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1. (6 points) Consider the autonomous equation

y′ = y2(25− y2).

Suppose y(77) = α. What values of α guarantee that lim
t→∞

y(t) = 0?

(a) −5 < α < 5

(b) −5 < α ≤ 0

(c) 0 ≤ α < 5

(d) −∞ < α < ∞

2. (6 points) Which initial or boundary value problem below is guaranteed to have a unique
solution according to the Existence and Uniqueness theorems?

(a) cos(t)y′ + ty = 0, y(π2 ) = −1.

(b) y′′ + t3y′ +
1

(t− 1)2
y = 0, y(1) = −2, y′(1) = 6.

(c) t2y′′ − 2ty′ + 3y = 0, y(
√
2) = π2, y′(

√
2) = e3.

(d) y′′ + y = 0, y′(0) = 0, y′(π) = 0.
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3. (6 points) Solve explicitly the following initial value problem:

y′ = e2y cos(t), y
(π

2

)

= 0.

(a) y(t) = ln

(

1√
3−2 sin(t)

)

(b) y(t) = ln
(

√

3− 2 sin(t)
)

(c) y(t) =
√

ln (3− 2 sin(t))

(d) y(t) = ln
(

(

3− 2 sin(t)
)2
)

4. (6 points) Suppose the Laplace transform of f(t) is F (s) =
16

s2 + 3
. What is the Laplace

transform L{tetf(t)}?

(a)
16

s2(s− 1)(s2 + 3)

(b)
16

(s− 1)2(s2 + 3)

(c)
32(s− 1)

((s− 1)2 + 3)2

(d) − 32s

((s− 1)2 + 3)2
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5. (6 points) Find the inverse Laplace transform of

F (s) =
se−2s

s2 + 8s+ 25
.

(a) f(t) = u2(t)

(

e−4t+8 cos(3t− 6)− 4

3
e−4t+8 sin(3t− 6)

)

(b) f(t) = u2(t)

(

e4t−8 cos(3t− 6) +
4

9
e4t−8 sin(3t− 6)

)

(c) f(t) = δ(t− 2)e4t cos(3t)

(d) f(t) = u2(t)e
−4t+8 cos(3t− 6)

6. (6 points) Which of the following systems of linear equations has the property that all of its
solutions converge to its critical point at (0, 0) as t → +∞?

(a) x′ =

[

0 1
−1 0

]

x

(b) x′ =

[

−1 1
−1 0

]

x

(c) x′ =

[

1 −1
0 −1

]

x

(d) x′ =

[

1 −1
0 1

]

x
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7. (6 points) Given that the point (−1, 2) is a critical point of the nonlinear system of equations

x′ = xy + y

y′ = 2x2 + y2 − 3y
.

Which of the following statements is true?

(a) This critical point is asymptotically stable.

(b) This critical point is (neutrally) stable.

(c) This critical point is a node.

(d) This critical point is a saddle point.

8. (6 points) Consider the two linear partial differential equations.

(I) utt + xuxt = ux
(II) ux + tuxx + 5uxt = 0

Use the substitution u(x, t) = X(x)T (t), where u(x, t) is not the trivial solution, and attempt
to separate each equation into two ordinary differential equations. Which statement below is
true?

(a) Neither equation is separable.

(b) Only (I) is separable.

(c) Only (II) is separable.

(d) Both equations are separable.
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9. (6 points) Find the steady-state solution, v(x), of the heat conduction problem with nonho-
mogeneous boundary conditions:

10uxx = ut, 0 < x < 5, t > 0
ux(0, t) = 1, u(5, t) = 10.

(a) v(x) =
9

5
x+ 1

(b) v(x) = x+ 5

(c) v(x) = 10x+ 1

(d) v(x) = 10

10. (6 points) Each graph below shows a single period of a certain periodic function. Which
function will have a Fourier series consisting only of sine terms?

(a)

−π −π
2

π
2

π

−1

1

(b)

−π −π
2

π
2

π

−1

1

(c)

−π −π
2

π
2

π

−1

1

(d)

−π −π
2

π
2

π

−1

1
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11. (15 points) True or false:

(a) (3 points) t2y′ = et sin(5t)y is a first order equation that is linear and separable.

(b) (3 points) A suitable integrating factor that could be used to solve the linear equation

7y′ +
1

t
y = ln(3t)

is µ(t) = 1
7 t.

(c) (3 points) y2ex−1 + 3x2 +
(

2yex−1 + x
)

y′ = 0 is an exact equation.

