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No nline ar Cla ssifie rs: Introd uc tion

» Classifiers

» Supervised Classifiers

 Linear Classifiers
» Perceptron
» Least Squares Methods
* Linear Support Vector Machine

* Nonlinear Classifiers
* Part I: Multi Layer Neural Networks

 Part I1: Polynomial Classifier, RBF,
Nonlinear SVM

» Decision Trees

* Unsupervised Classifiers

NonlnearClassifiers: Agenda

Part Il: Nonlinear Classifiers

 Polynomial Classifier

— Special case of a Two-Layer Perceptron
— Activation function with non linear input

Radial Basis Function Network

— Special case of a two-layer network
— Radial Basis activation Function

— Training is simpler and faster

Nonlinear Support Vector Machine
Application: ZIP Code, OCR, FD (W-RVM)

= Improvement given by the nonlinearity.
Demo: libSVM, DHS or Hlavac




Polynomial Classifier: XORproblem

» XOR problem with polynomial function.

» With nonlinear polynomial function classes can be classified.

» Example XOR-Problem:
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Polynomial Classifier: XORproblem

« XOR problem with polynomial function.

» With nonlinear polynomial functions, classes can be classified.

+ Example XOR-Problem:

¢p:X—>H
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X
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o Xy —_—
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..but with a polynomial function!




Polynomial Classifier: XORproblem
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Polynomial Classifier: XORproblem
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Polynomial Classifier: XOR problem
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x, =(x,-0.25)/(2x,-1) MatLab:

>> x1=[-0.5:0.1:1.5];
l‘-”'] I’” >> x2=(x1-0.25) ./ (2*x1-1) ;

>> plot (x1,x2);
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Polynomial Classifier: XOR problem

» With nonlinear polynomial functions, classes can be classified
in original space X

— Example: XOR-Problem

X, X Z=P\X

B "4 /Zz
X, /

A B

was not linear separable!
..but linear separable in H'!

..and separable in X with a
polynomial function!




Polynomial Classifier

more general

* Decision function is approximated by a polynomial function g(x)
of order p. e.g. p=2:

! -1 1 /
_ 2
g(l) - WO + Zwixi + Z Z Wimxixm + Z‘/Viixi
i=1 i=1

i=l m=i+1

gx)=w' z+w,

with
T p—
w —[Wlawzawmwmwzz]a

T T
2 2
z :[xlax23x1x2>xl ) } and ﬁz[xlaxz]

— Special case of a Two-Layer Perceptron
— Activation function with polynomial input
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NonlnearClassifiers: Agenda

Part I1: Nonlinear Classifiers

Polynomial Classifier

Radial Basis Function Network
» Special case of a two-layer network
» Radial Basis activation Function
» Training is simpler and faster

Nonlinear Support Vector Machine
Application: ZIP Code, OCR, FD (W-RVM)
Demo: libSVM, DHS or Hlavac
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Radial Basis Func tion

* Radial Basis Function Networks (RBF)

k
e Choose g(x) = w, + ) wg,(x)
i=1

with (x)=e HE_Q" 2
. =X _——
e p 5 ,-2
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o
1 ay
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Radial Basis Func tion

k . x— 2
gX)=w,+ ) wg(x)  with g (x)=exp [— 202J
i=1

Examples:

¢, =25, 0.0, 1.0, 1.5, 2.0,
i=1,..,k,

k=5,

o=1/\2

¢, =25, 0.0, 1.0, 1.5, 2.0
i=L..,k,
k=5

o=1/12

How to choose ¢;0,,k?
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Radial Basis Func tion
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* Radial Basis Function Networks (RBF)

Equivalent to a single layer network, with RBF

activations and linear output node.
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Radial Basis Func tion: XOR problem

Ao0)

o> X

1B

(1,0)
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2= 62) {exr)(—x—tf. )}

exp(—[x—cy[)

g(z)=z,+2,-1=0
g(x) =exp(-|x—g ) +exp(|x—¢,[)-1=0
...not linear separable pattern set in X.

...separable using a nonlinear function (RBF) in X that separates
the set in H with a linear decision hyperplane!




Radial Basis Func tion

e Decision function as summation of £k RBF's

(_(z—gi)T(z—Q,-)J

k
g(x) =W, + D w exp

i=1

207
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« Training of the RBF networks

1. Fixed centers: Choose centers randomly among the data
points. Also fix ¢’s. Then g(§)=W0+Lng is a typical linear
classifier design.

Training of the centers: This is a nonlinear optimization task.
Combine supervised and unsupervised learning procedures.

4. The unsupervised part reveals clustering tendencies of the data
and assigns the centers at the cluster representatives.
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NonlnearClassifiers: Agenda

Part I1: Nonlinear Classifier

Polynomial Classifier
Radial Basis Function Network

Nonlinear Support Vector Machine
Application: ZIP Code, OCR, FD (W-RVM)
Demo: libSVM, DHS or Hlavac
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No nlne a r Cla ssifie rs: SVM
XOR problem:

 linear separation in high dimensional space H via nonlinear
functions (polynomial and RBF’s) in the original space X.

