflects the decay of surface

forces with distance from the pore walls, including screening effects due to the other molecules. The local interaction energy,

oð x!Þ, would also depend on position, approaching a bulk value as the influence of surface forces decays with distance from the

nearest wall. The gradient penalty Kð x!Þ would represent the local free energy difference associated with broken or frustrated

molecular bonds (the nanoscale analog of gas-liquid surface tension), and this, too, would generally depend on position.

The dynamics of the concentration profile in such a model would be described by the Cahn–Hilliard equation (Baluffi

et al., 2005; Naumann and He, 2001):

@Y

@t
¼r � ½MYrm� ð21Þ

where the chemical potential mðY, x
!Þ is given by (16) and the diffusional particle mobility MðY, x

!Þ generally depends on

the concentration and position. For example, in the foregoing regular solution model for the first monolayer, the mobility

Fig. 6. Molecular condensation on a bounded surface of maximum dimension L (e.g. length or diameter of a cylindrical pore), where humidity h is

controlled (rather than the mean filling fraction Y). If nucleation is possible, then, as the miscibility gap DYL
m shrinks (open circles) and the nucleation

rate decreases with decreasing pore size, the hysteresis (dotted lines) increases up to the maximum set by the spinodal humidity range, Dh1sp . (b) In the

absence of nucleation, the adsorbate undergoes sudden transitions at the infinite-system spinodals (dashed lines), prior to reaching the reduced spinodal

gap DYL
sp (black points).
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should be proportional to the free volume, M¼M0ð1�YÞ (this effect was omitted in early models and yields a ‘‘modified

Cahn–Hilliard equation’’ Naumann and He, 2001). More generally, to account for finite pores, one should use the ‘‘Cahn–

Hilliard-Reaction model’’, which includes thermodynamically consistent boundary conditions for molecules to enter and

leave the pore space (Singh et al., 2008; Burch and Bazant, 2009). It is beyond the scope of this paper to analyze or simulate

the intrapore adsorbate distribution in detail, but this would be interesting to pursue in future work. Such a nanoscale,

statistical continuum model may be able to capture key features of molecular dynamics simulations (Gelb et al., 1999;

Pellenq and Levitz, 2002; Coasne et al., 2007, 2008a, 2008b, 2009) at greatly reduced computational cost, thereby allowing

extensions to experimental time and length scales.

4.2. Hierarchical wetting model

We proceed instead by making some simple approximations to enable us to predict general features of molecular

condensation in nanoporous media. It is often reasonable to assume that in the first monolayer there are strong surface

forces, which decay quickly with distance from the surface. In case of concrete, for example, water adsorption in C–S–H

nanopores containing dissolved salts involves strong electrostatic forces, which are screened at the molecular scale due to

diffuse charge, solvated ion crowding and electrostatic correlations (Pellenq et al., 1997; Bazant et al., 2011). For simplicity,

let us assume that the regular solution model above describes the mean homogeneous coverage Ohomðh,T; cT ,oÞ of the first

monolayer on the surface at low vapor pressure. Here, cT and o describe the local adsorption and interaction energies,

which could depend on surface heterogeneities or curvature in very small pores. In thick pores at low vapor pressure, the

dynamics of the concentration profile in the first monolayer could be described by the Allen–Cahn equation (Baluffi et al.,

2005) for an open system (or its generalization for nonlinear adsorption kinetics Bai et al., 2011), since gas molecules are

freely exchanged with the adsorbate at all points.

Here we consider what would happen in the general case of nanopores, which are thick enough to be covered by non-

overlapping monolayers at low vapor pressure, but thin enough to be spanned by a condensed liquid phase at moderate vapor

pressures (below the saturation pressure). Over experimental time scales (e.g. minutes to months), the Cahn–Hilliard equation

predicts that small clusters of molecules or voids resulting from thermal fluctuations of the homogeneous state will coarsen

within the nanopores, so as to minimize the gradient energy (which is the molecular analog of surface tension). Assuming

strong wetting in the first monolayer, this coarsening proceeds until the size of the separated nanophases is set by the diameter

of the bulk region just outside the first monolayer.