(d) (3 points) Given that y = t2 − t is a solution of y′′ + y = g(t). Then y1 = 5t2 − 5t is also
a solution of the same equation.

(e) (3 points) Using the formula u(x, t) = X(x)T (t), the boundary conditions u(0, t) = 0 and
ux(2π, t) = 10 can be rewritten as X(0) = 0 and X ′(2π) = 10.
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12. (16 points) Consider the two-point boundary value problem

X ′′ + λX = 0, X(0) = 0, X ′(π) = 0.

(a) (12 points) Find all positive eigenvalues and corresponding eigenfunctions of the bound-
ary value problem.

(b) (4 points) Is λ = 0 an eigenvalue of this problem? If yes, find its corresponding eigenfunc-
tion. If no, briefly explain why it is not an eigenvalue.
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13. (16 points) Let f(x) =

{

x, 0 ≤ x < 1

1, 1 < x < 2
.

(a) (4 points) Consider the odd periodic extension, of period T = 4, of f(x). Sketch 3 periods,
on the interval −6 < x < 6, of this odd periodic extension.

(b) (3 points) Find
a0

2
, the constant term of the Fourier series of the periodic function de-

scribed in (a).

(c) (5 points) Which of the integrals below can be used to find the Fourier sine coefficients of
the odd periodic extension in (a)?

(i) bn =
1

2

(
∫

−1

−2
sin

nπx

2
dx+

∫ 1

−1
x sin

nπx

2
dx+

∫ 2

1
sin

nπx

2
dx

)

(ii) bn =

(
∫

−1

−2
sin

nπx

2
dx+

∫ 1

−1
x sin

nπx

2
dx+

∫ 2

1
sin

nπx

2
dx

)

(iii) bn =

(
∫ 1

0
x sin

nπx

2
dx+

∫ 2

1
sin

nπx

2
dx

)

(iv) bn =
1

2

(
∫ 1

0
x sin

nπx

2
dx+

∫ 2

1
sin

nπx

2
dx

)

(d) (4 points) To what value does the Fourier series of this odd periodic extension converge

at x = −6? At x =
7

2
?
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14. (12 points) Consider the following two heat conduction initial-boundary value problems

I.

5uxx = ut, 0 < x < 2, t > 0
u(0, t) = 10, u(2, t) = 20,
u(x, 0) = 30.

II.

5uxx = ut, 0 < x < 2, t > 0
ux(0, t) = 0, ux(2, t) = 0,
u(x, 0) = 30.

(a) (3 points) Which problem (I or II) models the temperature distribution of a rod with
both ends kept at certain constant temperatures?

(b) (3 points) What is the physical meaning of the boundary conditions of the other heat
conduction problem?

(c) (6 points) Suppose u1(x, t) is the solution of problem I and u2(x, t) is the solution of
problem II. Compare the temperatures at the middle of the rod (that is, at x = 1) as
t → ∞.

(i) lim
t→∞

u1(1, t) > lim
t→∞

u2(1, t)

(ii) lim
t→∞

u1(1, t) < lim
t→∞

u2(1, t)

(iii) lim
t→∞

u1(1, t) = lim
t→∞

u2(1, t)

(iv) There is not enough available information to compare them.
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15. (16 points) Suppose the displacement u(x, t) of a piece of flexible string that has both ends
firmly fixed in places is given by the initial-boundary value problem

16uxx = utt, 0 < x < 4, t > 0
u(0, t) = 0, u(4, t) = 0,

u(x, 0) = f(x) =
√
5 sin(πx)− 2

√
7 sin(52πx),

ut(x, 0) = 0.

(a) (12 points) State the general form of its solution. Then find the particular solution of the
initial-boundary value problem.

(b) (2 points) TRUE or FALSE: As t → +∞, the solution u(x, t) will go to 0 for all x.

(c) (2 points) TRUE or FALSE: If f(x) = 0, then u(x, t) = 0 is the unique solution.
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16. (15 points) Suppose the temperature distribution function u(x, t) of a rod that has both ends
kept at constant zero degrees temperature is given by the initial-boundary value problem

uxx = ut, 0 < x < 40, t > 0,
u(0, t) = 0, u(40, t) = 0, t > 0,
u(x, 0) = 50, 0 < x < 40.

(a) (13 points) State the general form of its solution. Then find the particular solution of the
initial-boundary value problem.

(b) (2 points) What is lim
t→∞

u(5, t)?
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