
1

1

No nline ar Classifie rs IINo nline ar Classifie rs II

2

No nline ar Classifie rs: Intro duc tio nNo nline ar Classifie rs: Intro duc tio n

• Road m ap

design cycle
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No nline ar Classifie rs: Intro duc tio nNo nline ar Classifie rs: Intro duc tio n

• Classifiers

• Supervised Classifiers

• Linear Classifiers

• Percept ron

• Least  Squares Methods

• Linear Support  Vector Machine

• Nonlinear Classifiers

• Part  I :  Mult i Layer Neural Networks

• Part  I I : Polynom ial Classifier , RBF,  
Nonlinear SVM

• Decision Trees

• Unsupervised Classifiers
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No nline ar Classifie rs: Ag e ndaNo nline ar Classifie rs: Ag e nda

Part  I I :  Nonlinear Classifiers

• Polynom ial Classifier  

– Special case of a Two-Layer Percept ron 

– Act ivat ion funct ion with non linear input

• Radial Basis Funct ion Network

– Special case of a two- layer network 

– Radial Basis act ivat ion Funct ion

– Training is simpler and faster

• Nonlinear Support  Vector Machine 

• Applicat ion:  ZI P Code, OCR, FD (W-RVM) 

I m provem ent  given by the nonlinearity.

• Dem o:  libSVM, DHS or Hlavac
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Po lyno mia l Classifie r: XOR pro b le mPo lyno mia l Classifie r: XOR pro b le m

• XOR problem  with polynom ial funct ion.

• With nonlinear polynom ial funct ion classes can be classified.

• Example XOR-Problem:

linear not  separable!

X

A

A B

B

1x

2x
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Po lyno mia l Classifie r: XOR pro b le mPo lyno mia l Classifie r: XOR pro b le m

( )z xφ=

H
1z

2z

3z

…but  with a polynom ial funct ion!

A
B

X

A

A B

B

1x

2x

• XOR problem  with polynom ial funct ion.

• With nonlinear polynom ial funct ions, classes can be classified.

• Example XOR-Problem:

: X Hφ →
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X H

1 2 3

1
( ) 1 1 2 0

4
g z z z z= − − + =… that ‘s separable in H

by the Hyperplane:

Po lyno mia l Classifie r: XOR pro b le mPo lyno mia l Classifie r: XOR pro b le m

( )z xφ=

1

2

1 2

x

z x

x x

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

With                  we obtain:
(0,0)  (0,0,0)  

(0,1)  (0,1,0)

(1,0)  (1,0,0)  

(1,1)  (1,1,1)

φ
φ
φ
φ
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H

1 2 3

1 2 1 2 1 2

0 0 0 0 0 (true)

0 1 0 1 0 (false)

1 0 1 0 0 (false)

1 1 1 1 1 (true)

z z z

x x x x x x

A

B

B

A

ω

X

1 2 1 2

1
( ) 2

4
g x x x x x= − − +

is Polynom in X

Po lyno mia l Classifie r: XOR pro b le mPo lyno mia l Classifie r: XOR pro b le m

X H

( )z xφ=

0( ) 0g y wy w= + =Hyperplane:

1 2 3

1
( ) 2 0

4
g z z z z= − − + =

is Hyperplane in H
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Decision Surface in X

2 1 1(x -0.25)/(2x -1)x = MatLab:
>> x1=[-0.5:0.1:1.5];

>> x2=(x1-0.25)./(2*x1-1);

>> plot(x1,x2);

Po lyno mia l Classifie r: XOR pro b le mPo lyno mia l Classifie r: XOR pro b le m

X H

( )z xφ=

1 2 1 2

01
( ) 1 1 2

04

x A
g x x x x x

x B

≥ ∈
= − − +

< ∈
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Po lyno mia l Classifie r: XOR pro b le mPo lyno mia l Classifie r: XOR pro b le m

With nonlinear polynom ial funct ions, classes can be classified 

in original space X

– Exam ple:  XOR-Problem

X ( )z xφ=

H
1z

2z

3z

A
B

1x

2x

A

A B

B

was not  linear separable!

… but  linear separable in H !

… and separable in X with a 

polynom ial funct ion!

1x

2x

A

A B

B

X
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Po lyno mia l Classifie rPo lyno mia l Classifie r

m ore general 

1
2

0

1 1 1 1

( )
l l l l

i i im i m ii i

i i m i i

g x w w x w x x w x
−

= = = + =

= + + +∑ ∑ ∑ ∑

• Decision funct ion is approximated by a polynom ial funct ion g(x) ,

of order p. e.g. p = 2:  

[ ]

[ ]

0

1 2 12 11 22

2 2

1 2 1 2 1 2 1 2

( ) ,

with 

          , , , , ,

          , , , ,  and  ,

T

T

T T

g x w z w

w w w w w w

z x x x x x x x x x

= +

=

⎡ ⎤= =⎣ ⎦

– Special case of a Two-Layer Percept ron 

– Act ivat ion funct ion with polynom ial input
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No nline ar Classifie rs: Ag e ndaNo nline ar Classifie rs: Ag e nda