In that case, as a crude first approximation, we describe the bulk region by another regular solution model, whose

characteristic lattice size is that of the pore bulk. The filling fraction of the bulk region is thus given by Yhomðh,T; cbT ,obÞ,
where cbT ¼ expðDgba=kBTÞ andob are effective values for molecular droplets in the pore. The total weight of a homogeneous

adsorbate in the pore is then given by

whomðh,TÞ ¼G1Yhomðh,T; cT ,oÞþGbYhomðh,T; cbT ,obÞ ð22Þ

where G1 is the total weight of a full surface monolayer and Gb is the weight of the filled bulk region. This ‘‘Hierarchical

Wetting’’ model is surely oversimplified, but it captures typical results of molecular dynamics simulations (Coasne et al.,

2007, 2008a, 2008b, 2009) and allows considerable insight into experimental data, as we now explain.

4.3. Surface versus bulk phase separation in nanopores

This very simple model leads to two types of hysteresis, one due to the condensation of adatom clusters in the first

monolayer at low vapor pressure and the second due to the condensation of pore-spanning clusters of molecules or voids

(‘‘nanodroplets’’ and ‘‘nanobubbles’’, respectively) in the bulk pore at higher vapor pressure. Each hysteresis has its own

magnitude and critical temperature. If the pore radius is R and monolayer thickness, a, then the effective interaction

parameter scales with the geometrical ratio:

ob

o
� Tb

c

Tc
� Dhb

Dh
� R

a
ð23Þ

which is typically larger than one, except in molecular scale pores (which might not be macroscopically accessible). An

interesting implication is that critical temperature Tc
b
for droplet phase separation in the bulk nanopore is larger from that

of the first monolayer Tc by the same factor a. Well below the critical temperatures, the magnitude of the bulk hysteresis

Dh
b (dominated by enthalpy) is also larger than that of the surface layer Dh, by the same factor. Bulk hysteresis is also

shifted to larger humidities in the multilayer adsorption regime, assuming that the adsorption energy in the bulk is much

less than it is at the surface, Dgba5Dga.

These simple concepts are illustrated in Fig. 7. As the nanopore is emptied and filled, there are two instabilities

corresponding to sudden phase separation in the first monolayer, at low vapor pressure, and in the bulk, at higher vapor

pressure. The resulting desorption and sorption isotherms for this crude model already resemble the experimental data for

concrete or cement paste at room temperature in Fig. 1. The theory also qualitatively predicts a nontrivial effect of

temperature, which suppresses hysteresis in the monolayers at low vapor pressures more than in the bulk pores at higher

vapor pressures.
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4.4. Snap-through instabilities

The reader may be wondering how our general statistical thermodynamic theory in Part II relates to the snap-through

instabilities predicted for nonuniform pore openings in Part I. One major difference is that the theory of Part I does not

account for the entropy of molecular rearrangements in the adsorbate and thus is mainly relevant for low temperature,

where enthalpy dominates and sorption or desorption proceeds sequentially through the junction, like a crack tip. In the

present model, phase separation can occur anywhere in the system that achieves a locally metastable state, and thus the

sorption or desorption process can effectively tunnel through a junction. Nevertheless, a junction between two nanopores

of different geometry or surface chemistry can act as a barrier for snap-through instabilities, due to the interfacial tension

associated with lateral interactions across the junction.

To model the pinning effect of molecular interactions at junctions, we use again the Cahn–Hilliard (or Van der Waals)

model (15), but it suffices to average over the cross section and focus on density gradients through the junction or pore

opening. Relative to the free energy of an infinite system, the gradient energy per area (i.e. the interphasial tension at the

junction) can be approximated as

DGi � lK
D ~Y

l

 !2

�obD ~Y
2 ð24Þ

where l is the local interface width and ~Y ¼Y=Ymax is the jump in dimensionless adsorbate density, or total filling fraction

(0o ~Yo1). This additional energy barrier must be overcome for phase separation to occur across the junction. Just as in the

foregoing case of short pores, the interphasial tension can lead to hindrance or even suppression of phase separation.