« for this we found nonlinear mappings ¢(x): X—->H

L T
W(x) H /
Q /

linear
—p

Is that possible without knowing the mapping function ¢ ?1? |
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Non-lnearSupport VectorMac hines

— Recall that, the probability of having linearly
separable classes increases as the dimensionality
of feature vectors increases.

Assume the mapping:

xeR > zeR", k>I

-> Then use linear SVM in|R*
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Non-lnearSVM

 Support Vector Machines:

with x > ze R*

— Recall that in this case the dual problem
formulation will be

N
1
max (X4 - EZ ﬂfﬂjyingl?-gj)
i i=1 ij

where z, e R*, y € {—1,1} (class labels)

— the classifier will be g(2)=w z+w,

NS
T
= z/iiini Z+W,

i=1

21

Non-lnearSVM

* Thus, only inner products in a high dimensional
space are needed!

=> Something clever (kernel trick):

Compute the inner products in the high dimensional

space as functions of inner products performed in
the low dimensional space!!!
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Non-lnearSVM ”

— Is this POSSIBLE?? Yes. Here is an example
Let §=[xl,x2]TeR2

2
1

Let x >z= \/lexz ek’

2
X5

X

It is easy to show that |z z,=(x x,)

7 2
(x; 3_?,') =X X1t XX,

_ 2.2 2 2
=XX+ z‘xillexizsz + XXy

2
X

jl
= (xil 9\/5xi1xi29xi2) V2x;,X)5 Y
2

sz
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Non-lnearSVM

« Mercer’s Theorem

Letx —>?(g) eH

To guarantee that the symmetric function K(L.,gj) (kernel) can be
represented as

D 6,(x)8,(x;) =K(x,,x))

that is an inner product in H,

it is necessary and sufficient that
[K(xx))g(x)g(x,)dxdx, >0 (1)

for any g(x): jgz(l)d£<+w (2)
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Non-lnearSVM

 Kernel Function

— So, any kernel K(x,y) satisfying (1) & (2),

corresponds to an inner product in SOME space!!!

— Kernel trick: We do not have to know the

mapping function, but for some kernel functions
we try to linearly separate pattern sets in a high
dimensional space only using a function of the

inner product in the original space.
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Non-lnearSVM

» Kernel Functions: Examples

 Polynomial: K(x,x,)=(x"x,+1)7, q>0
! J ! J

 Radial Basis Functions:

o s
K(x;,x;)=exp =

* Hyperbolic Tangent:

K()_Cia)_cj) = tanh(ﬂ)_cl.T)_cj +7)

for appropriate values of 3, 7y
(e.g. B=2and y=1).
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Non-lnearSVM

Support Vector Machines Formulation

— Step 1: Choose appropriate kernel. This
implicitly assumes a mapping to a

higher dimensional (yet, not known)
space.
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Non-lnearSVM

SVM Formulation
» Step 2:

A=argmax(¥ 4 =2 3 4400 K (5.x,)
P i ij '

subjectto: 0<A, <C, i=12,.,N

Z/Iiyi =0

This results to an implicit combination

NS
w= Zﬁﬁyi@(&)
i=1

28
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Non-lnearSVM

— SVM Formulation

» Step 3:  Assign Xto

NS
o if g(x)=) Ay, K(x.,x)+w, 20

i=1

N.\'
o, if g(x)=Y Ay, K(x,x)+w,<0

i=1
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Non-lnearSVM

« SVM: The non-linear case
« The SVM Architecture

+ SVM special case of a two-layer neural network with
special activation function and a different learning
method.

» Their attractiveness comes from their good
generalization properties and simple learning.
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Non-lnearSVM

« Linear SVM — Pol. SVM in the input space X

Training Error: 0.270
Test Error: 0.288
Bayes Error:  0.210 if

Non-lnearSVM

» Pol. SVM — RBF SVM in the input space X

Training Error: 0.160
Test Error 0.218
Bayes Error: - 0.210




33

No nlne a r Cla ssifie rs: SVM

» Pol. SVM — RBF SVM in the input space X

HE)

Training Error: 0.085
Test Error 0.307
Bayes Error:  0.210

34

No nlne a r Cla ssifie rs: SVM

« Software

o SVMYM. Thorsten Joachims - free software in C, known for
quality and speed.

e LIB SV free software based on Platt’s SMO algorithm and
Joachims code. written by Chih-Chung Chang and Chih-Jen
Lin.

o Equbits: Commercial software package which automates the

tuning and model selection with SVMs

17



35

NonlnearClassifiers: Agenda

Part I1: Nonlinear Classifiers

Polynomial Classifier

Radial Basis Function Network

Nonlinear Support Vector Machine
Application: ZIP Code, OCR, FD (W-RVM)

= Improvement given by the nonlinearity
Demo: libSVM, DHS or Hlavac

36

Nonlne arClassifiers: Demo

» Application/Demo:
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Nonlne ar Classifie rs: Demo

» Application/Demo:
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