Part  I I :  Nonlinear Classifiers

• Polynom ial Classifier 

• Radial Basis Funct ion Netw ork

• Special case of a two- layer network 

• Radial Basis act ivat ion Funct ion

• Training is sim pler and faster

• Nonlinear Support  Vector Machine 

• Applicat ion:  ZI P Code, OCR, FD (W-RVM) 

• Dem o:  libSVM, DHS or Hlavac
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Radia l Basis Func tio nRadia l Basis Func tio n

• Radial Basis Funct ion Networks (RBF)

• Choose  

2

2
with      ( ) exp

2

i

i

i

x c
g x

σ

⎛ ⎞−
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

0

1

( ) ( )
k

i i

i

g x w w g x
=

= +∑
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Radia l Basis Func tio nRadia l Basis Func tio n

0

1

( ) ( )
k

i i

i

g x w w g x
=

= +∑

2.5, 0.0, 1.0, 1.5, 2.0,
1,..., ,
5,

1/ 2

ic
i k
k

σ

=
=
=
=

2.5, 0.0, 1.0, 1.5, 2.0
1,..., ,
5,

1/ 12

ic
i k
k

σ

=
=
=
=

How to choose , , ?i ic kσ

2

2
with      ( ) exp

2

i

i

i

x c
g x

σ

⎛ ⎞−
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

Exam ples:
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Radia l Basis Func tio nRadia l Basis Func tio n

• Radial Basis Funct ion Networks (RBF)

• Equivalent  to a single layer network, with RBF 

act ivat ions and linear output  node.

16

Radia l Basis Func tio n: XOR pro b le mRadia l Basis Func tio n: XOR pro b le m
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     ,
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       ,

1

1
2121 ==⎥

⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
= σσcc

2

1

2

2

exp( )
( )

exp( )

x c
z x

x c
φ
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1
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0

0:φ⇒

2 2

1 2( ) exp( ) exp( ) 1 0g x x c x c= − − + − − − =

1 2( ) 1 0g z z z= + − =

… not  linear separable pat tern set  in X .

… separable using a nonlinear funct ion (RBF)  in X that  separates  

the set  in H with a linear decision hyperplane!

(1,1)A

(0,0)A
(1,0)B

(0,1)B

1x

1

1

2x X
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Radia l Basis Func tio nRadia l Basis Func tio n

• Training of the RBF networks

1. Fixed centers:   Choose centers random ly am ong the data 

points.  Also fix σi’s.   Then                       is a typical linear 

classifier design.

2. Training of the centers:   This is a nonlinear opt im izat ion task.

3. Com bine supervised and unsupervised learning procedures.

4. The unsupervised part  reveals cluster ing tendencies of the data 

and assigns the centers at  the cluster representat ives.

0( )
T

g x w w z= +

• Decision funct ion as sum m at ion of k RBF’s

0 2
1

( ) ( )
( ) exp

2

Tk
i i

i

i i

x c x c
g x w w

σ=

⎛ ⎞− −
= + −⎜ ⎟

⎝ ⎠
∑
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No nline ar Classifie rs: Ag e ndaNo nline ar Classifie rs: Ag e nda

Part  I I :  Nonlinear Classifier

• Polynom ial Classifier 

• Radial Basis Funct ion Network

• Nonlinear Support  Vector Machine

• Applicat ion:  ZI P Code, OCR, FD (W-RVM) 

• Dem o:  libSVM, DHS or Hlavac
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No nline ar Classifie rs: SVMNo nline ar Classifie rs: SVM

XOR problem :
• linear separat ion in high dimensional space H via nonlinear 

funct ions (polynom ial and RBF’s)  in the original space X.

• for this we found nonlinear mappings 

X X

( ) :x X Hφ →

I s that  possible without  knowing the mapping funct ion      ?!?φ

linear

H( )z xφ=
H

direct ?
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No n-line ar Suppo rt Ve c to r Mac hine sNo n-line ar Suppo rt Ve c to r Mac hine s

– Recall that , the probabilit y of having linearly 

separable classes increases as the dim ensionality
of feature vectors increases.   

Assum e the m apping:

,   l kx R z R k l∈ → ∈ >

kR- > Then use linear SVM in



11

21

No n-line ar SVMNo n-line ar SVM

• Support  Vector Machines:   

– Recall that  in this case the dual problem  
form ulat ion will be 

– the classifier will be

{ }

1 ,

1
 ( )

2

where , 1,1 (class labels)

max
N

T

i ji i j i j

i i j

k

i

y y z z

z R y

λ
λ λ λ

=

−

∈ ∈ −

∑ ∑

0

0

1

( )

 
s

T

N
T

ii i

i

g z w z w

y z z wλ
=

= +

= +∑

with kx z R→ ∈
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= >   Something clever (kernel t r ick ) :   
Compute the inner products in the high dim ensional  
space as funct ions of inner products perform ed in 
the low dim ensional space! ! !