When phase separation does occur across the junction, the chemical potential jumps according to Eq. (16) and causes

an increase in humidity hysteresis at a given mean weight, due to the need to overcome the interfacial energy at the

junction. As shown in Fig. 8 for the heterogeneous pore geometry in (a), this effect can be estimated graphically using

Eq. (24) by plotting in (c) the two homogeneous isotherms as the dimensionless filling fraction ~Y versus humidity h and

measuring the density difference D ~Y between the two curves as the humidity is varied. The filling fraction jumps are also

evident in the density profiles across heterogeneous pore in (d). The interfacial contribution to hysteresis at each junction,

DGi, which leads to the enlarged hysteresis in (d), can be of comparable magnitude to the intrinsic hysteresis for the

interior of the pore, ob, since each results from the energy of lateral forces in a cross section of the pore. As the interfacial

energy builds up during sorption, the humidity is gradually amplified by expðDGi=kBTÞ, while during desorption the

humidity is multiplied by expð�DGi=kBTÞ. The net effect is to widen the hysteresis envelope associated with each phase

separation process, e.g. in the first monolayer and the two types of bulk pores.

The sorption/desorption sequences predicted by these arguments using the simple Hierarchical Wetting Model are

similar to those observed in molecular dynamics simulations of wetting fluids in heterogeneous nanopores by Coasne et al.

(2007, 2008a, 2008b, 2009). The example shown in Fig. 8(a) consists of a series of multilayer-thick pores of two different

radii a and b, which terminates at the free surfaces of much larger pores. The bulk regions of the thicker b pores have

smaller adsorption energy Dgb (larger c�1
T ) and larger interaction energy ob for spanning nanodroplets and nanobubbles

than those of the thinner a pores. This leads to the different rescaled isotherms ~YðhÞ for a and b sections plotted in (c),

which allow the sorption/desorption sequences to be predicted. During sorption starting from very low humidity, a

monolayer first covers the entire pore surface in state A, and then bulk molecular condensation proceeds to the narrower

sections in state B, followed by the thicker sections in state C. The corresponding spatial profiles of the filling fraction are

shown in (d), from which the interfacial energies at the junctions can be estimated using Eq. (24). Due to the larger density

jump at the pore ends, there is a larger interfacial energy there, compared to the internal a/b junctions, and this can cause

condensation to occur in outermost pores after the others, leading to intermediate states B0 and C0 shown in (a).

Fig. 7. Hierarchical wetting model for hindered multilayer adsorption in nanopores. The homogeneous isotherm, as in Eq. (22), exhibits two regions of

hysteresis: (i) a small loop at low vapor pressure for low-density (A) and high-density (B) phases in the first monolayer and (ii) a larger loop at higher

vapor pressure for the low-density (C) and high-density (D) phases of coarsened pore-spanning droplets and bubbles in the bulk fluid, outside the

monolayer.
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4.5. Solid matrix deformation

Although we emphasize the statistical thermodynamic origin of sorption hysteresis, mechanical deformation of the

solid matrix during phase separation could play an important role, even in the absence of pore collapse. Molecular

condensation events lead to sudden changes in disjoining (or joining) pressure, which can influence neighboring pores,

perhaps even triggering chains of subsequent phase separation events, as stresses are quickly transmitted through in the

solid (at the local speed of sound). Analogous effects of ‘‘coherency strain’’ due to adsorption in elastic crystal lattices have

recently been considered in Li-ion batteries and shown to contribute to suppression of phase separation and nonlinear

pattern formation, consistent with experimental observations (Cogswell and Bazant, 2011). Ultimately, a complete model

of sorption dynamics in nanoporous solids should take into account viscoelastic relaxation, or even plastic deformation

and damage to the solid matrix, coupled to molecular condensation and transport.

5. Molecular condensation in nanoporous solids

5.1. Mosaic instability

It is important to emphasize that quasi-equilibrium phase separation across a nonuniform network of pores need not be

sequential, as suggested in Part I based on mechanical analogies. As long as there is sufficient time for the chemical potential

to equilibrate across the pore network between tiny, applied steps in humidity, then there is no prescribed order for the

intermittent events of filling or emptying in different pores. At the macroscopic scale, the resulting ‘‘mosaic instability’’ of

discrete molecular condensation events in different, tiny nanopores manifests itself by accumulating many incremental

sorption/desorption isotherms into a smoother overall curve, as shown in Fig. 9. This effect has recently been invoked to explain

the noisy thermodynamic hysteresis of voltage versus state of charge in phase-separating nanocomposite Li-ion battery

cathodes (Dreyer et al., 2010, 2011).

This approximation inevitably breaks down, however, in sufficiently large porous bodies, where the transport of mass or heat

is too slow to fully equilibrate the system between external humidity steps. In such cases, the progression of phase separation is

biased by transport limitations and indeed behaves like a sequence of snap-through instabilities propagating through the porous

medium, starting from the edges where the humidity is controlled. Analogous phenomena have also recently been predicted

(Ferguson and Bazant, submitted for publication) and observed (Harris et al., 2010) in Li-ion batteries, where a narrow front of

mosaic instability can propagate across the electrode from the separator, limited by diffusion of lithium ions in the electrolyte.

Similar dynamical phase separation phenomena must occur during vapor sorption/desorption in porous media, but to our

Fig. 8. Molecular condensation in a heterogeneous multilayer nanopore with sections a and b of two different thicknesses. (a) Typical molecular

configurations A, B, B0 , C, and C0 at different stages of sorption. (b) Net sorption and desorption isotherms for the nanopore including interfacial energies

with the states A, B, and C indicated. (c) Isotherms of dimensionless filling fraction ~Y (mean density) versus relative humidity h for the a and b sections of

the pore, showing the jumps at a/b junctions (dashed lines) and the empty regions at the pore ends (dotted lines). (d) Spatial density profiles, ~YðxÞ, for the
states in part (a), where the interfacial energy due to each jump, which enhances the hysteresis in (b), scales as obD ~Y

2
.
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knowledge no simple theory is yet available for the resulting macroscopic dynamics. Percolation concepts, which have been

applied to sorption hysteresis due to classical capillarity in pore networks (Liu et al., 1993), may be useful, but molecular

condensation, gas transport and adsorption reaction kinetics should also be considered. Analyzing the macroscopic dynamics of

sorption and desorption in phase separating nanoporous solids would be a very interesting avenue for future research.

5.2. Rate dependence

Non-equilibrium phenomena always play a role in hysteresis, no matter how slowly experiment is performed. Whenever

transport or adsorption kinetics are at least partly rate limiting, there will be an additional non-thermodynamic contribution to

hysteresis, sketched in Fig. 9(b), which is related to the work done (or frictional energy dissipated) to drive the system, as noted

in Part I. The faster the humidity sweep rate, the larger the hysteresis, in excess of the thermodynamic contribution described

above. This effect is analogous to the ‘‘overpotential’’ or ‘‘internal resistances’’ observed in battery cycling under different

conditions. For example, galvanostatic discharge is analogous to constant mass flux dw=dt, and more realistic situations for gas

sorption, such as small humidity steps Dh or constant rate of humidity variation dh=dt, are analogous to potentiostatic

intermittent titration and cyclic voltammetry, respectively. In principle, detailed mathematical modeling of transient vapor

sorption/desorption taking into account transport, adsorption kinetics and phase separation could enable quantitative

information about the material to be extracted from the rate-dependence of the observed hysteresis.

5.3. Temperature dependence

As noted above, the very simple Hierarchical Wetting Model already makes an interesting prediction about the temperature

dependence of hysteresis in nanoporous solids with strong wetting. As sketched in Fig. 10, hysteresis is pronounced at low

temperature and disappears at high temperature, but there is an intermediate range of temperatures (TcoToTb
c ) where

hysteresis vanishes at low vapor pressure (monolayer filling) but persists at high vapor pressure (bulk nanopore filling). In

complicated nanoporous geometries, the general effect should remain: As the temperature is increased, hysteresis vanishes