No n-line ar SVMNo n-line ar SVM

• Thus, only inner products in a high dim ensional 

space are needed!
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– I s this POSSI BLE??  Yes.  Here is an exam ple

[ ] 2

1 2

2

1

3

1 2

2

2

Let  ,  

Let  2

T
x x x R

x

x z x x R

x

= ∈

⎡ ⎤
⎢ ⎥

→ = ∈⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

No n-line ar SVMNo n-line ar SVM

( )2
2

1 1 2 2( )
T

i j i j i jx x x x x x= +

2 2 2 2

1 1 1 1 2 2 2 22i j i j i j i jx x x x x x x x= + +

T

i jz z=

2( )
T T

i j i jz z x x=I t  is easy to show that

( )
2

1

2 2

1 1 2 2 1 2

2

2

, 2 , 2

j

i i i i j j

j

x

x x x x x x

x

⎛ ⎞
⎜ ⎟

= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠
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• Mercer’s Theorem

To guarantee that  the sym m etr ic funct ion                 (kernel) can be 

represented as  

that  is an inner product  in H,

it  is necessary and sufficient  that  

for any g(x) :

( ) ( ) ( , )i j i jr r

r

x x K x xφ φ =∑

( , ) ( ) ( ) 0i j i j i jK x x g x g x d x d x ≥∫

+∞<∫ xd)x(g
2

Hxx ∈→ )(Let φ

( , )i jK x x

No n-line ar SVMNo n-line ar SVM

(1)

(2)
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• Kernel Funct ion

– So, any kernel K(x,y) sat isfying (1)  & (2) , 

corresponds to an inner product  in SOME space! ! !

– Kernel t r ick: We do not  have to know the 

m apping funct ion, but  for som e kernel funct ions 
we t ry to linearly separate pat tern sets in a high 

dim ensional space only using a funct ion of the 
inner product  in the or iginal space.  

No n-line ar SVMNo n-line ar SVM

26

• Kernel Funct ions: Exam ples

• Polynom ial:

No n-line ar SVMNo n-line ar SVM

( , ) ( 1) ,   q 0
T q

i j i jK x x x x= + >

• Radial Basis Funct ions:
2

2
( , ) exp

i j

i j

x x
K x x

σ

⎛ ⎞−
⎜ ⎟= −
⎜ ⎟
⎝ ⎠

• Hyperbolic Tangent :

for appropriate values of β,  γ
(e.g. β = 2 and γ = 1) .

( , ) tanh( )
T

i j i jK x x x xβ γ= +
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Support  Vector Machines Form ulat ion 

– Step 1:  Choose appropriate kernel.  This 

im plicit ly assum es a m apping to a 

higher dim ensional (yet , not  known)
space.

No n-line ar SVMNo n-line ar SVM
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SVM Form ulat ion

• Step 2:  

This results to an im plicit com binat ion

,

1
arg max( )

2

subject to:   0 ,   1,

(

2,...

0

,

,

)i i j i j

i i j

i

i i

i

i jK xy

C N

xy

i

y

λ
λ λ λ λ

λ

λ

= −

≤ ≤ =

=

∑ ∑

∑

)(
1

ii

N

i

i xyw
s

Φ=∑
=

λ

No n-line ar SVMNo n-line ar SVM
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– SVM Form ulat ion 

• Step 3: Assign to

1 0

1

2 0

1

 if  ( )  , ) 0

 

 if  ( )  , ) 0

s

s

N

ii i

i

N

ii i

i

g x y K( x x w

g x y K( x x w

ω λ

ω λ

=

=

= + ≥

= + <

∑

∑

 x

No n-line ar SVMNo n-line ar SVM
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• SVM:  The non- linear case

• The SVM Architecture

• SVM special case of a two- layer neural network with 
special act ivat ion funct ion and a different  learning 
method. 

• Their at t ract iveness comes from  their good 
generalizat ion propert ies and sim ple learning.

No n-line ar SVMNo n-line ar SVM
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• Linear SVM – Pol. SVM   in the input  space X

No n-line ar SVMNo n-line ar SVM

32

• Pol. SVM – RBF SVM in the input  space X

No n-line ar SVMNo n-line ar SVM
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No nline ar Classifie rs: SVMNo nline ar Classifie rs: SVM

• Pol. SVM – RBF SVM in the input  space X

34

No nline ar Classifie rs: SVMNo nline ar Classifie rs: SVM

• Software
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No nline ar Classifie rs: Ag e ndaNo nline ar Classifie rs: Ag e nda

Part  I I :  Nonlinear Classifiers

• Polynom ial Classifier 

• Radial Basis Funct ion Network

• Nonlinear Support  Vector Machine 

• Applicat ion :  ZI P Code, OCR, FD (W-RVM) 

I m provem ent  given by the nonlinearity

• Dem o:  libSVM, DHS or Hlavac
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No nline ar Classifie rs: De moNo nline ar Classifie rs: De mo

• Applicat ion/ Dem o:  
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No nline ar Classifie rs: De moNo nline ar Classifie rs: De mo

• Applicat ion/ Dem o:  