first at low vapor pressure in the monolayer regime and then at high vapor pressure in the bulk nanopore regime. The reason is

x

Θ

w

h

Fig. 9. Molecular condensation in macroscopic nanoporous solids. (a) Discrete nanopore transformations due to local mosaic instabilities propagate

across the material in a narrow front from the edges where the vapor pressure is controlled. The front thickness scales with sweep rate dw=dt, and at

high rates spans the system. (b) Sorption hysteresis due to quasi-equilibrium thermodynamics (thick solid lines) corresponding to countless, tiny

condensation events (thin interior curves) for individual nanopores. With increasing sweep rate, there is additional non-thermodynamic hysteresis (thin

exterior curves) due to internal resistances to transport and/or adsorption reaction kinetics.

Fig. 10. Temperature dependence of sorption hysteresis in nanoporous solids with strong wetting. At low temperature, pronounced hysteresis exists at

all vapor pressures (thin solid curves). Above the critical temperature Tc for phase separation in a monolayer, hysteresis disappears at low vapor pressure,

but remains at high vapor pressure (dashed curves) until the critical temperature for bulk nanopore phase separation, Tc
b
, is exceeded (thick solid curve).
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that the effective interaction energy ob of pore-spanning nanodroplets and nanobubbles is larger than that of individual

adsorbed molecules, due to the larger number of intermolecular bonds. Similar arguments apply to the interfacial energy DGi at

a nanopore junction, which is larger at high filling than for monolayer coverage. As a result, the critical hysteresis temperatures

for different bulk nanopores are larger than for monolayers.

6. Re-interpretation of experimental data for concrete

As noted above, water sorption hysteresis at low humidity in concrete has long been attributed to pore collapse, in spite

of the lack of any testable theory. It is noteworthy, therefore, that a number of puzzling experimental observations can be

explained for the first time by molecular condensation without invoking any changes in the pore structure. In some cases,

our predictions seem to be quantitatively consistent with the data, although more systematic experiments and detailed

modeling should done, e.g. at different temperatures and humidity sweep rates, to further test the theory.

� Inert gas versus water vapor: No sorption hysteresis is observed for inert gases, such as nitrogen, in the same concrete

samples that exhibit large hysteresis for water vapor (Baroghel-Bouny, 2007), and our model is able to attribute this

effect to differences in lateral forces. Sorption experiments are usually carried out at room temperature, which is larger

than the critical temperature Tc in our model (8), if the mean pair interaction energy o is smaller than 2kBT ¼ 52 meV.

This is a reasonable upper bound for the weak lateral van der Waals forces in adsorbed inert gases, and so negligible

hysteresis can be expected. In contrast, adsorbed water molecules have much stronger attractive forces, leading to

room-temperature hysteresis, as explained next.

� Hysteresis at low vapor pressure: Our theory, although oversimplified, predicts hysteresis of a reasonable scale for

monolayer water sorption at room temperature. Naively, we might estimate o by the hydrogen bond enthalpy in bulk

liquid water of 23.3 kJ/mol (Suresh and Naik, 2000), which would imply Tc¼1380 K, but this grossly overestimates the

lateral pair interaction energy of adsorbed water molecules. A recent molecular dynamics study of water monolayers on

hydrophilic silica surfaces has shown that 90% of the water molecules are ‘‘non-wetting’’, having much stronger bonds

with the surface than with other water molecules (Romero-Vargas Castrillón et al., 2011). If we work backwards from

our result in Fig. 5, then 1% hysteresis (in relative humidity) at room temperature implies Tc¼410 K or o¼ 6:8 kJ=mol,

while 10% hysteresis implies Tc¼660 K or o¼ 11 kJ=mol. These are reasonable lateral interaction energies for adsorbed

water molecules, which could quantitatively explain the observed hysteresis without any pore collapse.

� Hysteresis at moderate vapor pressure: In the regime of multilayer adsorption, we predict that the scale of hysteresis Dhb

is larger than in the monolayer regime Dh, very roughly scaling as the ratio of bulk pore radius to the monolayer

thickness. This is consistent with the larger hysteresis that is always observed in the multilayer region (Baroghel-

Bouny, 2007). It may even be possible to make quantitative connections with pore geometry, since the C–S–H pores and

wetting layers in cement paste are indeed at the scale of 3–10 molecular diameters, as suggested by the hysteresis ratio.

� Temperature dependence: We predict that sorption hysteresis should decrease with increasing temperature, although

we are not aware of any prior theoretical predictions or systematic experimental studies of this effect. In a recent study

(Baroghel-Bouny, 2007), the hysteresis of water sorption in concrete at low vapor pressure (first monolayer) was

negligible at 44 1C but quite significant at 23 1C, albeit in different concrete specimens, as shown in Fig. 1(a) and (b),

respectively. The first adsorption isotherm was also steeper at 44 1C than at 23 1C (Figs. 3a and 9a of Baroghel-Bouny,

2007), suggesting that the free energy barriers responsible for hysteresis were lowered in the former case. Moreover,

the curve of nearly reversible sorption/desorption at the higher temperature (Fig. 1(b)) passes roughly through the

center of the hysteresis ‘‘window’’ between the first sorption and desorption curves (Fig. 1(a)) over a wide range of low

humidities (ho60%). The data in Fig. 1(b) also makes the tantalizing suggestion of lingering hysteresis in the

multilayer regime at an elevated temperature where hysteresis is already suppressed in the monolayer regime. This is

consistent with our prediction that the critical temperature for condensation of larger droplets in nanopores is much

larger than for individual adatoms in the first monolayer, as shown in Fig. 10.

� Cycling history dependence: Although we do not claim a quantitative understanding, it makes perfect sense in light of

our theory that the first few sorption/desorption cycles often exhibit strong history dependence, where hysteresis

grows with time, until a more reproducible path is achieved. This would naturally result from trapped condensed

phases (droplets or bubbles) in the adsorbate, which may require nucleation to a larger perturbation to be released, e.g.

from defects, cracks, or chemical heterogeneities. As explained above in the context of nanopore junctions, any

heterogeneity can act as a pinning site for the adsorbate, effectively removing mass and increasing internal resistance

during the initial sorption and desorption cycles. Of course, the same behavior is observed in rechargeable batteries,

where the first few cycles are often very different from next hundred, e.g. due to the lithium trapping in interfacial films

or defect sites, which lead to an irreversible initial capacity loss.

7. Conclusion

We have developed a simple thermodynamic theory of sorption/desorption hysteresis in nano porous solids, based on

the concept of hindered molecular condensation. The model makes a number of novel and testable predictions that seem
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consistent with previously unexplained data for cement paste and concrete, without postulating any pore collapse. Further

experiments to systematically study the effects of temperature, humidity sweep rate, cycling behavior, etc., are proposed.

The theory is very general and could be refined at the nanoscale and connected with macroscopic transport and

mechanical deformation. The possibility of making quantitative predictions directly from the microstructure may lead to

new, more accurate methods of determining the internal surface area and nanopore width distribution directly from

the observed hysteresis of sorption and desorption isotherms. For concrete in particular, fruitful new directions for

experiments suggested by our theory would involve systematically varying the temperature and humidity sweep rate

during sorption/desorption of water vapor.
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Thornton, K., Ågren, J., Voorhees, P.W., 2003. Modelling the evolution of phase boundaries in solids at the meso- and nano-scales. Acta Mater. 51,

5675–5710.
van der Waals, J.D., 1893. The thermodynamic theory of capillarity under the hypothesis of a continuous variation of density (Translation by J. S.

Rowlinson (1979)). J. Statist. Phys. 20, 197. (original version: Zeitscherift fuer Physikalische Chemie, Stoechiometrie und Verwandtschaftslehre, 13, 657).
Wagemaker, M., Singh, D.P., Borghols, W.J.H., Lafont, U., Haverkate, L., Peterson, V.K., Mulder, F.M., 2011. Dynamic solubility limits in nanosized olivine

LiFePO4. J. Am. Chem. Soc. 133, 10222–10228.
Widom, B., 1999. What do we know that van der Waals did not know? Physica A 263, 500–515.
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